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PREFACE. 


Under the title Properties of MatW the author has 
endeavoured to treat tliose branches of Physics yhich 
are not usually included in books on Light, Sound, 
Heat, or Electricity. 

The book is intended for use in Secondary Schools, 
Technical Schools, and University Colleges, and includes 
all that is usually required for a Pass d^ree. 

The treatment is experimental, and the use of advanced 
mathematics has been avoided ; but the calculus has been 
used in places where the avoidance of it leads to tedious 
calculations. 

It is hoped that this volume will fulfil a useful function 
by providing an elementary course of work on the 
Properties of Matter, from which the more intricate 
details and the more advanced theory are omitted. 

The publishers are indebted to various firms for the 
loan of blocks for printing diagrams, as follows : — Cam- 
bridge Scientific Instrument Co. for Figs. 9, 45, 55, 64; 
MesBTB. P. Harris A Oo., Pig. 80; Messrs. Pye & Co., 
Pigs. 10, 67; Messrs. Becker A Co., Pigs. 16, 19, 66; 
Society for the Publication of Christian Knowledge 
(publishers of Prof. Boys's Soap BiMileo), Pigs. 128, 140. 


March, 1906. 



NOl’E TO THE SECOND EDFJTON. 


The chief alterations in this edition are the insertion 
of methods for calculating certain moments of inertia, and 
also an elementary account of the Ixjnding of l)eams. In 
addition such misprints as have been reported are corrected 


NOTE TO THE THUID EDITION. 


In order to afford a reasonable amount of practice in 
the various types of Ciilculation required in this subject 
and a sufficient acquaintance with the magnitudes of 
various Physical Constants, a set of Miscellaneous 
Eicamples arranged in the order of the chapters in the 
book, and also a collection of Physical Tables have now 
been added at the end of the book. 

The new matter inserted in the Second and Third 
Editions (viz. §§ 76a — 76c, 135a — 135e, and pp. 258—* 
271) are the work of Dr. John Satterly, now Lecturer in 
the University of Toronto. 
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UNITS; DIMENSIONS. 

1. XTiiits of Measurement. — For the ex;ict description 
of any physical (quantity it is uecessarjr to express the 
standard or unit in which the quantity is measured, and 
also the numUn* of times the quantity contains the unit. 
The numerical value depends on the magnitude of the 
unit selected, being greater for a small unit than it is for 
a large. Thus 1 day is 24 hours, 1440 minutes, or s 
year. Hero the day, hour, minute, year are different unite, I 
iu terms of which it is usual to express time. Thoj 
numerical values are inversely proportional to the magni-J 
tudcs of the unite selected as standard. 

2. Fundamental and Derived Units.— For measuring 
different kinds of quantities different unite must be used. 
These may be selected iu any arbitrary way. Thus wo 
measure volumes in quarts, cubic feet, or litres ; force in 
pounds-weight or dynes. 

It is not, however, very convenient to deal with some of 
these unrelated units. It is better to devise a set of units 
dependent on throe fundamental units. The three funda- 
mental units generally chosen are those of mass, length, and 
time. From these three all other units required in mechanics 
may be derived. Thus unit area is defined as the area of 
a square of which the side is of unit len^h ; unit velocity 
is that of a body which moves over unit length in unit 
P.M. I 
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time, and unit force is that whieli acting on a body of unit 
mass for unit time imparts to it unit velocity. 

Such imits ai*e called derived units. 

It is important to remember that derived units are connected 
with fundamental ones by arbitrary definitions julopted for conve- 
nience. Thus we might take the area of a cirelo of unit radius as 
the unit of area : but for most purposes the staudaixl of a square of 
unit edge is preferable. 

Units other than those of length, time, mass might be 
selected as fimdainental. Thus the units of force, mo- 
mentum, velocity could be chosen as fundamental, and those 
of length, time, mass derived from them. It is not easy, 
however, to get simple standards of momentum or velocity 
for the latter system, so that the length, time, mass system 
is used in almost all scientific work. On the English system 
of measui*emeut, the standards of length, mass, time are 
the foot, pound, second, and these, with other units derived 
from them, are spoken of as the foot-poimd-s(»cond system 
(F.P.S.). For most pui’poses, however, it is convenient to 
work on the centimetre-gramme-socond (C.G.S.) system, in 
which the centinielix) and gramme replace the foot and the 
pound of the F.P.S. system. 

3. Dimensions.— The value of any unit depends on the 
values of the fundamental imits from which it is derived. 
Thus, taking a foot as the standard of length, the units of 
area and volume will be the square foot and the cubic foot. 
If we take the yard as the standard of linear measurement, 
however, the units of area and volume will be the square 
yard and the cubic yard ; one is 3’ and the other 3® times 
as large as the corresponding units of the ordinary system. 
Area and volume are therefore said to be of 2 ana 3 di- 
mensions respectively in length. In general when any 
derived unit is dependent on the power of a funda- 
mental unit, it is of r dimensions in the fundamental. 

The dimensions of velocity are 1 in length and —1 in 
time, for velocity is defined as the ratio of length to time. 
Acceleration is the ratio of a velocity to time : hence the 
dimensions of acceleration are — 2 in time and 1 in length. 



units; dihbnbions. 


3 


Momentum is defined as the product of mass and 
velocity, and has therefore the dimensions of 1 in mass, 
1 in length, and — 1 in time. 

Force is defined by Newton’s second law of motion as 
rate of change of momentum ; its dhuensions are therefore 
1 in mass, 1 in length, and —2 in time. 

The dimensions of the other xmits given in the following 
list should be worked out. 

Dimensions in 


Velocity 

Length. 

1 

Ma«s. 

0 

Time^ 

-1 

Acceleration . . 

1 

0 

-2 

Force . . 

1 

1 

-2 

Work, Eiier^^ 

2 

1 

-2 

Volume 

3 

0 

0 

Density 

.. -3 

1 

0 

Specific gravity 

0^- 

. i). 

, J). 

Area . . 

2 

0 

0 

Pressure 

.. -1 

1 

-2 

Surface tension 

0 

1 

-2 

Momentum . . 

1 

1 

-1 


The dimensions of some physical quantities (temperature, 
electricity, etc.) cannot be given in terms of M, L, T, done. 

The numerical factor by which a standard has to be 
multiplied to express any given quantity is inversely pro- 
portional to the magnitude of the standard. Thus in the 
example of Art. 1, 1, 24, 1440, and are inversely 
proportional to the duration of a day, nour, minute, and 
year respectively. It follows therefore front the definition 
of dimensions that if a fimdamental unit be changed from 
L to, say, IL, then the measure of any quantity of a di- 
mensions in L will have to be l~* times as great on this 
system as it was on the old. 

Thus suppose we wish to express on acceleration of 32 ft. 
per sec. per sec. in cm. per miu. per min., the 32 must 
be multiplied by 

12 X 2-64 X 60*, 
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for acocleriition is of 1 (.liiuoiisioii in and of -'2 in 

time. 

Another system of measurement in that in whieli tho iinItH 
selected as fundamental are those of lenirth, time, and force. 'I’h<> 
units of lenglli and lime are the eenliinctro and second, tho unit of 
force is (he force with whicli the earth attracts a one gramme mass, 
i,e. the W'eight »)f one gramme at latitude -Jo’ and at sea level. 

If we adopt this system we get im'W diimmsioris for other nnit.v. 
The dimensions of velocity, aeeeleration, area, volume — if tlu'seare 
fletined as aht>ve-— will he the .sum‘ as those already tahulated. 
Unit iiia>ss could l>e detined as the mass wliieh acted on hy a unit 
force has unit ae(*(.*Ieriitiou, so that the dimensicuis of mass would l>e 
- I in Ijenglh, 2 in 'rime, I in Force. Momentum would have 
dimensions 1 in Time, I in Force. 

4. Use of Dimensional Equations.— A kiiowledgo of 

dinuuisious is oftoii of uso in solving problems. 

Sii{)poso for instan(*e that wo wish to obtain a formula 
for th(3 time of swing of a simple pendulum. This can 
depend only on 

(1) the leiigtli, I ; 

(2) the aeeeleration due to gravity, g; 

(•1) tlie muss of the bob, m ; 

the angle of the arc through which tho bob 
swings. 

Tiie eirenlar measure of an angle lias no dimensions, 
lienee the only quantities having dimensions on wliieh t 
depends arc /, </, ?n, so that we may assume that t == \ 

where fc is a 71 amenV, i.e. a numerical (piautity (not iieees^ 
sarily constant) wliieh has no dimensions. 

The dimensions of the right-liand side must lie tlu? same 
as those of the left-hand side, i.e. 1 in time, 0 in lengtli, 
and 0 in mass. 

/ is of 1 diinonsion in length, 
g is of 1 dimension in lengtli and — 2 in time, 
m is of 1 dimension in mass, 

/• kh/m" is of {a + b) dimensions in lengt h, 

— 2b dimensions in time, 
c dimensions in mass, 
r a + & = 0, ( i , 

/. — 2h = 1, whence J 6 = — 

( <;=:0 ( c =: 0 . 
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Hence the relation must be 
t - 





Tlio iiumnrica] coefficient k can Ix) found experimentally. 
Its value is 2ir (a constant) when the angle of swing is 
small. 


Tliis method one llwit i.s often useful hut is not alwa 3 ’fl aA^ailahlo. 
SupjioHt' for iiis'tanoe wo wiAluxl to find a relation hotwffl'ji tlio 
.s’ whieh a body m<*ving with an initial velocity n and oceelera- 
tiony'de.'^Tihes in time /. 

Put s - htr/H'y 

V is 1 tlimension in h'ngtli and — 1 in lime, 

/is 1 dimension in length and -* 2 in time, 

I is 1 dimension in lime, 

BO that is of a -j- h dimensions in length and - a - 2/> + c 

in time, 

n f ~ 1, 

a d- 2A — c -- 0. 

These two equations are. not suflieient to detonnino rr, />, r, which 
might have* several dill’ereiit sets of values. 

Two sets arc 

a “ 1, h 0, c — 1, 

a - 0, h 1, c - 2. 

Tho.se eoiTespond to the formula ,s r- nt -f hft-y but it is evident 
that the formula eouhl nut be obtained in this way. 

Ilowea tu’, (‘veil in cases wlioro a knowledge of dimensions is not 
serviceable for eonstnmtivc imrp()S(3.s, it is often useful as a test of 
tb(5 aoeiiraey of an cxpres.sion or formula : for all t^rnis involved 
must have exactly' the same dimensions. 


5. Choice of Standard Units. Unit of Length.— In 
choosing a shuidard unit— especially a fimdainental unit — 
it is of great importance to have one which is unalterable 
and one with which other standards supposed to be exactly 
like it can readily be compaml. The French Eopiiblic 
(1801) decreed that the unit of length should l>e one ten 
millionth of an arc of the earth measured from the equator 
to the pole. This length was termed the metre. It had 
l)een specially determined by a committee appointed bjr 
the French Academy of Sciences. Later and more accurate 
determinations of the arc wore not to affect the metre, 
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which oiico detcimineii was to be defined as tlie length of 
a certain bar of metal. Tlie metro is now dofincil as the 
length at O^’C!. of a certain platinum rod kept in the 
Archives at Paris. Tin's is known to lie not exactly one 
ten millionth of a (jiiadrout : it is too short by about '2 
mm. A suggested unit of measurement is that of a wave 
length of a particular kind of light in vacuo uud(‘r normal 
conditions. This we believe to be absolutely unaltemble. 

On the F.P.S. system the standard length from which the 
foot is derived is the yard. The y.ird is defined as the 
distance lietween two marks on a certain bronze bar kept 
by the Board of Trade when the tempm-atun* of tlie rod is 
St'veral accurate copies of lliis are in exi.slence. 

It is not based, as the metre was intended to be, on anv 
fixed natural quantity. 

6. Unit of Mass.— The unit of length in the C.U.S. 

\ system laving Iswi selecb'd as exjdaiiied above, that of 
j mass was as.snciated with it, the gramme being defined as 
j the mass of a quantity of water the volume of which is 
i-oue cubic centimetre at a temjM'raluro of 4"C. The gramme 

is now practically defined as the mn.ss of the one thousandth 
p.art of a certain lump of platinnui-iridium kept in (lie 
Archives at Paris. This was intended to lie equal to 
the weight of a cubic decimetre of water. The English 
standard of mass is the pound. This is the mass of a 
lump of platinum in the possession of the Board of Trade. 

7. Unit of Time.— The unit of time in both tlie C.O.S. 
and the F.P.S. systems is the mean solar second, a jieiiod 
which is related to tlie period of revolution of the earth on 
its axis. The earth as it turns on its axis also revolves 

, round the sun, so that the period of revolution of the earth 
on its axis would seem to an okserver on a star to be ratlier 
less than it would be to an observer on the sun. The 
earth makes approximately 3CCi revolutions on its axis in 
the course of a year. Viewed from the sun, however, it 
would appear to revolve ouly 365J times (v. Chap. VIII.). 

To illustrate this, consider the case of a cogged wheel (A) rolling 
round the outside of another fixed cogged wheel (li) of tlio same 
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diameter. Seen from the centre of the wheel /?, A will appear to 
rotate once every time it rolls completely round B : seen from a 
point outside the system it will appear to rotate twice on the same 
journey. Similarly if one wheel roll round on the inside of another 
of three times its diameter, it will actually revolve only twice every 
time it completely travels round the larger. Viewed from the 
centre of the larger it appears to rotate three times. 

The true period of revolution of the earth on its axis — 
ie. the inteiwa] which elapses between two consecutive 
passages of the same star across the meridian — is called 
a sidereal day. 

The interval that elapses between two consecutive pas- 
sage's of the sun Jicross the meridian—i.e. the time between 
true noon one day and true noon the next — is called a solar 
day. The length of this is not constant, but depends on 
the time of the year. Its average length is called a mean 
solar day, and from it the second is d(‘rived. A second is 
therefore defined as X X of a mean solar day. 

The period of revolution of the earlli is probably gmdu- 
ally increasing as the result of a slowing down by tidal 
friction. The change in the length of the day is, however, 
not sufficient to cause any appreciable variation in the unit 
of time. 

8. Absolute and Gravitational Units. — The unit of force 
is derived directly from those three fundamental units. It 
is defined as the force which acting on unit mass produces 
unit acceleration. In the C.G.S. system tliis force is 
termed a Dyne, in the F.P.S. system it is termed a PomwidZ. 
Both tliesc units are absolute units and invariable. Engi- 
nei^rs, how(?ver, often lind it more convenient to take the 
weight of a one pound mass as the unit of force. Such a 
unit is termed a gravitational unit. Its value changes from 
place to place, being greater at the poles than at the 
eijuator. 

Derived from tlic absolute units of force we have other 
absolute units such as those of 'work (joule, foot pouiidal) 
and power (watt) ; while from the gravitational unit of 
force we have gravitational units such as the foot-pound, 
liorsc-powor. Absolute units aie generally preferred in 
physical measurements. 
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9. Scalar and Vector ftuantities.— Many quantities which 
are dealt with in physics and dynamics may be placed in 
one or other of two classes -scalars and vectors. A scalar 
quantity is one with which no idea of direction is associated 
and is completely defined by its magnitude: thus mass, 
volume, energy are all scalar (]u:iiitities : none of them can 
have direction or orientation. On the other hand the 
effects or values of vector quantities are doj)endcnt on their 
diree,tions. They can be ix^presented by straight lines. 
Amongst such quantities are velocity, force, momentum, 
academtion. A knowledge of the amount of a scalar 
quantity is all that is usually rerjuired in dynamics, but for 
the complete description of a vector quantity, its dirt^ctioii 
as well as its magnitude must be given. Scalar quantities 
of the same kind may Ix) added together directly. The 
combined effect of two vector quantities cannot generally 
be found by direct addition in this way, but by means of 
the 2 )aralleh(jram of vectors f \\h\d\ may be enunciated as 
follows: If two vectors are rejuestaited by two adjacent 
sides of a parallelogram, the single vector to which they 
are equivalent can be represented l)y the diagonal of the 
parallelogram drawn tlirougli tlio j)oint at which the t wo 
sides meet. Tlu* proposition known as the ]>ariill(*logra.m 
of forces is a particular case of this moi-e giuierul theorem. 

10. Multiplication of Physical QuantitieB. -W(ihaY(M>ft<;n 

above of multiplying or dividing one ]>hy.‘^i(;al »jiiantity ky another. 
Tlie use of those j)erhaps rccpiircH .some ('xjdanation. 

In arithmotio wc are aocu.stomod to Tnnltij)ly two iniinhcra 
together: 3 X 7 = 21 ; W(! also multiply quantities l)v numhors: 
3 tons X 7 *= 21 U)ns ; hut wo lo.s.s .soldnni speak of multiplying ono 
quantity by another fpiantity. To .speak of multiplying “ h tujth by 
width ” is p(*rfectly correct : the product is an arc^i. The words 

multiply,” “product,” “quotient,” “ratio ”havo, however, wider 
meanings than tho.se attached to them in pure mathematics. Wlien 
one physical quantity i.s multijdiod by another the pnKluot is a 
quantity different in nature frrmi the factors. The product 
jorce X diHiancc is tcrnnid )rork or momnit. Soinctiimjs the j)roduct 
is a quantity less familial- to us. We d<) not know' the nature of the 
pirxluct length X vohime ; but this docs not prevent us from working 
on such quantities. 



UNITS; DIMENSIONS, 
KXAMPI.ES I. 


9 


1. The kinetic energy of a mass m moving with the \7clocity v is 
expressed by the product where k is a constant. Show that 
this expression is of j)roper dimensions, and that no other form in- 
volving m and v only is liossible, 

2. ^J'he velocity (v) of .sound in a gas is a function of its pressure 


(p) and density (^Z). 


l^rovc' 


vcc\/P-, 

^ d 


•S. fre(|uency (n) of vibration of a stretched string is a function 
(if tlu* t(‘nsion (7’), the lengUi {/), and the mass per unit length (p). 


I'rovo 


1 

n Qc 


p 


4. 'riie time of oscillation {f) of a small drop of liquid under 
surface le]\sion dc])ends only on the density (p), the radius (a), and 
the surface tension {T). Show that tlie period of oscillation is 

kphi ' 7’**', where k is a numeric. 

('riic full relation is t 2v 


^ HT 


V, Art. 2G3.) 


T). Assuming the relations between tlio centimetre and the foot, 
and bet \N ceil the ])ound and the gramme, use your knowledge of 
diiiK'iisions to convert 4*2 x 10' ergs to foot-poundals. 

(). Jv\ press a pr(‘ssure of 1 kilogramme weiglit per square centi- 
mc'tre in pounds Wf'ight per .Sfpmre inch. 

7. W'liat are Hk* dimensions of power, surface density, specifio 
giavity, angular velocity? 

S. VVluit is meant in j>liy.sic.s by the term— a directed quantity? 
Point i»nt vv]ii(']i of the following arc direek'd quantities and which 
an* mil : -Volume, pressure, density, acceleration, magiugie field, 
mass, weiglit, energy. 

9. If the acceleration of gravity be represented by unity, and one 
second bo the unit of time, what must be the unit of length? 


fvrfher exajnples oji (his chapter see Miscellaneous Examples^ 



CHAPTER II. 

LENGTHS AND AREAS. 


11. Measurement of Length. — For luciiiuring 
the instrumeut iu general use is a metre rule divided into 
centimetrt'S and millimetres. By means of this.lent'tlis such 
as are usually measured in a iahonitory may he olilained 
accuratelv to a millimetre, while Umths of millimetres can 
sometimes be estimated. An accuracy such as this i-s ofhui 
sufficient ; thus if the length of a knitting necdlti is re- 
quired it might be measured as ‘24'2 cm. If this is correct 
to the nearest millimetre the true length must lie Ik;- 
tween 2415 cm. and 24'25 cm. and the possible error 
in the measurement is ± '05 cm., i.c. aboiit ‘2 j)cr cent. 


( 


X 100 

2425 


)• 


When smaller lengths are concerned 


accuracy to a millimetre may bo insufficient. Thus an 
error of ’1 mm. in measuring a length of 4 mm. is an 
error of more tlian 2 per cent. This is inadmissible iu 
exact work, so that (tther means of measurement are 
required. One of the simplest of thesti is the diagonal 
scale. 


j 12. The Diagonal Scale is represented in Fig. 1. It is 
divided parallel to its length into ten equal spaces and the 
right-hand division is also subdivided by ten equidistant 
diagonal lines. Suppose the distance lietween two points, 
and B, is required. Take a pair of dividers and open 
them to such an angle that it can just span the length AB. 
Now transfer to the scale. Suppose the length AB lies 
between 1 and 2 inches. Place one point of the dividers at 
the point f . Suppose the other point falls on F. Now 
run the dividers across the scale so tliat the points b^iu 

10 
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to trace out the parallel lines EG, FH. The line FH will 
cut one and only one of the diagonal lines. In the figure 
it cuts the sixth at the point where that is also cut by 
the horizontal line seventh from the top. It will be readily 
seen that the distance between the lines EG, FH, Le, the 
length required, is 1*57 in. 



Fig. 1. 

Tlie diagonal scale is useful for nioasiiring lengths on 
charts and scale drawings, but for most other purposes its 
adaptation is cumbrous and inaccurate. 

13. Vernier. — A neater and more serviceable device is 
the vernu‘r. Such an instrument is represented in Pig. 2. 
In this the upper part is a centimetre scale. The lower 
part is set. off into ten equal divisions, eacli of whicli is 


^1 

Iffli 

H 

SRRUHII 

nMnKRH 

( i-76cm 





Fig. 2. 


*9 mm. long. The vernier divisions are therefore less than 
the scale divisions by *1 mm. Now sup]>oso that one of 
the vernier divisions (say the sixth) exactly coincides with 
one of the millimeti*e divisions on the scale (say the 5*3 
cm.), then the 5 on the vernier will l>e *1 mm. l>eyond 
5*2 cm., the 4 on the vernier will be *2 mm. l)eyond the 
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5*1 cm., and so on till finally the 0 on tlie vernier will bo 
*6 mm. l)e 3 'on(l the 47 cm. division. 

The length indicated, i,e. tlio distance belAveen the 0 on 
the scale and the 0 on tlio vernier, is theret’oro 47(5 cm. 
Hence to road the length on a vernier w'e look for the 
centimetres and niillimetres exactly a.s on a metre rule, 
vdiile tenths of millimetres are shown by the number of 
the grmluation on the vernier which most nearly eorre- 
si)onds with a scale division. 

Verniers can of course l^e constructed to read otlier 
fnudions besides tenths, say twelfths or twentieths. Each 
vernier division w'<nild then l>e or less than a scale 
division, i.e. 12 or 20 vernier divisions would \)0 equal to 
11 or scale divisions. (Fig. 3.) 



Verniers reading to minutes are often attncliod to I lie 
scales of tlieodolit.es, spectrometers, and (►ther instnnmmts 
u.sed for reading angles. In sueli (‘ases it is usual to 
divide the scahi into thirds of a degree. 'I’he vernier is 
divided into twenty parts, so that it reads to the tw(;ntieth 
of a third of a degnv, i.c, to minutes. ( Fig. o.) 

The verniers so far described are forward nuding 
verniers, and are the kiml in general use. Eaekwanl 
reading verniers (Fig. 4) are sometimes placed on ba.ro- 
meters. Wlien constructed to read tenths, lO ^vernier 
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divisions must be equal to 11 scale divisions, .so tliut (‘ueb 
vernier division is greater than a scale ilivisi.m by a tenth. 
In figure 4 the readiug is 14*3. 



LENGTHS AND AREAS. 


13 


14. Micrometer Screw Gauge.— TJjo ordinary vernier 
callipers read to tenths of a millinietro. When greater 
aauiracy is required in tlie measuring of small l)odies the 
screw gauge may be used. (Fig. 5.) This consists of the 
screw AB, tlie jaws and the barrel tlirougli which the 
screw passes. The stud 
at F may he replacrHl 
or adjusted to fake up 
wear. 

The screw AB must 
be very accurakdy cut, 
and must fill the barrel 
closely and without Fig. 5. 

play. l)ut at the same 

time should move easily. The figure represents a milli- 
metre gauge. The pitcli of the screw, i.e, the distance 
between consecutive threads, is 1 mm., so that a complete 
turn of the head advances the screw by that amount. Sup- 
pose tlio diameter of awire is retpiired. To use the instrument 
liold t lie wire on the stud at F and then advance the screw 
by turning the Tnill(‘d head B with thumb and linger till 
the wire is just nipp^jd. The number of iiiillimetres 
is tlieii read off from the scale on the barrel, and 
the hundredths from the number of that graduation on 
tiie circumference of llio sleeve at f wliich is opposite 
to the scale lino on the barrel. The principle on which 
this and all instruments which measure by means of 
screws are made is that any fraction of a complete turn 
of the screw advances the screw by the same fraction 
ol‘ it s pitch. Some care is required in using the screw gauge. 
Ill tlie first place it must be screv/od home very gently (»n 
tlie object to bo measured, which would otherwise be 
slightly compressed. Further, the “zero error” should 
be obtained, i.e, the reading when the screw is brought 
homo on the stud with nothing between. This must either 
be added to or subtracted from all other readings obtained. 
An appreciable zero error nearly always exists, for stud and 
screw both wear slightly, and no two observers screw up 
with the same force. In some instruments this last source 
of error is almost entirely eliminated by using a ratchet 
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liwid which ceases to turn tlie screw wlieii tlio pressure has 
reached a certain constant value. Keadings so token will 
therefore he nearly indotx^ndciit of the observer. If the 
pitch of the screw' is J min. the ^^raduated circle will 
be divided up into 50 jiaris, and the scale on the barrel 
must be consulted to determine w hether, say, 24 indicates 
*24 mm. or *74, i.e. (’50 + *24) nim. 


15. The Spherometer is used to determine the radius of 
curvature of a surface, e.g. that of a mirror. The thri^i 

pointed feet C (^’i^^ tJ) 
are situated at the verticils 
of an equilateral trian^de, and 
the axis of the screw SE is 
per|Hmdicular to the plane 
of this triangle and passes 
through its centre. The 
height of the point E above 
the ))laiie of ABC is read off 
by means of the pitch scale 
and the gradiL‘ite<l circle 
(head scale), the units Ixung 
marko<l on the scale and the 
Fig* 6. hundredths on the circle — 

exactly as in the screw gauge. 

To use the spheroimder raise up the screw and phice the 
three feet on the surface of the mirror the curvature of 
which is required. Now gently and gradually turn down 
the screw till the point £ just touches the surface. This 
is generally indicated by the slij>ping of the legs round the 
centre £. The reading, giving the lieight of £ above the 
plane of the feet, is tlam taken. The radius (11) of the 
surface is given by the relation 



where 


I 

¥i 


h 

2 ^ 


h = height of the point £, 

I = length of side of the triangle fonned by the tlia'e 
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JTliis formula may bo obtained as follows ; 

Consider the triangle formed by the feet ABC (Fig. 7). 
Suppose D is the centre of this triangle, F the middle point 
of the side BC, 

i]xm AB = I, FG= i, 




aud AF^ yjl, 


V3, 

2 


4" ' ^ ir 

ir 


hubAD=~AF, 


thus AD 


l_ 

V3' 


Fig. 7. 




Now 8 represents a ceniral section of the spliere 
of whicli tlie surface of the mirror forms a part. This 
section is iaken through the points where the feet A , E 
meet the n\irror. The axis of the screw will pass through 
the point D and the centre of the sphere, and will cut the 
surface again in a point /.. 

Tlien by the geometry of the 
circle 

AD^^=^ED.DL 

which is Ibo rohation given above. 

For most purposes the length I 
may be obtained with sufficient 
exactitude by pricking the poinls 
on a piece of pajjer and 
measuring the distance between 
the pricks by dividers and scale. 

A piece of flat glass is generally to be found in the case 
of the spherometcr. This must be used to determine the 
zero error of the instrument. 

In the above description we have supposed that the 
surface of the mirror was convex. If it is concave the 
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Fig. 9. 


foriiiuJii still holds, h in 
this caso staudiuj^ for the 
dopth of the point 0 Ixdow 
tliuphiiio of the foot. In 
ineasuriiig tliis depth it is 
mwssaiy to reiueiuhrr 
tiiat the reading on tin* 
graduated eircio must Ik* 
suldraeted from lOO, so 
that if tlio iusiriiment 
measures to li un< 1 redt J i s 
of a millimetre and the 
(irelo is divi<led up into a 
liundiVil then, when 

the o8 gr.idu.ition stamU 
oppo^iti* tlu* scale at a 
lo\el l^etweeu tin* [I am I 
4 marks on that scale, 
tin* landing imlieated is 
non. 

S(»uie instruments ha\e 
hew ever a double ring of 
graduations on the circh‘, 
one for reading convex 
Mil facets, t h(* other for read- 
ing couea\e. 

The justruim'iit may l )0 
used instead of a screw 
gauge for tinding the thhdv- 
ness of a small piece of 
glass or of a coin. 

16. The Cathetometer is 

an instrument used U* 
measure \ertical heights. 
It consists of a gradnaUsl 
\«*rti(uil rod AB canying a 
hIuIo to which is fastened a 
telosc(>ix) T with tlie axis 
horizon tal. 
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The base to which the vertical rod is fixed is three-legged, 
and carries levelling screws S, S, S and spirit levels /), £. 
The telescope also carries a spirit level 0^ ) 

The slide which moves up and down tlie rod carries a 
vernier, so that the distance the slide is moved up or down 
can be read off accurately on the scale. The telescope can 
be rotated round the rod AB, always remaining horizontal. 

To read the difference in level between two points, P and 
Q say, the telescope is focussed on the first, P, and is raised 
or lowered till the imago of P is exactly on the cross Wires 
in tlie eye-piece. The vernier reading is then taken and 
the telescope is then arranged to bring the image of Q on 
the cross wires. The difference Ix^tween the I'eadiiigs given 
by the vernier is equal to the difference in level between 
P and Q. 

In using the instrument great care must be taken to 
ensure 

(1) That the rod AB truly vertical. 

(2) That the axis of the telescope is horizontal. 

(3) That the object is accurately focussed on the cross 
wires. 

The means of securing these essentials are given in 
Practical Physics (Bower and Satterly). 

17. The Travelling Microscope may be used to measure 
small horizontal lengths. Fig. 10 shows a convenient mount- 
ing. The microscope M is carried by an arm A which can bo 
firmly clamped by the screw T on the rod (?. 5 is a screw 
the end of which can bo brought up against the end of the 
rod 0- The distance l)etweeu the thremls of the screw is 
generally about h millimetre, and the head is divided into 
100 divisions, so that the instrument will read to nearly 
•005 mm. 

Suppose it is required to measure the distance between 
two parallel scratches on a piece of metal. The metal is 
placed under the microscope with one of the scratches 
parallel to the cross wire of the eye-piece. The rod 0 is 
kept pressed up against the screw while the arm A is moved 
till the scratch and cross wires are very close togetW, but 
with the cross wire slightly to the right of the scratch. 

p.M. 2 
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The am U thon clamj^Oil ami the screw turned fill exact 
coincidence is obUiined. The readiiujf of the head is then 
token. Then the microsco])e is focussed on tlio other 



Fig. 10. 


mark in exactly the same w<ay and a second reading; 
obtained. The difference l)et\veeii the two gives the dis- 
tance between the nuirks. 

A vernier is used in ph-ice of the screw in a Vernier 
Microscope. 

18. The Areas of Plane Surfaces. — Tlie measuromeut of 
the areas of many plane figures often requires nothing more 
than a knowledge of their linear dimensions. We sliall 
assume that the following geometriciil results are known : 

Area of a rectanelo length x breadth. 

,, ,, parallelogram *=■ length x altitude. 

,, „ triangle = J base x altitude. 

,, trapezium «= I sum of parallel sides x altitude. 

„ ,, circle - ir x (radiusp. 

» «» ©Ihps® ^ w X rectangle of semi -axes. 

„ „ curved surface of » J length of sIoth) side x oircura- 
a cone forence of base, 

surface of a sphere » 4ir (radius)*. 


II M 
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19. Simpson’s Eules. — ^The areas of many plane figures 
may be obtained by dividing them up into triangles or 
squares. Thus a quadrilateral figure may conveniently be 
divided into two triangles, and curvilinear plane figures 
may bo traced on millimetre paper and the number of 
enclosed squares counted. 



The following method is often eonvenhuit. Suppose it is 
nHjuired to find the area beUveen the cui\o ABC and the 
line OX, Divide tlie area up into n ])arls by the /? + 1 
evenly spaced ordinates;?,, ;?^, /?,, . . . which meet the curve 

OX in wip w,, .... 

Tlien . . . = say. 

Join 2,5-,, 2 ,? 3 , . . . 

Tho area of ilie trapezium 2i»»|Wi,2, = 

» » » ==l{Pi + pj)h, 

,, ,, „ =l{p^+p^)h, 

,, M » = + 

Hence by addition tho aroii of tho rectilineal figure 

• • • 3«u»h.f. = IKPi + 2p, + 27>3 + . . . 2pn +/>„„,) 
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Now if the ordinates are fairly close tofjotlier, the area 
of the curvilinear figure tlilTers little from that of the 
rectilinear. Hence wo have the following rule : — 

Divide up the area by equally spliced ordinates, measure 
the ordinates ; add the mean of the first and last ordinates 
to the sum of those between ; multiply the total so formed 
by the distance between consecutive ordinates. 

The above rule is sufficiently accurate for most purposes. 
A nearer approximation is obtained by adding to tlu' sum 
of 'the first and last ordinates twice the third, lifih, 
seventh . . . ordinates, and four times the second, fourth, 
sixth . . ., and then multiplying by one-third of the 
distance between consecutive ordinates. For this rule the 
numl>er of ordinates (71 + 1) must bo odd. 

Another method is to cut out the figure in assay lead 
foil or paper of uniform thickness. Weigh this. Weigh 
also a rectangle cut from the same sheet and caleulati^ t he 
area. The ratio of the weights o<|uaIs the ratio of the an*as. 

20. The Planimeter. — This is an instrument tliat records 
directly the urea of any plane figure. 



Fig. 12. 


The two arras >15, BC are freely jointed at B. Tn the 
elbow at B is placed a graduated whe(d wlii(di revolves 
round an axis parallel to the length of the arm BC. 

In use the instrument rests on the pa])er on which the 
curve is traced, touching it with the spikes ^ and C and with 
the lowest part of the circumference of the wlieel. The 
point A remains fixed, while C is marie to travel round tlui 
^undary of the figure in such a way that the two arms 
finally return to their initial positions. Motion at right 
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angles to BC is recor<led on the wlicel, but motion along BO 
does not aft'cct it. Tlie difference l)etween the readings of 
file wheel before and after tlie spike G has travelled round 
tiie figure gives the area. 

The theory of the instrument is explained in William- 
son’s Integral Calculus. 


Examples II. 

1. Find a forranla for the radius of a sphorieal surface in terms of 
tlie height of the middle leg above the other three, and the distance 
fi’om the middle leg to ea<‘li of the others. 

2. In finding the rjidius of a s)>herical surface hy the method of 

Art. In, an error of l7o isinailo in measuring (1) (2)/. ]5y how 

much will the calculated value of 11 bo wrong in each case when h 
is alKuit 1 mm. and I about 4 cm. ? 

a. Discuss the use of the diagonal scale. What accuracy is ob- 
tainable by it? 

4, A backward reading vernier measures to twimtiidhs of a centi- 
luidre. What is the length of each graduation on it ? 

5. What is a vernier ? 1 low would you construct a vernier to enable 
you to make barometric readings to O'UfVi of an inch, the gradua- 
tions of the scale being twentieths of an ineli ? 

(J. How may tlie aijcuracy of a spirit l(‘vcl ho tested? A spirit 
level is in the form of the arc of a circle of 3 ft. ra<lius. If the level 
ho placed on an incline of 1 in 25 by how much will the buhldo bo 
displaced from the centre ? 

Pk A orrcA l Ex E iir lsks. 

1. Detormino the radius of a spherical mirror by the splieromcter 
and verify hy an optieal metiiod. 

2. Measure the iliaiuelor of a thin copper wire by the screw 
gauge. Weigh a known length and so find tlic density of copper. 

.‘b Use a vernier microscope to te.st the accuracy of tlio gradua- 
tions on a rule. 

4. Describe a circle of 3 " radius on srpiared millimetre paper, and 
by counting sipiarcs determine its area. Find the ratio of this area 
to that of tlic square on its radius. 

5. Describe a sine curve and find the area enclosed between tho 
initial lino and one undulation. 

0. Measure tho diameter of tho boro of a piece of thermometer 
tubing. 

7. Measure 10 inches on a given inch rule by a centimetre scale, 
and so compare the centimetre and inch. 

(For further txamphe on th%$ chapter see Afiscellaneotis Fmmples, 

p. ess,) 
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21. Matter. — **A11 we know about matter relalos to <lie 
series of plK^nouieiia in wliicli energy is transferred from 
one portion of matter to another, till in some j>art of the 
series our bodies are affected, and we become conscious 
of a sensation, 

Hence, thou^di we know many of thepro|x^rties of niattiu , 
we know very little of its nature. Two })ioces of matter 
at tnxct one another : the law of attraction is known, but 
the mechanism by which this attraction is exerted is un- 
known. Matter has inertia, but wo cannot say wliy it lias 
this pro[>erty. Electricity also has a kind of inertia. 
Perhiips inertia in matter and electrical inertia may be 
identical. If so, we can explain one of the proiKTties of 
matter in the language of electricity. It is suinewhat re- 
markable that tJioiigh electricity has scarcely been tliouglit 
of till recent years, its nature is in some resjxvls much 
bf^tter known to us than tliat of matter, and it sfHmis 
possible that in a few years avo may look on electricity 
rather than on matter as the basis of the universe. 

Some of the properties common to matter in all states 
are these : 

(1) Matter is itulestnictible, uncreaiable. 

(2) Inertia, Mattt*r in motion has energy. Force must 
1)0 applied to matter to produce motion. Ntnvtoii’s First 
Law states that every body kwps its state of rest or uni- 
form motion iii a straight line except iii so far as it is 
compelled to change that stiite by forces impressed on it. 


^ J. C. Maxwell, Mattel* and Motion* 
22 
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(3) Mutual attraction. All particles of matter attract 
one another. 

(4) Divisibility, Matter can be split up into portions 
so small as to be quite invisible. The divisibility, how- 
ever, appears to be limited. 

(5) Matter is jjorons, tluit is to say that matter in one 
form can pass into a space apparontly filled by matter in 
another. Tlius water can pass tlirouj^h gold or lead, mer- 
cury througli most melals, gases through hot iron. 

The volume of a mixture is often less than the sum 
of the volumes of its couiponents. Thus if alcohol 
and water l)e poured separately into a measuring cylinder, 
the level of the mixture falls when the two are stirred 
together. 

(d) Elasticity. The volume of any portion of matter may 
be diminished, but forces are called into play which resist 
the change. AVhcn the forces applied are withdrawn the 
matter regains its former volume. Solids can resist 
cljanges of shape and volume impressed upon them and 
can re(*over fi’om them. This power of recovery is called 
Elasticity. 

(7) Matter is the vehicle of emrgy. Energy cannot 
exist except in connection with matter. 

Some of these properties require furtlier discussion. 


22. The Atomic Hypothesis.— As we have stated above, 
matter would appear to be divisible to an almost indefinite 
ex lent. A single drop of oil will spread over a large expanse 
of water, and its presence cn,n be shown by the colours it 
produces in the sunlight. Scents may l)e detected when 
the ([uantity of the material present is beyond tlie range of 
the most sensitive balance and the most delicate chemicnl re- 
agents. The presence of mercury vapour can be recognised 
in a Torricellian vacuum. Yet we ciinnot regard matter as 
indefinitely divisible. Our reasons for this are many. The 
kinetic theory of gases, explained in Chapter XI., inquires 
us to believe that a gas is not an expansible or continuous 
medium, but an aggregation of particles far removed from 
one another. The laws of chemistiy, the solution of one 
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substance in anotlier, the passage of electricity through gases 
and liquids, all seem explicable only on the hypothesis that 
matter is divisible into discrete particles. The atoms of 
the chemist are the smallest particles into which he can 
split up matter. Whether these small bodies are the same 
as* the ultimate particles demanded by a physicist is im- 
material, but at present it seems probable that the smallest 
cliemical atom is divisible under the great stresses pro- 
duced in vacuum tubes into many parts, and that these 
corpuscles or electrons, as they are termed, are the ultimate 
basis of all matter. 

23. Ether. — Light and heat pass from the sun to the 
earth. They are not propagated instantaneously, but take 
a, definite time for tlie journey. Hence liglit and energy 
of other forms exist as radiant energy in interjdaiietary 
space. The vehicle must l)e material. This leads us to 
think that matter of some fonn must fill the gap lx)tween 
sun and earth. We know very little of this form of 
matter : perhaps it is not right to call it mailer, at any lute 
it differs vastly from the gross matUT we can pe*rceivo with 
any of our senses. We call it ether, and look upon it some- 
times as a continuous incompressible fluid, sometimes as a 
highly elastic solid, tlie vibrations of which constitute light 
and radiant heat. 

Other plienoinena postulate the existence of an ether. 
It seems inconceivable that the sun could attract a planet 
except by means of some connecting medium. Klectric and 
magnetic actions also require sonietliing that will support 
great stresses in apparently void space. Some of the pro- 
perties of ether appear to 1x5 mutually exclusive. Tlio 
planets would appear to revolve round the sun unimpeded 
by the ether, so that the ether must be more fluid than the 
most perfect gas. The transverse vibrations to wliicli it is 
subjected in the passage of light necessibito enormous 
rigidity. It may help us to re<5oncile these views if we 
consider the Ixihaviour of pitch. This behaves as a 
brittle solid when strains are suddenly impressed upon 
it; yet, given time, its own weight will make it flow as a 
liquid. 
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24. Vortex Theory of Matter. — Many hypotheses have 
been formulated as to the nature of matter and of ether. 
Some of these must be briefly described. The first is the 
vortex tlieory suggested some years ago by Lord Kelvin. 

Every one knows the appearance of a vortex ring. Such 
a ring can bo produced by suddenly expelling a puff of 
gas through a circular orifice. They may be produced 
from the bowl of a pipe or from the lips. For demonstra- 
tion purposes the usual method of procedure is to cover 
one end of a box with a cloth, cut a round hole in the other 
end and lead in through one side a stream of hydro- 
chloric acid gas, through the otlier a stream of ammonia. 
The gases mix and form a dense cloud. A smart tap on 
the flexible back causes a ring to be projected through the 
mouth. Such rings may bo made to travel right across a 
room. Their rotaiy movement endows them with elasticity 
of shape ; two rings will bounce away from one another. 

\ On the vortex theory of matter, an atom is regarded as a 
. vork'x ring of ether. Such rings eould not be created, yet 
could not be destroyed. Smoke rings are created by fric- 
tion : the middle part of the puff passes out faster than 
the outer boundary which is retarded by the rough edge of 
the box, but we regard ether as a frictionless fluid, and in 
such a fluid rotational motion can neither be created nor 
destroyed. The hypothesis then accounts quite easily for 
the indestructibility of matter. Other properties, however, 
are not so easily explained. In particular we have no 
evidence that the vortex rings would attract one another, 
so that there appears no reason for universal gravitation. 
The vortex theory cannot now be accepted in its crude fonn. 

25. The Granular Hypothesis.— Amongst other theories 
of the universe, that of Osborne Eeynolds was favour- 
ably considered at one time. It is well known that 
granular particles can be packed together in two distinct 
configurations. In one oacn sphere touches twelve neigh- 
bours, in the other only six; so that the total volume 
occupied by a given number of spheres is much greater in 
the latter position than in the former. In Eeynolds* 
theory the ether is supposed to consist of excessively 
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small hard sphea^s. In free space these spheres are packed 
together as closely as possible. At other places they are 
less closely packed, aiid this deviation from the usual 
condition of the granular ether is supposed to constitute 
an atom. The movement of an atom is then simply a 
movement of a rift in the ether, the ether particles passing 
thix)ugh the interior of the atom to the other side, leaving 
another similar space in their rear. 

Conservation of matter is thus a conservation of form 
rather than of Tnaterial. 

The theory taxe.s the imagination soniewhat seveiely. 
The mean pressure in the medium is 700,000 tons-wt. per 
squai-e inch. The diameter of each granular particle is 
only the seven hundred thousand millionth part of a wave 
length of violet light. The mean density of the medium 
is ten thousand times greater than that of wator. 

The author however claims that his tlu^ory accounts for 
universal gravitation, cohesion, elasticity, the electric and 
magnetic properties of matter, the trciusmission of light, 
and many things besi<les. 

A short account of this “ Inversion of Ideas ’’ is given in 
his Structure of the Universe. 

26. The Electron Theory. — Some other views on the 
natime of matter must Ix) briefly sketched. 

We know that energy must 1x3 spent to set up an electric 
current: acceleration of an electric charge implies the 
existence of force of some kind. A charge of electricity is 
therefore associah?d with ineitia. Prof. J. J. Thomson 
suggests that an atom is a collection of positive and negative 
charges of electricity : it consi.st.s of a largo ffuaufity of 
positive electricity with small negative “ corpuscles ” de- 
scribing orbits in it. This hypothesis represents tho mass 
of any atom as due to these electric charges which carry 
the ether along wdth them, so that all mtiss, momentum, 
kinetic energy teloiig really to the ether. 

If a numl)er of nnignetised needles Ix) arranged to float 
upright with their S. poles upwards in a basin of water 
altove which is placed a strong magnet wit h its N, pole down- 
wards, the magnets arrange themselves round the N. polo; 
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their equilibrium position being due to the forces of attrac- 
tion due to the N. and the repulsion Ijetween themselves. 
Now some of these groupings have a remarkable similarity. 
For example, a group of 18 magnets may be made up of 
1 at the centre, a middle ring of 6, and an outer ring of 11 ; 
a 33 group is similar, but has a fourth ring of 15 magnets. 
Thus we have a series of 

1, 1 + 6, 1 + 6 + 11, 1 + 6 + 11 + 15, 
such that each group resembles tlie one before it, but has 
an extra ring. A similar sort of grouping would exist in 
negative electrons revolving in a sphere of positive electricity. 
The repetition of the groups is suggestive of an explana- 
tion of Mend(‘lcef’s Periodic Classification of the Chemical 
Elements. Tlio llieoiy accounts for most of the phenomena 
of radioactivity. (Sec Higher Text- Book of Magnetism and 
Electricity^ Ch. NXXIV.) 

Another conception of tlic atom is due to Lord Kelvin, lie 
suggests as a model of the atom a series of heavy concentric shells 
connected together by springs : this arrangciiient would give an 
atom a set of definite vi])ration periods. 

Lastly, we have the idea of an ether like an clastic solid such as 
eaoutcliouc : an atom being merely a discontinuity, a place wlioro 
the ether has been rifted and joined up again- -not truly, but with a 
strain space loft. 

27. Solids ; Fluids. — Matter is divided into two classes : 
solids and tiuids. A fluid is defined as matter in such a 
state that it yields continuously to any shearing stress 
applied to it however small that stress may be. By a 
shearing stress is meant a combina- 
tion of forces which act in such a way 
tliat the reaction between two parts 
of a body separated by a plane area 
is not normal to this plane. Take 
for instance a heap of sand (Fig. 

13). Consider two portions of it cut 
off by a plane AB inclined to the Fig. 13. 

horizon. The axfiiou of one portion 
on the other may bo resolved into two sets of forces: 
one in the plane AB, the other normal to AB. The 
former constitutes a tangential or shearing stress, tending 
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to make the part above AB to slide down over the 
lower part. In the case of sand — a collection of solid 
particles — the tendency to slide, if not too fyimt, may 
1)6 resisted indefinitely. A heap of sand could exist for 
ever. Sometimes a heap of fluid collapses at once. A 
heap of treacle or tar flows away more slowly. A block of 
pitch or sijalin^ wax will take months to run perceptibly. 
Pitch and sealin^^ wax, however, do flow in time: they 
give continuously, though very slowly to the smallest 
stress applied. 

The fluidity of pitch is shown by the following experi- 
ment made by Kelvin, He took a block of pitch and 
supported it on corks placed at the comers. On the top 
of the block he placed a few lumps of lead. In the courstj 
of time the corks floated up to the top of the block and 
the lead sank down to the bottom. 

If a rod of sealing wax is supporterl at the emls and a 
weight hung from the middle, the rod will gradually sag. 

It will 1)0 easily seen then that the distiiiciiou between 
solids and viscous fluids is not very marked. 

28. Liquids and Gases. — Fluids are again divided into 
two classes: liquids and gase.s. A liquid is distinguished 
from a gas by its having an almost invariable volume. It 
is very hard to produce mechanically any ptu'ceptible 
difference in the volume of a pound of water, so that for 
a very long time water was regarded as incompressible. 

Oases, however, in their normal condition arc easily 
compressed and are indefinitely expansible, so that they 
always occupy the whole of any vessel, large or small, in 
wliich they may l)e contained. A gas when highly 
compressed and near the point of liquefaction is not very 
different in appearance and properties from a liquid. 

29. Vapours. — If a liquid \)q placed in a closed vessel 
which it does not entirely fill, the space above it l)ecomes 
gradually filled with vapour. A vapour is matter in the 
gaseous conditi(»n, l)ut it differs from a gas proper in that if 
the space whicii it fills be gradually contracted it passes back 
to the liquid form. How a true gas cannot he compressed 
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by pressure only to a liquid. Carbon dioxide, if below 
31^0. (i.e. its critical temperature), can bo liquefied by 
pressure and is therefore really a vapour ; but oxygen is 
usually a true gas, for it will not liquefy at any pressure 
if its tem|x^rature is above — C. 

30. Mass. — The mass of a body is usually defined as the 
quantity of matter that it contains. As a matter of fact 
the term mass is probably better understood than any 
possible definition of it. If different bodies are acted 
on l)y tlie same force, then their masses are inversely pro- 
portional to the accelerations produced on them. This 
result enables us to compare masses. It is contained im- 
plicitly in Newton’s Second Law of Motion. 

31. Comparison of Masses. — Suppose that we wish to com- 

5 are the masses of two steel balls, and that we wish to 
o so without assum- 
ing anything beyond 
what is expressed by 
Newton’s Laws. 

Call the balls A and 
B ; tlieir masses m 
and in/. Let tliem bo 
hung up side by side 
as shown in Fig. 14. 

Lehind the balls is 
placed a mirror scale, 

SC- Let one of the 
balls, B say, be drawn aside some definite distance. This 
disf<aiico can bo measured on the scale. From it w^e 
can find out the vertical distance through which B is 
raised; call this A. After B is released it will fall and 
strike A . Its velocity at the instant of impact will bo 
= u say. After the imiKict A will move towards the 
left with some velocity, xi say. The direction in which B 
moves will depend on the relative masses of A and B- I^et 
us assume that B rebounds from A with a velocity v. The 
change in velocity of 6 is t? + u. The change in velocity 
of A is V. Hence their changes in momentum are m(u + v) 
and m'v' respectively* 
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Now the forces wliioli have brou^^lifc about tliese chaniifos 
are the action of /I on B and tlie reaction of B on A ; 
by Newton’s Law III. these arc exactly equal. They have 
been acting for exactly the same time, and therefore the 
changes in momentum prcKiuced are also equal. Hence 


m{u + t;) 1 = m'v\ 


rn _ v' 
m' u + V 


Tlie values of w, v, v' may l>e obtaineHi from measuring 

the distances (horizontal) 
which the balls traverse. 
From these distances the ver- 
tical heights to which the balls 
rise may be calculated, and 
from these again we get the 
velocities from the formula 
(Fu7cEx.l,p.ll2.) 

32. Hick's Ballistic Balance in 

shown in Fig. 15. It consists of 
two platforms arranged to carry 
the masses to bo compared, hiach 
of theso carries a pointer wliicli 
moves over the horizontal scale. 
By means of a cateli, not shown 
in the figure, the two platforms 
can bo made to stick U)gether after 
impact. 

33. Weight. — The value of 
the results of Art. 31 is that 
they afford a fairly direct 

verification of Newton’s Laws. To compare masses by 
such means would be too troublesome. In practice we 
make use of the fact that the weights of bodies are 
proportional to their masses. The simplest proof of 
this is afforded by the fact that in vacuo all bodies fall 
at the same rate. Consider two bodies A and B of 
masses m and m\ and weights w and w'. The accelera- 
tion of a body is proportional to the ratio of the force 
acting on it to its mass. The forces causing bodies 

to fall are their weights, so that — and are propor- 

rn> m 
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tioDal to the accelerations of >4 and S. These accelerations 
are identical, since Ihey fall at the same rate. 

TT w w' . , , 

Hence, — = — i e. m m :: w vf. 
m m 

The most accurate proof that weight varies as mass is 
Newton’s pendulum experiment. The period of oscillation 
of a box suspended by a string is the same whether the box 
is empty or filled with any substance light or heavy. 



Fig. 16 


34. The Balance — ^This relation between mass and 
weight enables us to compare masses by means of the 
balance. The ordinary bailee is too well known to need 
description, hhg. 16 represents an accurate chemical 
balance. 
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35. Sensitiveness of a Balance. — ^Imagine a vertical 
section is taken through the centre of the beam of a 

balance, and that this 
cuts the knife-edges 
in A, (Fig. 17.) 
Let I be the length of 
each arm, d the deptli 
of the centre of gravity 
6 of the beam below 
Ct and h the height 
of A and B above G 
when the balance is 
at rest and the beam 
horizontal. Suppose 
the mass of the l^eam 
is Mf and that the masses of the scale pans and their loads 
are m and m + /x, where ft is supposed to be small. The 
beam will be tilted and inclined to the horizontal at a 
small angle 0. We are going to find 0. 

The horizontal distance of A from C = i cos — A sin 
„ „ „ B from (? = Z cos -f A sin 0, 

„ „ „ Q from 0 = d sin 0. 



Now the angle 0 is small, so that we may put cos ^ = 1 
and sin 0 0, Take moments about C and wo get 

(m + ft)gf . (I + ho) = Mg . dO + (Z — hO)mg, 
wZ + mho ^ iil:=z MdO + mZ — ImO 
if we neglect the product of iiO. 

id 


Hence, 


0 

0 


■ Md - 2mh 
I 

’ Md-2mV 


This ratio, i,e, the ratio of the deflexion to the difference 
in the loads on the pans, is called the sensitiveness. 

Note that if the three knife-edges are coplanar so that 
A = 0, then the sensitiveness is independent of the load. 

The sensitiveness is increased by increasing Z or decreas- 
ing d ; the longer the arm of the balance and the nearer 
the centre of gravity is to the centre knife-edge the greater 
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tlio sensitiveness. If the outside knife-edges are above the 
centre knife-edge, then the sensitiveness increases with the 
load on the pans ; if below, it decreases. 

An increase in the mass of the beam decreases the sensi- 
tiveness of the balance. 

36. Stability. — For work in wliioh great accuracy is 
required tlie first essential in a balance is sensitiveness. 
For many purjioses, however, extreme accuracy is not 
required : the speed witli which a weighing may be carried 
out is often of greater ini por Lance : to ensui'e this the 
balance must lie stable. The stability of a balance is 
increased by decreasing the length of arm and increasing 
the depth of the centre of gravity below the point of 
su])port of the lx)am. Stability and sensitiveness are 
tlierofore to some extent mutually exclusive. 

^ 7 . Method of Weighing. — A sensitive balance will swing 
for so long a time tliat it is not usual to wait for it to come 
to rest to see the position the pointer would toke up. It 
is simpler to notice the extent of the swing on either side 
of the zero of the scale : midway between the two positions 
is the ])lace which the pointer would occupy if the balance 
were allowed time to come to rest. 

An example will explain the method. Suppose the pointer at the 
full extent of one swing is oj)posito to 6 on the left-hand side, that 
at the end of the next half vil)ration it is opposite to the 2 on the 
right-hand side, and swings back to 5k on the left-hand side again. 

Take as the extent of the swing - on the left, 2 on the right: 

the resting point will bo | — 2^, t.e, 1*9 divisions on the 

loft. 

Now suppose an extra milligramme added to the weights in the pan 
brings the resting [mint to 1 **2 divisions on the right. Then 1 milli- 
gramme brings tlio point over 3*1 divisions ; therefore the weight 

1 *9 

that would have brought it to the zero, t.e. over 1*9 divisions, is ^ 

milligrammes, i.c. *6 milligramme. The weights originally in the pan 
are tlierofore too small by ‘0 milligramme. This calculation supposes 
that the pnnter is opposite the zero on the scale when the pans aro 
empty. This must to tcstcii and the true zero found. 

r.M. 3 
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38. Faults in Balances. — (1) Scale pans of clifTereiit 
masses. To test this interchange the pans. If the pointer 
reading is altered the pans are of different weights. A 
small difference in the scale pans does not much matter. 
The positions of the sci*ews on tlie arms may be altered to 
make balance oven. 

(*2) Anns of different lengths. Suppose the lengths are 
l,V . Take a body — true mass M, and suppose weights of 
mass j;, are required to balance it according as tlie body 
is on the right luind or on the left. Tlieii lp:=:VMf 

From this ^ye get M = 



two equations giving both the true mass and also the ratio 
of the lengths of the arms. 

(3) Knife edges. These become rounded by use in the 
course of time. 

(4) Weights untrue. The weights may l>e to some 
extent tested by weighing them against one another : thus 
the 20 gramme weight may be balanced by 10, 5, 2, 2, 1. 
The only real test, however, is to compare them with 
weights known to be accurate. 

39. Spring Balance. — It is apparent that the ordinary 
balance shows the equality or inequality of the weights of 
two bodies. It gives no information as to the weight of 
any lx>dy : it does not indicate the force by which a bo<ly 
is attracted by the earth except in terms of gravitation 
units. The weight of a body — say the weight of a pound 
of tea — is greater in London than in Paris, but the 
ordinary balance cannot show this. At eitlier place the 
weight of the tea is equal to the weight of a pound at that 
pla^. A spring balance, however, measures the weight of 
a body, because the elongation of the spring is propor- 
tional to the force acting on it. Hence at Paris a pound 
of tea would be shown to weigh less than the same tea in 
London if a balance sufficiently delicate could be cou- 
structed* 
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Examples IIL 

1. Enumorato the states of matter, and mention some properties 
which do not depend on its state. Give an explanation in each 
case. 

2. Explain by aid of a sketch the construction of a common 
balance, and state the conditions of equilibrium when it is loaded 
with unequal weights. 

3. State Newton’s three laws of motion. 

A jet of water is projected against a fixed wall so as to strike it 
at right angles. If the velocity of the jet be 80 feet per second, and 
100 lbs. of water strike the wall in each second, what pressure will 
bo exerted against the wall (a) when the water docs not reboiyid, 
(6) when it rebounds with a velocity of 10 feet per second ? 

4. Distinguish between the mass of a body and its weight. What 
evidence is there to show that the weights of bodies are proportional 
to th»?ir masses? 

5. Upon what qualities of a balance does its sensitiveness depend ? 
How may the sensitiveness of a balance for different loads be de- 
termined ? 

(>. A glass ball (Sp. gr. 3) is balanced by brass weiglits (Sp. gr. 8*4) 
and is found to weigh *250 grammes. What error does the neglecting 
of the displacement of the air make if the density of the air at the 
time of the observation is *00123 gramme per cubic centimetre ? 

7. Describe an experiment by means of which the masses of two 
b(xiies may bo compared without reference to their weights. 

8. A force equal to the weight of 10 pounds acts on a mass of 
100 pounds for 3 minutes. Find in fof)t-pound-second units (1) the 
acceleration, (2) the total work done, (3) the power being expended 
at the end of each minute. 

9. A bullet of mass 20 grammes is shot horizontally from a rifle, 
the barrel of which is 1 metre long, with velocity 400 metros per 
second, into a mass of 50 kilogrammes of wochI floating on water. 
If tin* bullet buries itself in the wood without making splinters or 
causing the wood to rotate, find tlie velocity of the w*ood directly 
after it is struck (that is, before the velocity has been diminished by 
the resistance of the water). Also find the average force in grammes- 
weight exerted on the bullet by the powder (g. ■« 981 cm. per 
second, per second). 

(For further examplea on this chapter see Miacellaneoua Examplea^ 

p. m.) 



CHAPTER IV. 

VOLUMES. DENSITY. 

40. Volumes of Solids. — The volumes of many solids 
may l)e found from their linear dimensions. 

'Volume of a rectangular block = product of ihree per- 
pendicular edges. 

Volume of a jiarallelopiped = area of one face X per- 
pendicular distanci^ of that face from the one parallel to it. 

Volume of a cylinder = area of base x height. 

Volume of pyramid or cone = J area of base X altitude. 

Volume of a sphere = f of volume of circumscribing 
cylinder 

These results are obtained mathematically. 

41. Archimedes’ Principle (Chapter XII., Art. 215).— If 
a body is weighed (i) in vacuo, and (ii) when suspended 
in water, the difference between the observed weights • is 
equal to the weight of the water displacid by the body. 

If the weight in vacuo = W grammes 
„ „ water = w grammes, 

then TT — tc grammes = weight of 'water di.splaced. 

Now the weight of one cubic centimetre of water is equal 
to the weight of a one gramme mass. 

volume of water displaced = (W — w) c.c. 

volume of solid = (W •-w) c.c. 

The arrangement of apparatus is shown in Fig. 18, and 
needs no detailed description. 

* In this chapter and elsewhere, where no confusion is likely to 
arise, the terms mass and weight are used indiilerently, 

36 
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If the body is lighter than water, a sinker is re(iuired. 
Weigh this in water, Wg grammes. 

Weigh body, W grammes. 



Weigh body attached to sinker, both in water, w grammes. 

The uptlirust on the body due to the water = ( W + - w) 

grammes-wt, volume of solid = ( W + w, — w) c.c. 

42. Volumes of Solids soluble in Water. — liquid, e,g, 
turpentine, ether, alcohol, or a saturated solution of the 
solid, may generally be found in which the body is insoluble. 
If p grammes per c.c. is the density of such a liquid, W 
grammes tlie weight of the solid, w grammes the weight in 
the solution, then the volume is (W — w)/p c.c. 

43. Volume of a Powder. — Take tlie case of sand, shot, 
or small pieces of glass. Use a specific gravity flask, 
Fig. 19 (a). Suppose the volume of the sand is V c.c. 

Weigh the flask, grammes. 

Put the sand in the flask and weigh again, grammes, 
weight of sand = (w^ - w{) grammes. 

Pill up with water and weigh, Wg grammes. 

Empty out the sand and water, fill up with water and 
weigh again : grammes, 

K the sand could be poured into the flask filled with 
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water, the volume of water that would run out would bo 
equal to tlie vohiiiie of sand, i.e* it would be V c.c. and its 
weight V gminines. 



(tt) Fig. 19. (6) 


Hence 1^3 grammes + V grammes = weight of sand + 
weight of bottle filled with water = + w^, 

F = t^2 ““ 

TN *1 ~ W, 

Density = grammes per c.c, 

^2 ^ ^1 + ^4 “ ^3 

44. Density.— The density of a substance is defined as 
its Iliac'S per unit volume or the ratio of the mass of any 
quantity of it to the volume. Its dimensions are ML*'\ 

45. Specific Gravity.— The sjKJcific gravity of a sub- 
stance is the ratio of the mass of any quantity of it to the 
mass of an equal volume of some standard substance. It 
has no dimensions and is a mere number. 

The standard subshince chosen is generally water in the 
case of solids and liquids. In the case of gases air or 
hydrogen is sometimes taken as the standard. 

In the e.G.S. system in which the unit mass (the 
gramme) of the standard substance (water) occupies unit 
volume (the cubic centimetre) the number expressing the 
density is the specific gravity. 

The density of water is 1 gramme per c, c., its specific 
gravity is L The detemination of density or specific 
gravity generally involves calculation of volume. 
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46. Density of a Liquid. — (1) The usual method is as 
follows ; — 

Weigh a s.g. flask, grammes. 

Fill with water and weigh, grammes. 

Empty out the water, dry the flask if necessary, fill with 
liquid and weigh again, grammes. 

The weight of water = (w.^ — w^) grammes. 

Tlio volume of tlie flask and therefore of the liquid 
filling it = — wj c.c. 

density of liquid = 

Wj — Wi 

Pig. Ih (b) shows a convenient form of flask for liquids 
which can only he obtained in small quantities. 

(2) Weigh a solid (1) in vacuo, grammes, 

(2) in water, grammes, 

(3) in the liquid, w^i grammes. 

Weight of water dis[)]iiced = (w^ — w.,) grammes. 

Weight of liquid displaced = {w^ — w^) grammes. 

Hence specific gravity of liquid = 

A refinement of tliis method can be used when it is 
required to find how tlie density of water changes with tlie 
temperature. 

47. Density of Gases. — In the case of air, weigh a flask 
of known volume, and then exhaust and weigh again, A 
very simple mctliod which does not require an air pump is to 
take a round-bottomed flask fitted with a cork. Through 
the cork passes a glass tube the end of which is inserted 
into a piece of rubl)er tubing. A screw pinch cock is fitted 
on the rubber. If a little water is put in the flask and 
boiled briskly, the air in the flask will bo driven out by the 
steam. Close the flask while still boiling ; weigh. Open 
the flask and the air enters. Weigh again. The difference 
in the weighings divided by the volume of the flask gives 
the difference in densities of air and saturated water vapour. 

Other methods are dealt with in books on Physical 
Chemistry. 
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48. U Tube. — This method is useful for finding the 
specific gravity of a liquid which does not mix with water. 

Take a wide U tul>o, fill nearly half full with w'ater. 
Pour into one arm the liquid, say turpentine, the specific 
gravity of which is required. 

Suppose that G (Fig. 20) are the 
fi*ee surfaces of turpentine and water, B 
the surface of separation. 

; If /ij, h are the heights of A and G 
I ahoYo B, the s|)ecific gravity of tur- 
pentiue, P the atmospheric pressui*e, i lien 
the pressure at P + g ph^ (Art. 210), 
But pressure at £? = pressure at B 
at same level in same liquid 

v\ yy 

gh., = gh^p 

Fig- 20. „ _ K 

Aj 

To find Aj, hi it is generally convenient to measure the 


heights ot A, By and C from the bench. 


49. Hare’s Apparatus. — If two licjuiils 
mix, Haro’s apparatus is convenient for 
comparing their densities (Fig. 21). The 
jiressure in the two prongs of the tube is 
diminished by sucking air out at the top. 
The liquids then rise to different heights 
in the two prongs. 

The pressure at ^ = pressure at By 
the pressure at C = atmospheric pressure 
= pressure at 

g p^h^z= pressure difference between 
A and C 

= pressure difference between B and D 

^ g Pi fh 



h', 





Fig. 21. 
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50. Hydrometers. — Unless great accuracy in determining 
the density of a liquid is required; the common hydrometer 
is usually employed. 

In Figure 22 ^ is a glass stem, B a 
hollow bulb, G a bulb filled with mer- 
cury. The instrument is allowed to 
float in the liquid the density of which 
is required. 

Siq)])osc a = sectional area of stem, 

D is the level at which it floats 
in water, 

E is tlie level at which it floats 
in a liquid of density />. 

V = volume of liydrometer below 
Dt volume of water displaced. 

The mass of tlie liquid displaced 
must always be equal to the mass of 
the instrument. 

The volume of liquid displaced is less by a A than the 
volume of water displaced. 

,*. ( F — a A) p = F 

ap 

By means of tliis relation the instrument can bo graduated. 

61. Volumenometer.— This is used in cases in which 
none of the preceding methods avail: e.g. for a powder 
which cannot be immersed in water or other liquid. 

The volumenometer (Fig. 23) is a glass vessel, A , con- 
nected by a glass tube BO to the wider tube CD- The latter 
is joined by a rubber tube to a glass vessel K. Two 
marks are placed at C and D- The volume of the tube 
between them must be known : call it v. 

The stopper G is air-tight. To use the instrument, the 
substance the density or volume of which is required is 
placed in the vessel A . Merciu’y is poured into K till it 
reaches the level D- The stopper Q is fitted. K is then 
raised till the mercury rises to G- The height of the 



Fig. 22. 
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mercury in K above C is noted. This gives the pressure 

p to which tlie air in the vessel 
A is subjected. 

Suppose X =: volume of sub- 
stance, 

V = volume of A and the tube 
BC. 

r = atmospheric pressure. 

The volume of the air at first 
contained in the instrument is 
F —a: -f V. 

This was at a pressure P. 

Its final volume was F — a?, 
and the pressure P + p- 
Hence by Boyle’s Law (Art. 
170 ). 

(F-a.) (P+;;) 

^iV-x + v)P 

F—P ^ 

P * 

This equation determines the 
volume of a substance in terms of known or measurable 
quantities. 

Examples IV. 



1. Define the terms density, specific gravity. In what circum- 
atances do the numbers expressing these two values coincide ? 

2. Find the specific gravity of a solid substance from the following 
data 

A flask, which when filled with water weighs altogether 410 
grammes, has 80 grammes of a solid intro<luced, aiul being then 
lillerl up with water w’^cighs 470 grammes. Wliat is the volume of 
a kilogramme of the solid ’ 

3. A piece of lead and a piece of sulphur are su-spended hy fine 
strings from the extremities of a balance beam and just balance 
each other in water. Compare their volumes, their densilie.s being 
respectively 11*4 and 2 grammes per cubic centimetre. Which of 
them will appear to bo the lighter in air, and what weight must Ikj 
added to it to restore equilibrium ? 

4. Two pieces of iron (8p. gr. 7*7) suspended from the two 8cale pan.s 
of a balance, the one in water and the other in alcohol of Sp. gr. 0 *85, 
are found to weigh exactly alike. Find the proportion between 
their true weights. 
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5. A solid, of which tho voliirao is 1 *6 cubic centimetres, weighs 
3*4 grammes in a fluid of specific gravity 0*8r5. 

Find the specific gravity and weight of tho substance. 

G. A beaker containing water rests on a table. A lump of iron 
(Sp. gr. = 7*fi) weighing 500 grammes is hung from apiece of cotton. 
If tJic lump bo lowered into tho beaker, how will tlio tension of tho 
cotton cliango? Wifi tho thrust of tho beaker on tho table be 
altered ? 

7. A lump of ice floats in a beaker which is just full of water. 
What will happen to the level of tho lifjuid when tho ice melts ? 

8. A cork is floating on the water which fills a measuring cylinder 
up to tho 50 c.c. mark. If a 10 gramme weight be plac«i on 4he 
cork, what will be tho reading of tho water level ? 

{For further examples on this chapter see Miscellaneous Examples^ 
p. 26S,) 
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62, It is perhaps not too much to s:iy that of all tho 
discoveries tliat have Ixvu made dming the past cent my 
the greatest and most important is tliat of the doctrine of 
the Conservation of Energy. We propose in this chapter to 
consider this doctrine, to examine the evidence for it, Jind 
to trace out some of its consequences. We shall begin 
with elementary mechanics. 


63. Work is generally defined as follows : A force is said 
to do work when the point of application of the force moves 
in the direction of the force: it is measured by tlie product 
of the magnitude of the force and the distance moved in 
the direction of the force. In other words work is force 
multiplied by distance. Its dimensions are therefore 

Suppose a body move from a point A along the straight 
lino AB to the point and that it is acted ujxui during 

the whole time of its motion 



Fig. 24. 


by a constant force, F, in tlie 
direction AX, Draw BN per- 
pendicular to AX, Then the 
distance which tho body has 
moved in the direction AX 
AN, The w'ork that the force F 
lifts done is the product jP. ^ A. 
Now AN =^AB co^ A) hence the 


work ^F ,AB cos A = F coh A . AB •=, resolved part of F 


in the direction >J 5 multiplied by AB, This definition of 
work as the product of the distance moved and the resolved 
part of the force is often useful. 

44 
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64. Units of Work. — The unit in which it is usual to 
measure work is the foot-pound. A foot-pound is the work 
done by a forcx) equal to the weight of one pound when 
the body on which it acts moves one foot in the direction of 
the force. It is the work done in lifting a mass of one 
pound through a disl.ance of one foot. This unit of work, 
though very convenient for engineers, is a gravitational 
unit ; hence it is not constant at different places. For scien- 
tific purposes it is usual to state results in absolute units. 
The absolute unit on the C.G.S. system is the erg, the 
work done when a force of one dyne moves its point of ap- 
plication over a distance of one eoiitimetre in the direction 
of the force. The Joule is a multiple of this, and is equal 
to 10' ergs. 

55. Energy. — Now any body or any system of bodies 
which is ca})al)lo of doing work is said to have energy* 
Energy is therefore the capacity for doing work. As ex- 
amples of bodies having energy take a watch spring, which 
when wound can drive the mechanism of a watch against 
friction many hours. Again, consider a stream of water 
just before it enters a turbine or undershot water-wheel ; 
the energy of the water is passed on to the turbine, and 
the water leaves with a much reduced velocity. These two 
examples illustrate different forms of energy. The watch 
spring had energy in virtue of its strained condition, the 
water in virtue of its motion. The one kind of energy is 
termed Potential energy, the latter Kinetic energy. 

The energy of a system is measured by the amount of 
work that it can do. It is thus of the same nature as work, 
and has the same dimensions. 

66. Measure of Kinetic Energy.— Now let us find the 
work tliat a body of mass m, say a stone, can do if it is 
moving with a velocity v, liCt a force F act upon it which 
brings it to rest after it has travelled a distance s. The 
work done on it in stopping it, i.e, the work that it can do 
in virtue of its motion, is lY While the force F acts on 
the stone it causes a constant retardation of F/m. Call . 



46. ENBROT. 

this a. Apply tho formula v‘ — u* + 2as. The final velo. 

F 

city of the stone is 0 ; therefore zz 2as=: 2 . — s. Hence 

the work done in stopping the stone = Fs = lmv\ Hence 
the kinetic energy of a moving body is half tlie product of 
the mass and the square of tho velocity. (See, however, 
Art. 78.) 

57. The total energy of a falling body is the same at all 
points. — Suppi^se the stone considered in tho previous 
article has fallen a distiince x. Its kinetic energy 
= = mgXy since = 2gx, It still has a distance h — x 

to fall, so that its potential energy is mg{h — a;), for it is 
acted on by its weight — a force equal to wjf — which can 
cause it to fall a distance h — x. Hence the total energy 
= P . E + K . E = mgh. This is therefore constant, anil 
equal to the energy originally possesscnl by the stone. 

The falling stone affords a very simple example of the 
conservation of energy. It is imj)ortant to notice that tho 
result was obtained on the assumption that the stom^ fell 
in vacuo. When a stone falls through air its motion is ini. 
peded by frictional forces, so that part of tlio w’^ork done 
by gravity goes to warming up the air and stone. Tho 
total energy, however, still remains constant, but tho 
energy is not entirely the energy of motion of gross 
matter. 

68. Perpetual Motion. — One of the prol)lem8 that philo- 
sophers of the middle ages vainly attempted to solve was the 
invention of a machine capable of producing per]Kdual 
motion. For pei-pctual motion there is required not merely a 
system which will go on moving for ever when once stai-U^d, 
but one that will continue to do external work. If the 
energy of a system is a constant quantity, then such a motion 
is evidently an impossibility. It may be worth while, 
however, to glance at a device which was very common in 
some shape or other and appears in most machines designed 
to produce perpetual motion. 

Suppose a smooth heavy rope, ABCf lies on an inclined 
plane as shown in the figure, passing over a pulley at 
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Wliat will happen ? Will the short length BC pull the 
longer part AB up the plane, or will AB pull BG over? 
Imagine that BC is capable 
of ])ulling AB up. If ext 

suppose thiit 0 and A are 
joined together with another 
length of smooth rope and 
that this lies in a hori- 
zontal channel. Then if BG 
pulls AB up, the rope GA 
will follow round, so that 
tlie ring of ro])e will go on Fig. 25. 

moving faster and faster 
and perpetual motion is established. 

Of course as a matter of fact the part BG balances and 
just balances the part AB, so that were such a frictionless 
sysfem set going, it would continue to go with a uniform 
motion. 

59. The Inclined Plane: Machines.— We can now 
deduce tlie mechanical advantage of the smooth inclined 
plane : for we have 

weight of BC _ length of BC _ height of plane 
weiglit of AB length of AB length of plane" 
so that if a weight W rest on an inclined plane the force P 
wlii<^li, acting parallel to tlie plane, is required to support 
it is given by the relation 

P _ height of plane 
W length of plane" 

and the work done by P in any displacement = work done 
against gravity in lifting the weight. 

It was by this line of reasoning that Stevin discovered 
the laws of the inclined plane. 

In any machine the ratio of the " resistance ” (or "weight”) to 
the " effort ” (or power (?) ”) is termed the mechankal advantage. 
This ratio depends on the nature of the macliine, its frictional 
resistance, etc. The ratio of ilio distance traversed by the point of 
applioation of the “effort** to the corresponding distance traversed 
by the point of applioation of the “resistance** is termed the 
vtlocity ratio. It is dependent only on the geometrioal oenstruotion 
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of the maohine. The ratio of tho work done against the * * resistance ** 
to the work done by tho ** effort ” is termed the efficiency. 

In any frictioniess machine tho mechanical ^vantage and tho 
velocity ratio must bo equal, and the efficiency is unity. In every 
actual machine the mechanical advantage is less than the velocity 
ratio, and the efficiency is loss than unity. 

In the case of ordinary machines (e.g. lever, pulley, 
screw, etc.) the principle of conser\'atiou of enerpry enables 
118 to obtain the usual relations l)ctween tho effort and 
the “resistance** if we know the relations between tho 
dij|tances traversed by the points of application of those 
forces in any motion that takes place: for the ratio of the 
forces in the case of frictionless machines must 1)0 the 
inverse ratio of the distances: tho work done by the 
effort must be equal to the work done against tho re- 
sistance. Were this not the case one machine working 
forward could rather more than drive anotlier working 
backward, and there would be a self-aetlr«g engine doing 
external work: i.e. |HT|>etual motion would l)e established. 



Suppose for instance that we have a frictioniess machine A*", 
Fig. in which a resistance W can bo supported by an effort P : 
call the velocity ratio r ; then W « rP. To show this let us 
imagine W ^rP x. 

Couple up W and P to a wheel and axle {M) of velf)oity ratio r : 
we shall assume that in this machine wo know from experiment or 
otherwise that the mechanical advantage is ala^> equal to r. Wo 
may imagine that in X one foot of rojio at A is drawn out under a 
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ptill P : this must cause -1 foot of rope to be drawn in at B under A 

pull rP -h X. This pull will serve to draw up a weight (a?) and to 
diive the wheel and axle backwards, causing the rope at (7 to 
move a distance of one foot under a pull P, The combined 
machine M and X is therefore self-acting and does external work 
in lifting x. 


One step further and we get the general result that 
iiiidor any conservative system of forces the total work 
done in producing any change is constant and independent 
of the way in wliich tliat cliange takes place. 

(In a conservative system the magnitude and direction 
of the forces acting do not depend on the direction in 
wdii(‘,h motion takes place. In mechanics a conservative 
system is practically one in which there is no friction.) 

In every real machine frictional forces come into play : 
consofiuently the energy absorbed is always greater than 
the energy obtiiined from it. The difference between the 
two amounts is the energy of the heat developed. Hence 
the doctrine of the conservation of energy could not 
possibly be formulated as long as heat was regarded not 
as the energy of molecular motion, but as a material sub- 
stance-caloric. The experiments of Eumford showed that 
heat was produced by work; that heat was energy. 


60. Mechanical Equivalent of Heat. — It remained foi* 
Joule to obtain quantitative relations between the amount 
of work done and tlie heat produced. It was by showing 
that a certain definite quantity of work always corre- 
sponded to another definite quantity of heat, — or, in other 
words, that when a definite amount of energy of any kind 
disappeared there was then always developed a definite 
amount of heat, — that he was enabled to establish the 
doctrine on the firm basis of experiment. The mechanical 
equivalent of heat is the amount of energy measured in 
mechanical units, that is equal to a unit of heat. For the 
methods by which Joule found this equivalent, and for the 
account of the experiments of other physicists, we must 
refer to books on heat. It will, however, prolmbly be of 
interest to give a few of Uie results obtained by different 
P.M. 4 
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metlioils. Tlioso are extracted from a list iu Preston’s 
Heat:— 

V . Result in 

Date. Observer. Metho<l. kilogranimo inctres. 

184;i. Joule. Friotion of water in tubes. 424 'li. 

1850. Joule. Friction of mercury. 424*7. 

1858. llirn. Friction of metals. 40<).450. 

18()0. Him. Expansion of air. 440. 

1870. Rowland. Friction of water between 5° and 30^. 420 '8-425 *8. 

1842. Mayor. By relation J ~ - for gases. 365. 

Vp •- Gc 

ISG^. Joule. Hoiiting of a wire by eloctrio current. 429*5. 

1803. GrilHtlis. ,, ,, ,, „ 427 '45. 

1899. Callendar Heating of a mercury column by an 

and electric current. 426*52. 

Baines. 

61. Tlie First Law of Thermodynamics. -The values 
obtained by so many different methods have so elos(.‘ an 
agreement that even if there were no other evidtmeo we 
could regard the first law of Thermodynamics as establish(‘d. 
This law may lx? stated thus: When mechanical work is 
converted into heat ijr heat into work, then the ratio of tlie 
work to the heat is eonstaut. This comsiant is the me- 
chanical equivalent of heat. 

62. Conservation of Energy.— Clerk Maxwell’s statement 
of the Principle of tlie Conservation of Energy runs as 
follows : — 

“ The total energy of any material system is a quantity 
which can neither be increased nor diminished by any 
action between the parts of the system, though it may l)e 
transformed into any of the forms of which energy is 
susceptible.” (Matter and Moihm.) 

The most convincing proof of the principle is probably 
the fact that very many other principles are founded on it, 
and that these principles stand the k*st of ex|)erimeut. 

63. Dissipation of Ener^. — Though it is convenient to 
talk of frictionless machines, yet iu actual practice all 
machines work with more or less loss of mechanical energy: 
the balance appears as heat. Wlienever work is done some 
energy is spent in heat : this energy is eventually lost to 
all intents and purposes. It would further appear that 
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energy of all forms must finally degrade to heat, though it 
may pass through many stages l)efore it docs so. Take the 
energy of sound : this is energy due to strain and motion in 
the air. Generally this energy disappears at once as heat: 
the air is slightly warmed by sound passing through it. The 
energy may, however, be caught by a telephone and con- 
verted into the energy associated with an electric current : 
but this current warms the wire and produces motion in 
the receiver, so that the sound energy is still dissipated as 
heat. 

64. Available Energy.— Now from high temperature 
lieat we can obtain mechanical energy. This is the most 
usual way of driving machinery and obtaining work. Low 
temperature heat on the other hand cannot be employed 
usefully. The h(\*it energy in the atmosphere or in the ice 
of the Arctic regions is vastly greater than the heat energy 
tliat can be obtained by burning a ton of coal. But it is 
only the coal that is serviceable. It has often been stated 
that the heat of the atmosphere can be utilised by means of 
liquid air : and so it can be, given the liquid air, but the 
heat of tlie atmosphere is in this case high temperature 
heat. The liquid air is at a far lower temperature. 
Air is liquefied by mechanical energy. A pint of liquid 
air might then be used to drive a liquefier and produce 
other liquid air, but the amount of this must be less than 
the pint employed to make it. This follows from the 
principle — known as the Second Law of Thermodynjimics 
— that heat cannot be made to pass from a body at low 
temperature to one at high temperature, except by the 
oxixinditime of work. The heat of the atmosphere is 
therefore not an available source of energy. 

65. Sources of Energy.— The sources of energy which 
are practically available are very few. The most important 
are™ 

(1) Chemical affinity, 

(2) Waterpower. 

(8) Wind. 

(1) The chemical affinity o£ carbon and hydre^n for 
oxygen is at present the chief method of supplying power 
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in England. Tlie burning of coal or coal gas evapoiutos 
water to steam ; the internal combustion engines burning 
jietrol or alcohol supjdy power more directly. We have 
also a small source of power obtained by burning such 
things as sulphur, gunpowder. 

(2) Waterfalls have long been usefully employed to 
drive flour mills. In hilly districts waterfalls are often 
employed to drive turbines actuating dynamos. These 
supply power at places which are often very distant from 
the fall. 

(3) Wind-mills are somewhat clumsy and seem to need 
attention, though they are much used in flat countries. 

It is inteiesting to note that all or almost all energy now 
av.ailable has l)een derived at some time or otherfrom thesun. 
Plants are enabled by means of the green pigment chloro- 
phyll to absorb energy from the sun’s rays. Some of this 
energy is avaihible for preparing the food of the plant out 
of carbon dioxide, water, and salts from the soil, T1 e 
food not immediately needed is stored away in seeds, 
leaves, etc. 

Animals fee<l uiK>n this stored energy, and man upon 
animals and plants, so that it is by virtue of solar energy 
that men do their work. 

Besides this, coal is but the remains of vegetation buried 
ages ago; peat and lignite ore less carbonised remains. 
Alcohol is a product of the fermentation of starch and 
sugar. Petroleums are thought to be decomposition pro- 
ducts of animal and vegetable remains. 

Water is carried up from the sea as vapour and con- 
densed on hilltops, whence it runs down supplying the 
energy of waterfalls. The evaporation is caused by the 
heat of the sun. 

Winds are convection currents caused by temperature 
difference. These again are due to the sun. Solar heat has 
been employed experimentally on a small scale, the rays 
being concentrated on the boiler of a steam engine. 

There are other forms of energy of minor importance : 
thus the tides in a few instances drive tidal engines. 
The energy of the tides is due not to the sun nor to the 
moon, but to the earth. The tides, held by the moon, act 
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as a brate on the earth and are continnonsly slowing it 
down, thus making its period of revolution larger. The 
earth once caused tides on the moon. The brake thus 
applied to the moon has been suflScient to stop the revo- 
lution of Ihe moon relative to the earth, so that the moon 
always turns the same face towards us. 

The internal heat of the earth is another source of energy 
which may some day be utilised. 

Whence the sun gets its energy is not definitely known. 
Till recent years it has been generally held to be due to 
contraction under the action of gravity. Doubtless much 
of it is due to that cause. Possibly, however, actions such 
as tlie degradation of radium play a part in keeping up its 
temperature. 

Examples V, 

1. Discuss the practicability of using tidal energy as a source of 
power on a large scale. What is the origin of tidal energy ? 

2. A stream of water, flowing at the rate of 1100 lbs. / sec,, turns 
an undershot water-wheel. It conics against tlie paddles with a 
velocity of 8 ft. /soc., and leaves with the velocity of the paddles 
4 ft. / see. Find the rate of loss of in omentum and the rate of 
working of the wheel. 

3. Assuming as the result of experience the impossibility of per- 
petual motion, deduce the law of tlie inclined plane, 

4. Explain where the energy goes when you expend it in 
(a) winding up a watch, (h) lifting a stone from the floor and placing 
it on a slielf, (c) riding a bicycle up-hill, (d) rowing a boat on a 
still pond, {e) r^>wing a boat up-stream. 

5. I’rovo that the energy of a moving body is proportional to the 
8(|uaro of its velocity, 

(», Explain the terms Conservation and Transft)rniation of Energy. 
Illustrate your answer by reference to an clectrie light circuit, a 
gas engine being used to drive the dynamo. 

7. Show how to find the energy stored in a sti’ctchcd elastic 
spring. 

8. Find the work done in compressing a gas at a pressure p and 
volume V to volunio r’/2. Assume that the gas obeys Boyle’s Law. 

9. What relation exists Ixitween the cfliciency, velocity ratio, 
mechanical advantage in any machine? 

(For further examphs on thifi cJuipter see Miscellaneous Examples^ 

p. m,) 



CHAPTER VI. 

CIRCULAR MOTION. 

66. Change of Velocity. — SupjH>se a body P moves in a 
direction AB (b'ig. 27a) with a velocity u. If a force acts 
on P, its velocity will gradually change. Suppose that the 
velocity change to a velocity v in the direction AG- Now 
the change in velocity of P is not u — v, for velocity is a 
vector quantity, and vector quantities, unless parallel, 
cannot be directly added or subtracted; tlie change in 
velocity is that velocity which combined with the original 
velocity u has a residtant velocity v. The easiest way of 
finding this velocity is to draw lines Ah, Ac (Fig. 27 b) to 
represent and v and to join Ic. Then he represents tlie 
change in velocity. 



Fig. 27a. Fig. 276. 


To show this complc‘te the parallelogram Ahcd. Then 
the velocity represented by be is the velocity represented 
by Ad, and the parallelogram of vectors (Art. 9) tells us 
that velocities represented by Ah, Ad are together equi- 
valent to a single velocity represented by Ac, Denote by 
iff the velocity represented by be. Then the velocities u, w 
are together equivalent to v. In other words, w is the 
change in velocity that the body P has undergone. 
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Denote the angles Bk G, Bhe by the symbols 0, The 
change in velocity w may be resolved into the two com- 
ponents to cos <f> along AB,w sin (f> at right angles to >15. 


k; cos 0 = t? cos 6? — -a 
It; sin 0 = i; sin 6, 

Hence the change in velocity along AB cos $ - % 
and tlie change perpendicular to AB = v sm 6, 

Let us suppose that the change in velocity has been 
brought about gradually and uniformly, and that it has 
occupied a time t : then the acceleration in the direction 


AB has been 


V cos 0 ^ u ' 

“ ■ i * 


for acceleration is defined as the 


rate of change in velocity, i.e, the change in velocity divided 
by the time. Similarly the acceleration perpendicular to 

/IS = 


67. Hodograph. — Suppose a hody P move along the 
curve ABC, and that its velocity at A is v,, at B is v,, and 
so on. (Fig. 28.) 



Talco any point o and from it draw lines oa, ob, ... to 
represent v^, «j, .... When the points A, B, (?,... are 
taken very close together, and the points a, i, c ... are 
joined up by a continuous line, this continuous line is 
termed the hodograph for the motion of P. Tate a fev? 
simple examples. 
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^1) If tlie point P moves in a straight line with uniform 
velocity, the points a, 6, c, . , . will all be in the same place, 
go.that the hodograph is a single point. 

* ^(2) If P moves in a straiglit line with variable velocity, 
the case of a stone falling vertically, the lines oa, ofc, . . . will 
all be drawn in the same direction, but will bo of different 
lengths, so that the hodograph is a vertical straight line 
passing through o. 

, ^ (3) In the case of a stone projected with some hori- 
zontal velocity the path described is a parabola. The 
horizontal velocity is always constant and equal to the 
initial horizontal velocity, so that the points a, 6, ... on the 
hodograph are alw'ays the same horizontal distance from o, 
for the projection of the lines oa, o6, etc., on the horizontal 
represent the horizontal components of the velocities v,, 
etc. The hodogi*aph is therefore a vei'tical straight lino 
\^ich does not pass through o. 

' J (4) If P moves m a circle with uniform speed (u), tlie 
hodograph of the motion wdll he a circle, for all the lines 
oa,o6, etc., are of the same length (w), but are drawn in differ- 
ent directions. If the circle were described with variable 
speed, the hodograph might be an oval curve surrounding o. 


88. The Velocity in the Hodograph.— Suppose that >4 and 
B are points close together on the path of P, Then a and 
b will be close together on the hodograph, and the angle 
aob will be small. (Fig. 29.) 


Suppose P moves from >4 to in time t, and that the 
^ velocity changes from u at A to i; at 

B- Imagine that, while P descrilxjs 
^ the curve ABO •• -, 0 , point j) describ(»s 
I ya the hodograph ahe .... Then p movers 

/ from a to 6 in time t, so that its 

velocity is 

0 ^ Denote by Q the angle aob. 

Fig. 29. Now since oa represents the velocity 


at A, and ob represents the velocity at 
Bf it follows from Art. 66 that ab represents tlio changqi 
in velocity that P undergoes in passing from ^ to 
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The rate of change of velocity of P is represented by — i 

T 

i.e. by the velocity of ^ in the hodograph. 

Hence at any instant the acceleration of P is represented 
by the velocity of p in the hodograpk. 


^ d9. Uniform Circular Motion. — Suppose P moves in a 
circle, centre 0, radius r, with uniform speed v, (Fig. 30.) 

Then, adopting the notation 
of Art. 67, oa = oh. 

Now the velocity of P at any 
instant is always at right angles 
to the radius drawn through P : 
hence oa, oh are ^rpendicular 
to OAi OB, and the angle 
/\0B = aoh=.6 (measured in 
circular measure). 

The small arc /4 5 is descril)ed Fig. 30. 

in time t, 

. ^ — — 



The velocity of p in the hodograph zr ~ 


acceleration of P = L. 

T ru r 

Now ah is small and is therefore in the limit perpen- 
dicular to oa, i.e. parallel to AO* 

Hence the acceleration of P is — and is always directed 
along the radius. 

As P describes the circle at a constant rate, the radius 
joining 0 to P rotates at a constant rate and sweeps out 
equal angles in equal times. If w is the circular measuio 
of the angle described by the radius in imit time, o) is 
called the angular velocity of P about 0. 

The circumference of the circle is of length 27rr, P moves 

OjfY 

roun4 this in time The angle described by OP in a 
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complete revolution is 23r, so that the time of describing it 
must bo — ; 

(U 

_ 27r 
* V * 

i.e, V =■ ro). 

Hence acceleration of P = - = no', 

r 


70. Motion in a Circle (Alitor).— Supjxiw n jiarticle describes a 
circle of jadius a with unifonii vckicity r. 

TiOt P bo its position at any in* 
stant, an<l suppose that in a sin ri 
time, t, it has moved on to Q. 
the centre 0 to the ptiints P,Q. 
T^.‘t the tangents PA*/., /CQ/V at P ainl 
Q meet in K. 

Sineo the angles at P, Q are 
right, the angl(‘ [.KX must l)e 
e<(iial tt) the angle POQ. Call this 
angle 0, 

At the beginning of the time 0(jn- 
sidensl the particle i.s moving with 
a velocity r in the dir<‘ction PL ; 
at the end of the time t it is moving 
Fit?- ol. jpi u, direction QN^ incliiusl to the 

former direction at an angle 0. The 
vcb)city has therefore changed, aii<l the [Kirtiehi must have, some 
acceleration. We shall find the components of this accelciation 
in the directions PLy PO, 

The component of the velocity at P in the directifui PL =v. 

The component of the velocity at Q in the direction PL 
s= V cmNKL ~ vQoaB, 



Cliango of velocity in the direction PL a=v coa 0 - v 

— V (cos — 1) 



| 2‘^;4 


1 ) 


A rat© of change of velocity in the direction PZ, i.r. the acech r,i 
tion in tids dirccti<m, 

A I *2 ^ I 4 / 
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Now the arc /*<?(« aB) is described in time 

vt = ad^ 


. vB V? 


t a 

Hence the acceleration in the direction 


a \ 12 



Now the smaller 6 is, the more nearly does this expression 
approach zero, so that taking the limiting case in which B = 0, wc 
find that the acceleration in the direction of the tangent is zero. 

Again, the component of the velocity at P in the direction PO =* 0, 
the component of the velocity at Q in the direction PO = fsin NKL 

= V sin B, 

/. change of velocity in the direction PO - v sin B, 
hence rate of change of velocity in this direction, i.e. the accelera- 
tion 

__v sin B 

V”' 



a 

in the limit when B — 0. 

Hence the acceleration of the iiarticlcis directed wholly along the 

radius of the circle and it« magnitude is . 

a 

If w is the angular velocity of the particle, then v = aw, and the 
acceleration is equal to aw-. 


71. Force acting on a Body moving in a Circle. — Tlio 
fact that a body moving with uniform angular velocity in 
a circle has an acceleration towards the ceutro implies the 
existence of some force in the same direction producing 
that acceleration ; thus if m be the mass of the particle 
considered in Ai-ticles G9, 70, the force acting on it will be 


a 
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This force may be exerted in different ways ; in the case 
of a stone fastened to a string we have the tension of the 
string, in the case of the planets it is gravitation which 
prevents them from travelling off into space along tangents 
to their paths. 

Consider the case of a stone whirled round at the end of 
a string the other end of which is held by the hand. The 
stone is acted on by a force acting always along the string 
towards the hand, t.e. by a ‘‘ cen tripe taP* force. The 
force which the hand experiences is, in accordance with 
Newton’s Third Law, exactly equal and opposite to the force 
acting on the stone. This force is sometimes termed the 
“ centrifugal ” force. 


72. Conical Pendulum. — Suppose a particle is supported 
by a string and moves round with constant velocity in a 
circle, while the string by which it is attached to a fixed 
point traces out a cone. The particle 
and string constitute a simple conical 
j)endulum. 

Suppose P is the particle, m its 
mass, V its velocity, a the radius of 
the circle it descril)es. Then the 

acceleration of P is and i.s directed 
a 

towards the centre. 

Call 0 the fix(Hl point, and C the 
centre of the horizoiitiil circle it 
describes. Let OC = A. 

The forces acting on the particle are 

(1) T, the tension of the string in the direction PO ; 

(2) its weight, mg, acting vertically downwards. 

<> 

These forces together produce an acceleration ? - in the 
direction PCf and their resultant must therefore l)e of 
magnitude and in the direction PG» 
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Henco resolving (1) along PC and (2) at right angles to 
PC we get 


T sin OPC = rng. 

Eliminating T by division and calling the semi-vertical 
angle of the cone a and the length of the string I, these 
equations give 

z=z ag tan a = 

If 0 ) is the angular velocity of P round 


then aci) = v and we get 


h 


I cos a 


- 73. Rod describing a Cone. — ^Take the ease of a uniform 
rod, length mass M. Let this revolve round the vertical 
OC with uniform angular velocity w, describing a cone of 
angle a. 

We are going to find a relation between a and w. Is the 
motion of the rod the same as the motion of a simple 

conical pendulum of length i,e, is the motion of the rod 

the same as if its whole mass were concentrated at its 
centre of mass ? In that case we shall 

find 2 ■- — . 

I cos a 

Suppose the rod is divided up into 
a very largo number of portiens of 

masses mj, and that the 

distances of these from 0 are 

♦■l. fv ^3 

Consider one of them, Q say, of mass 
tn„ distance r,. 

This describes a circle radius r, sin a 
^th angular velocity w. The force 
required to produce such an effect is m, . r, sin o . 
and its moment about 0 is 

m, . sin a loV* cos a = «* . cos a sin o. 
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Tliii sum of the mouients of all sucli forces about 0 
=: m ) o)* siu a cos a 


= (v'‘ sill a cos a 2mr. 

Now the only exicrual force actiii;jf on the rod hns 

a iiiv)iueiit round 0 is tlio weight of the rod. Its monuuit 

round 0 is Mg sin a. 

w' sin a cos a w/io*’ zr Mg ^ sill a, 

. , Mgl 

. . W- = - - . 

1 cos a -.///r* 

Now )Lwr -- M \ (s<\» Art. 74), 

o 

= 3 if 
-Icon a 

This result is iiitt*rcsting because tlie motion of (lie rod 
is the same as if its mass were concentrated not at the 
centre, but two-thirds of the way down. 

74. Moment of Inertia of a Rod about one End.— In 

Art. 73 we used the result 

V ^ If 

Imr = M r-. 


We now propose to prove it. 


Fig. 34. 

Take a thin rod OXt of length Z, mass Jf, and line 
density (i.e. mass per unit length) p, then 

M_ 

I 

Divide the rod into n equal parts at the points 

Xj, Xj, X3, Xn^x* 

Consider the part /X+i- 
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Its distance from 0 lies between OX, and 0 X,^i, i.e. 
between 

t — and (« + 1 ) — , 

» n 


and therefore the “ mr' ” for this part lies between 

and ^^f(s + l)iy. 
n \ nj n \ n) 

The “ mr* ” for the fii'st pai-t lies between 

0 and ^ . 1 *. 

• » 

The “ mr for the second part lies between 

. P and . 2 *, 

nv 'nr 


Tile “ mr ” for the last part lies between 

- — 1)- and 

nr 

Heuco by addition, 

MP 

lies between - ^ jO’ + 1“^ + 2’" + — 1)H 

and ^i’{P + 2* + 8*+ n% 

n 

. , , MP {n-l) 7 i{ 27 v-l) 

b 

and JUr- a (n + 1) (2a + 1)^ 

i.e. between (2 --+ \) and f 2 + ^- + 7 ). 

0 \ 71 irj b \ 71 7V / 

Now lot us suppose that tv becomes very large indeed ; 

then -7. both become very small indeed and may be 
n n- 

ueglected. The last two expressions will then each be 

equal to , 2 , i.«. - . 

b o 

MP 

Hence 2 mr“ = — - in the case of a uniform rod. 
o 
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75. Definition of Moment of Inertia. — Consider a body 
A of mass M, and any line /K. Regard 
the body A as made np of a very large 
number of small portions of masses 

O m,, . . . Call the distance of these 

portions from the line A’K r,, r^, Vg. . . . 
Then the sum of the products 

+ ■ . . 

is called the moment of inertia of 
^ the body ^ about the line A' K. Denote 
it by 7, 

^ Then I = -f + . . . 

Fig. 35. oi’ I='^mr. 

Now suppose Sinr = Mlc^, 

where 3/ = -f + . . . = then k is termed tlie 
radius of gyration. 

I zz 


76. Particular Values of — In Art. 74 we found 
the value of the moment of inertia of a rod about a line 
perpendicular to the rod passing through the end of the 
rod. 

We often speak of the moment of inertia of a plane 
figure about a point : by this is really meant tlio moment 
of inertia about a lino drawn through the point perpen- 
dicular to the plane of the figure. Some particular cases 
of moments of inertia should be known. 


(1) Moment of inertia of a rod of length I about one 

72 

end = M This was proved in Art. 74. 
o 

p 

(2) Moment of inertia of a rod about itsf centre = M =— • 

(3) Moment of inertia of a rectangular bar about an 
axis through its centre of mass paiallel to one of the edges 

_ v^Sivnn. oi squatea ou oiTaet cd^ea 

«M^-l^(Fig.36). 
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(2) is a particular case of (8). 

(4) Moment of inertia of a hoop about its centre 

= Mr\ 

(5) Moment of inertia of a disc about its centre 

= 

(6) Moment of inertia of a sphere about its diameter 

= M.2^^15. 



All these results may be foimd by the Integral Calculus 
from the formula I =/ pn^dv, where dv is an element of 
the volume of the body of density p, distant r from the 
axis. (See Arts. 76a-“76c,) 


76 a. Principle of Perpendicular Axes.— If the moments 
of inertia of a lamina about two axes in its own plane at 
right angles to each other are Ii and I 2 , the moment of 
inertia of the lamina, /, about an axis passing through the 
point of intersection of the above axes and perpendicular 
to the plane of the lamina is given by / = /j + /g. 

Proof. — Let OXf 
OY (1‘hg. 36a) be the 
two axes at right 
angles to each other. 

Let niy be an element 
of mass at distances 
iTy, from the axes 
OK, OX, and at dis- 
tance p^irom the, axis 
throTigh 0 perpen- 
dicular to plane XOY* 






V ” 

" J K 


p. M. 


Pig. 36a. 


5 
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Then I « %m]p^ (.t’l* + yi*) 

« Swiiaji* + 

- /i + 


^ 76b. The Principle of Paxallel Axes. — The moment of 
inertia of a lamina about any «^sjn its oto pla n e is eqiiar 
"to the moment of inertia aBout a parallel axi s thr ong its^ 
centr e ofmass plus the nrodu fit ot the7mftS8 or the lamina 
Ihto the^ square of the distance between the tw o a]^s. 



366) be the 
the lamina and 
a-Ud through 0, tho 
lai^OT^e lamina. Lot 


Proof . — Let CD 
axis in the plane ol 
AB the paraUeJ 

centre oFmaas — 

if be the mass of the lamina and mi 
the mass of an element of the body 
at a point P, whose distance from 
AB is Xi. The signs of the distances 
of such elements from AB are 
reckoned positive or negative accord- 
ing as the particles are on the 
positive or negative side of AB. 
Moment of inertia of mi about CD 

= mi{xi + A)* 

= mi {x^ + A* + 2xih) 

= mix^ + -h 2 hm^i. 


Let I and /o be the moments of inertia about CD and AB 
respectively, then 

I = 5wii (a?i + hy 

= %mixy + SwjA* + 2 %miXih 

« /o -f Mlt? + ih^mixi. 


Now, since AB passes through 0, the centre of maas, the 
lamina will balance on a knife edge immediately under AB> 

%miX\ as 0, 

/. / - /o + Mh\ 

This theorem is also true for the moment of Inertia of a solid body 
about any pis, or of a lamina about an axis upt in its own plane. 
The proof is a slight extension of the above. 
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^ 76o. Important Cases of Moments of Inertia.-— (1) 

Moment of inertia of a rectangle of sides a, h, about an 
axis through its centre parallel to the side a. 

Let M be tbe mass of tlie 
rectangle. Divide the rectangle 
into strips parallel to this axis. 

Consider a strip of breadth dx 
at a distance x from the axis. 

The mass of this strip is 

dx ^ 

t"' 

Its moment of inertia is 

Fig. 36c. 

h 



Thus moment of inertia of the rectangle 




Corollary . — If a is small, making 6 = Z, we see that the 
moment of inertia of rod of length I about axis through 

P 

its middle perpendicular to its length is Mj^ (see § 76). 

la 


(2) Moment of inertia of same rectangle about side a. 

Use the Principle of Parallel Axes. 

Moment of inertia about the parallel axes through G 
is Jf fe712. If the mass is collected at 0 its moment of 
inertia about the side a is 

Thus required moment of inertia 

= M~ + M^ = [Compare § 76 (1). 

(3) Moment of inertia of a rectangle of sides a, b, about 
an axis through its centre perpendicular to the plane of the 
rectangle. 

Apply the principle of perpendicular aaes. Then the 
moment of inertia about the given axis =: the moment of 
inertia about an axis through the centre parallel to the 
sides of length a, plus the moment of inertia about 
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an axis througli the centre parallel to the sides of length b, 


and hence 


. Ma? 


— ** 


12 * 12 


= M' 


a^ + 


12 


(4) Moment of inertia of a disc about its centre. Let 
M be mass of the disc and r its ra- 
dius. Consider an elementary ring 
of radius x (Fig. 36^Z) and width dx. 
Its area is equal to the product of 
its circumference and its width, i,e, 
to 27raj . dx. Its mass 
iTX.dx 
ttT^ * 

and its moment of inertia about an 
axis through its centre perponJicular 
Fig. ‘6^d. to its plane 

TTT^ 

J/, / . of whole disc about this axis 





rcr* 






Mr^. 

~ 


(5) Moment of inertia of a disc about a diameter. If 
r is the required moment of inertia, I is also the moment 
of inertia about a perpendicular diameter, and by the 
principle of perpendicular axes 


1 + 1 = 


Mr^ 


:.i= 


4 ■ 


(6) Moment of inertia of a sphere about a diameter. 
Let M be the mass and r the radius. The mass of unit 
volume is therefore 


4 
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Take a thin circular slice at a 
distance x (Fig. 860) from the centre, 
and of thickness dx. Its radius 


y/r^—x^f its volume = 7r(r^—x^)dx 
/. its mass = 7r(r^ ^x^).dx. 

Its moment of inertia about diameter 
AB = . 3M. “* 


47ir3 2 

(4) above. 

Moment of inertia of sphere about AB 
SttM 



Fig. 360. 




4 ; = 0 


3 /If = 

= J + x^)dx. 


m 

I 


4r3| 


m 8j^ 
4r^ 15 



77. Energy of Kotation of a Body.— Suppose a body 
is rotating about any line passing through its centre of 
mass. It has kinetic energy due to its motion : this energy 
we shall call energy of rotation. To calculate this energy 
imagine that the body is divided up into a large number of 
small pieces of masses , , , at distance r^, rg, . . . from 

the axis of rotation which passes through the centre of 
mass. If <t) is the angular velocity, the linear velocity of 
is r,(D and its kinetic energy is therefore 
Hence the total energy of rotation 

= + . . • 

= W + • • •} 

=: 

= i«o’ I or 
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78. Total Kinetic Energy of a System.— Suppose a body 
is not only rotating, but that the centre of mass lias also a 
velocity. As an example of this take the case of a penny 
rolling down an inclined plane. 

The energy of such a body may be shown to be equal 
to the sum of two quantities, (1) the energy of translation, 
as we shall call it, and (2) the energy of rotation. 

(1) The energy of translation is the same as the energy 
of a body of equal mass moving with the velocity of the 
centre of mass. 

' (2) The energy of rotation is the energy that the body 
would have were the centre of mass at rest and the parts of 
the body revolving round it with the same angular 
velocity as before. 

Total kinetic energy of a body 

= energy of translation + energy of rotation. 

The total kinetic energy of a system of bodies (e.g. Jupiter and 
his satellites) is equal to the sum of the kinetic energy of a body 
of mass equal to that of the whole system moving with the velocity 
of the centre of mass, and of the kinetio energy of the separate 
parts due to motion relative to the centre of mass. 


' 79. Energy of a Penny rolling on a Table.— An example 
will make this clear. Suppose a penny mass radius r, 
roll on a table, and that its centre of mass moves with a 
velocity v. In going a distance 27rr the penny turns 
round once — i.e. it describes an angle 27r about its centre 
The time it takes to describe this angle is 

27rr 

— , 

V 

so that the angular velocity of a penny about its centre is 

2ir ^ 

27rr r * 

V 

If we call this w, then v z= rw. 

The energy of translation = J 
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The energy of rotation = J (Art. 77 .) 

= ^ u^. (Art. 76.) 

Hence the total energy = ^ Jf/r 4 - Jifi;* 

= 1 2fv^ or I J/r 0 )*. 

""so. Motion of a Disc on an Inclined Plane— We sup- 
pose the plane rough so that the penny rolls without 
slipping. Use the notation in- 
dicated in Fig. 37. Suppose the 
disc starting from rest lias moved 
down Ithe plane a distance s, in 
a time and that its velocity is 
now V, Since the body has rolled 
down a distance «, it lias descended 
a distance s sin a. The work done 
by gravity is tlierefore Mgs^ma, 

This must be equal to the gain 
of kinetic energy of the body (no 
work is done by friction since there is no slipping), i.c. 
to I Mv ^ ; 

.% = Mgs sin a 

irzzz^gs sill a 

i.e. = 2 (| 5 f sina) 5 . 

Compare this with the kinematical formula = 2 /s, 
and we see that the motion of the disc is similar to that of 
a body moving with a constant acceleration / = sin a. 

81. General Case of a Body rolling down an Inclined 
Plane. — Adopting the same notation as in*' the preceding 
article, and equating the gain of kinetic energy to work 
done by gravity, we get 

ilgs sin a = | ^ Mh^in^ 

= iw(l + |.) 



or 
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Hence the acceleration down the plane= - ■ g sin a. 

a* + « 

From this relation it is obvious that the greater k i^ 
compared with tlie less the acceleration of the bodx: 
henc e a bail will roll faster than a disc and a disc faster 
t han a hoop. 

This result applies to any symmetrical body rolling 
down a plane when the centre of mass describes a straight 
line. 

Examples VL 

1*. Investigate the motion of a wheel and axle. 

Take the axle of radius r, length density p; the wheel of 
radius i?, thickness 6, density <r, and mass Let the mass attached 
to the rope on the axle be i/, that on the rope round the wheel m. 

Suppose that after a certain time the mass m has descended a 

distance 8 : then M has ascended a distance ^ a, so that the total 

H 


work done by gravity 


== mgs - M ^gs. 


Gall bt the angular velocity of the wheel and axle. 

The energy of the axle s= J ^ . taHirr'^p, 

A 

The wheel is cut out at the centre for the axle to pass through, so 

J ^2 ^2 

that its moment of inertia == — . wR^bff — -— vr'bff 




SO that its energy of rotation 


Equate the work done to the energy acquired, 
g8(m - (/?* - r*) + 

Hence if v is the velocity of the mass m and / its acceleration, 

then V- Ro) and / = = — rv-rvis — - — tt' 

& v[b(T{R^ — r*) -f lr*p 

2{m-r^)lPg 
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2. A hollow spherical shell is placed on an inclined plane. 
Find how long it will take to travel a distance a. 

If Ry r are the external and internal radii of the shell, its moment 

of inertia = , 


Its acceleration 


R^ - 


The time taken to travt'l n distance a is given by the relation 
3 == 



where / has the value given alx)ve. 

3. A rod 3 ft. long, weight 10 lbs., revolves 50 times a minute 
about one end. Find its kinetic energy. 

4. A conical pendulum is 10 ft. lung ; the semi-vertical angle of 
the^cone is 30° ; the mass of the bob is 12 lbs. Find the tension of 
the thread and the period. 

5. A flywheel of mass tons, 8 ft. diameter, makes 250 revolu- 
tions per minute. Find (T) its angular velocity, (2) its energy, (3) its 
moment of inertia. Assume the mass is concentrated at the rim.^ 

6. Explain how a conical pendulum is used to regulate the speed 
of a machine driven by a steam engine. 

7. What is meant by the kinetic energy of a body ? How is it 
calculated (a) when the body moves along a straight lino, (5) when 
the bexly rotates round a fixed axis? 

A thin hoop of mass 5 kilogrammes and radius 50 cm. rolls along 
the ground at the rate of 10 metres per second. Calculate (in ergs) 
its kinetic energy. 

8. .State Newton’s second law of motion. What is the analogous 
law for rotation round an axis ? 

9. Will a garden roller run down hill faster or slower if the weight 
inside it on the bottom of the handle is replaced by an equal weight 
attached to the iron cylinder? 

Give reasons for your answer. 

10. Two spheres of the same mass are externally exactly similar, 
but one is hollow while the other is solid. Explain clearly how they 
could be distinguished, 

11. A ball of mass J lb. is fastened to one end of a piece of elastic, 
of which the unstretched length is 1 ft. To stretch the elastic a 
distance a requires a pull of \a lbs. wt. Find what the length of 
the string will be when the ball revolves at the end of the elastio at 
200 revolutions per minute. 


{For further examples on this chapter see Miscellaneous Examples^ 

p, m.) 



CHAPTER VII. 

THE PENDULUM AND SIMPLE HAEMONIC 
MOTION. 

82. Isochronous Motion. — If a tuninp^-fork or fiddle- 
string is plucked it gives out a note the pitch of which 
remains constant though the loudness of the sound 
gradually diminishes. This indicates that the time in 
which vibrations from side to side are executed remains 
unaltered, while the extent of the motion decreases. Such 
a motion is termed isochronous from tlie fact that its period 
is cx)nstant, and harmonic from its connection with musical 
instruments. 

83. Projection of Circular Motion. — Let a particle P, 

Fig. 38, describe a circle, 
centre 0, with uniform angu- 
lar velocity. Take any dia- 
meter AA' oi this circle, and 
from P draw PN perpendicu- 

. lar to AA\ The point N is 
^ called the projection of P on 
AA\ 

Now as moves round and 
round the circumference of 
the circle, the point N will 
Fig. 38. move up and down the dia- 

Tneter AA\ We are concerned 
with the motion of the point N. 

74 
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The length AO termed the amplitude. 

Let a = radius of circle, 

0 ) = angular velocity of P about the centre 0, 

0 =1 Q^jigle AOP, 

The acceleration of P is along PO and is equal to aw*. 
The resolved part of this parallel io A A^ 

= ow* cos AOP 





Now the acceleration of N towards 0 is the same as the 
resolved part of the acceleration of P in the direction A A', 
Hence the acceleration of N towards the point 0 is equal 
to ( 0 * . ON, 

The velocity of the point P is equal to aw, and is directed 
along the tangent at P, 

Hence the velocity of /V = resolved part of this along 

NO 

= aw sin 6 


^i^,PN., 


The period ol N — i.e, the time N takes to pass from 
>1 to and back — is the time which P takes to pass right 
round the circle. 

A body moving with angular velocity w describes an 

angle 27r in time ~ , 
w 

period of y^= 

o> 


The oscillating motion of the point N is termed Simple 
Harmonic Motion. 

note particularly that — 

(1) The acceleration (w* . ON) is always directed towards 
the centre, and is proportional to the distance from the 
cento. 

/O^N 

^ (2) The period ( — \ is independent of the amplitude; 

it depends only on the_ angular velocity of tjie^point ^ 
about tfieTcehEre. 
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84. Simple Harmonic Motion. — Lot a body N be con- 
strained to move along any path AO A' (Fig. 89), and let 
its motion be such that its aC(»eleration along its path is 
alwayi proportional to its distance (measured along the 

path) from some fixed point 
0 in its path. 

Then the point N has 
simple harmonic motion. 

Under the conditions 
stated, the motion of N 
along its path is inde- 
pendent of the nature of 
the path, whether straight 
or curved. If the path 
is curved imagine it 
straightened out as in the 
lower part of Fig. 39. 

The acceleration of /V 
towards 0 is proportional to 0/V : suppose it is equal to 
\0N where X is some constant. 

Suppose A is the extreme end of the path. 

With 0 as centre and OA as radius describe a circle 
APA'. 

From the position in which N is at any instant draw NP 
perpendicular to OA , cutting the circle in P, 

Now if P move round the circle with uniform angular 
velocity \/\ then the acceleration of P resolved in the 
direction ^ 0 is by Art. 83 equal to X . ON, and the particle 
N will move backwards and forwards along AO A' as P 
descril)es the circle. 


N 



27r . 

Now the period of P is — ; this must be the period of 

N- Hence if a body move in a path with its acceleration 
always directed to a fixed point 0 in its path and equal to 
X time s its distance from that point, its motion is simple 

2jr 

hannonic motion, and of period — 

y A 


Simple harmonic motion is therefore isochronous : the 
period is independent of the amplitude of the motion. 
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85. The motion may also be investigated from deOnition as 
follows : 

Let s bo the distance of fil from 0 at a time t. 

Then velocity of N along ON = 


Acceleration of N along its path towai'ds 0 


(Ps , 


this by hypothesis is proportional to the distance ON, call it X . ON. 


' dP 


The complete solution of this differential equation is 
s = A cos VX^-f iSsin 

where the constants A, B avq to be determined from the conditions 
of the motion. If, for instance, the body starts from 0^ then 8 = o 
when t = 0 , and we have 0 = A coso+ilsin o, i.e. A = (?, so that the 
equation becomes 8 = ilsin 

If in addition we know that the initial velocity is V, then 


t.e. 


i5= 


¥ 

vx* 


and tlie equation finally becomes a = - -- sin \'\t, 

VX 


From the general relation a = A cos \/X^+i?sin 

wo deduce v = = — A v^Xsin ^ V'X cos 

dt 

f>— 

Hence wo find that the period is — for if wo incx-ease t by that 

y A 

amount we get 

8 = A cos ^ ^ + ^shi VX ^ ^ 

es A COB VX^+^sin VX^, 


and V also repeats its value. 


86. The Simple Pendulum. — The motion of the 
.pendulum is nearly isochronous and simple harmonic. 

The simple pendulum is a small heavy particle at one 
end of a weightless string, the other end of which is fixed. 
The particle or bob swings in a vertical plane under the 
action of gravity. Of course a simple pendulum is merely 
ideal. Every actual pendulum is really a compound pen- 
dulum, i,e, its mass is not a point mass. Still the motion 
of the centre of a spherical metal bob attached to a piece 
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of cotton is almost that of the ideal simple pendulum. 
Suppose Pig. 40 represents such a pendulum. In this OB 
is the string, B the bob. 

If the mass of the bob is m and 6 
is the inclination of OB to the vertical, 
then the forces acting on the bob are 

(1) its weight verticallj downwards, 

(2) the tension of the string. 

Now B describes a circular arc : its 

acceleration is not entirely directed 
along the tangent, BT, but its com- 
ponent in the direction BT multiplied 
by the mass m must be equal to the 
component of the resultant force in 
that direction. 

The component of mg along BT is 
ing sin 0. 

The pull of the string is perpendicular to BT and its 
component along 57^ is zero. Hence acceleration of bob 
along tangent to path 

= jf sin 0 



Fig. 40. 




z= g9,\t 6 is small 

axe BG 
= ^- 1 “ 

= ^ axe BG. 

I 

Hence the acceleration of B along its path is equal to 
2 times its distance from a fixed point C in its path. 

V 

The motion is therefore simple harmonic and the period 
is 2ir , „ /i 
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87 . In thU investigation wo have neglected and higher powers. 
The motion of a simple pendulum is therefore only isochronous if 
the angle which the string traces out is small. If, then, this angle 

is not small the result t = is no longer true. A nearer 

approximation is given by the relation t =* 2ir ^ ^ » 

where a is the half -angle of swing. The solution of the problem in 
this case is hardly within our range, but results showing the 
variation of periotf (/) with the half-angle of swing (a) may oe of 
some interest. 


a 

t 

0 

^ 1 

2 

1-00008 

4 

11WK)5 

10 

I ‘(K)2 

20 

1*008 

30 

1 02 

60 

1-07 

90 

M8 


88 . Galileo. — ^The first to make use of the pendulum appears to . 
have been Galileo. In the cathedral at Pisa, 1583, he watched a 
swinging lamp and noticed that as the oeoillations of the lamp died 
away their period still remained the same. He timed the period 
by beats of his pulse. He pointed out that this discovery oould be 
used to govern clocks. 

89 . Cycloidal Pendulum.— -The motion of the ordinary pendulum 

is not quite isochronous. That of the cycloidal pendulum is. The 
cycloid is the curve traced by a ^ ^ ^ 

point on the circumference of a wheel 

rolling on a plane surface ; e.g, by a 
speck of mud on the rim of a cart 
w^hcel. Let CBADE (Fig. 41) be such 
a curve. As represented in the 
figure the generating circle rolls on 
the under side of the lino XY and 
oomes into contact with XY at A. 

Suppose cheeks of metal are cut Fig. 41. 

to this shape and a pendulum bob P 

is support^ by the string A BP which wraps round on these 
checks as it swings from side to side. Then if the length of A BP 
is half that of the cycloid, it can be shown that P itself traces out 
another cyoloid, and its motion is strictly isochronous and simple 
harmonic. 
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. 90. It may be useful to investigate the motion of the simple 
pendulum from first principles. 

Suppose the bob is started by being held initially 
with the string inclined at an angle a to the vertical 
and released. (Fig. 42.) 

After a time t suppose it makes an angle 0 with the 
vertical. 

The distance the bob has descended is /(cos ^ - cos a). 

(19 

The angular velocity of the bob is ^ - = «, so that 

(jbt 

the kinetic energy of the bob is i 

<u 

Equate this to the work done by gravity and wo get 
mgl{QOS 9 - cos a) = 

g(QQs$ - oosd) =a 1/w* (1) 

Differentiate by 

. ^ a d9 j dw 



Fig. 42. 


but 


(U 


dt^ 

d'9 


Hence 


+ = 0 . 

d'9 


Hence, if 9 is small, - -f 9 = 0, 
dt- l 


i.e. the acceleration is proportional to the arc, so tliat tlio motion is 
harmonic and the perio<l is 

2.y/±. 

The period of a pendulum as given in the above relation is the 
time to and fro. In clocks what is spoken of as the time of the 
pendulum is the time to or fro. The peritKl of what is known as 
a ^econds pendulum is on our notation two seconds. 


91. The Compound Pendulum.— Suppose a body is 
capable of free rotation round a horizontal axis. Let 6 
be its centre of gravity. 

Suppose Fig. 43 represents a vertical section of the 
body taken through the centre of gravity at right angles 
to the axis. Let the axis out the plane of the paper at 0. 
In the position of equilibrium Q will be vertically below 
0. Suppose the body was initially displaced so that the 
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line OQ m^de an angle a with the vertical. After the 

lapse of a time t, let the angle that OQ makes with the 

vertical be denoted by 6. 

Call the angular velocity of the body 
at this instant o). 

Then w = 

dt 

Let 00 = I 

The deptli of G below 0 is I cos 0, 
i,e. the centre of gravity is lower by 

Z(cos cosa) than it was in its initial 

position. Hence the work done on it by gravity is 
M(jI{coh d— cos a), 
where M is the mass of the body. 

Imagine the body composed of small particles of masses 
mi, . . . situated at distance rj, ^ 3 , . . . from the 

axis through 0. Each of these is at the instant con- 
sidered revolving round the axis with an angular velocity 
< 0 . The linear velocities of the particles are therefore 
rjW, r^u), fyO), . . . and their kinetic energies are 

. . . 

But the total kinetic energy must be equal to the work 
done on the body by gravity ; hence 

Mgl(coQ 0 — cos a) = -f- + . . . 

= + • • •) 

where M¥ is the moment of inertia, h is the radius of 
gyration. 

Divide by Ml and we get ^ 

gf(cos 6 ?— cos a) = ( 1 ) 

This equation is of exactly the same form as that of (1) 
in Art. 90. Hence the motion of the compound pen- 
dulum is exactly the same as that of a simple pendidum 

of length —}/ 

V 

Its period is therefore given by the relation 


* = 2V£ (2) 

P.H. 6 



Fig. 43. 
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92. Expression for t in terms of moment of inertia 
s round the centre of gravity. — ^The energy of the penduliun 
in Art. 91 was found to be where i/i' was the 

moment of inertia round the axis through 0^ We can 
express this in a different form. 

The linear velocity of the c*entro of gravity is ha, so that 
the energy of translation is 1 ^ 

The body is rotating relatively to G with an angular 
velocity w, so that the energy of rotation about G is 
where JlfiT* is the moment of inertia about a line 
through G parallel to the axis of suspension thi*ough 0 
(Art. 78). Henee 

i.c. 

The relation (2) of Art. 91 then iM'comes 

t='2TT/J^:+ ( 3 ) 

I'j 

when Z is the distance of the ctmtre of gravity from the 
axis of revolution, and K is the radius of gyration of the 
pendulum about a parallel axis through the centre of 
gravity. 

We might have obtained the relation (3) more quickl}^ iuid wo 
assumed the propo«ition that the moment of inertia of a i)ody al)out 
any axis is equal to the moment of inertia of the body about a 
parallel axis througli the centre of mass, together with the moment 
of inertia about one of these axes of a mass equal to that of tlie 
body and situated on tlie other axis. 

With our notation J/A- = MK- -f MP. 


93. Centres of Oscillation and Suspension. — The point 0 
in which the axis meets the vertical plane through the 
centre of gravity is called the centre of suspension. 

Take a point C in OG such that the length OC is equal 
to that of a simple pcmdulum that would vibrate in the 
same time as the compound pendulum. Call this length L, 


then 



= t = 2 

L = 

I 


C is called the centre of oecillation. 


,(41 
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Now suppose the pendulum were inverted and allowed 
to swing about an axis through C parallel 


to the original axis through 0. 
GG = L-l 


' The time of swing about C 



-% 




Pig. 44. 


since by {4t) L — I = 




= ^”^13 

i,e. tlio time of swing is the same as 
when the pendulum was oscillating on 
the axis 0. ;Hence the centres of oscil- 
lation and suspension are interchange- 
able. ^ 


94. Kater’s Pendulum.— Let us suppose 
a pendulum made as in Fig. 45, which is 
capable of oscillating about either of the 
two parallel knife-fedges A or B, and 
that these two knife-edges are on opposite 
sides of the centre of mass 
Then if the time of swing of the 
pendulum about A is the same as the 
time about B, and Ay B are not equi- 
distant from Gy then the points A and B 
must correspond with the points C, 0 o£ 
and the distance AB must as in 
Art. 91be equal to the length of the 



simple equivalent pendulum. (See Ex- Fig. 45. 
ample 1, p. 87.) 

This system was adopted by Captain Kater to determine 
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the length of the seconds pendulum. In order to arrange 
the axes A and B in such a way tliat the times of vibration 
about them might be equal, the pendulum was built with a 
sliding ring regulated by a screw. By moving this sliding 
ring up or down the position of the centre of mass could 
be altered imtil the time became exactly equal. 

Kater thought his determination of the length of the 
seconds pendulum would be useful as a standard of measure- 
ment, so that he determined it an ith great accuracy. By a 
fire in the Houses of Parliament (1882) the standard yard 
was partially destroyed, but a commission appointed to re- 
cover the length decided that pendulum methods afforded 
measurements of less accuracy than those that could l)e 
obtained from copies that had previously been taken from 
the standard yard. From these copies a new standard was 
mode, w^hich still remains the legal unit of length. 


95. Oscillation of a Body on an Elastic String.—Suppose 
a body of mass M is attached to a vertical elastic string. 

If the body is displaced vertically it will 
• oscillate, and will execute simple harmonic 
vibrations provided that Hooke’s Law (Art. 
108) is oteyed, i.e. provided that the 
tension of the string is proportional to its 
extension. 

Suppose the natural length of the string 
is Z, and that it is stretched a distance a 
when it supports the mass M. The tension 

of the string will be X ?, where X is the 




M tfj 
M 


Fig. 46. 


M modulus of the string. 


Hence X~ = Mg. 


Now suppose the mass M oscillates, and that at any time 
the string is stretched a further distance * below the 
equilibrium position 0. The tension of the string is 

I • 

The only other force acting on M is the weight. 
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Tlie resultant force = X - — Mg 

__ X a + a: x a 
X- 


and is directed towards 0. 

Hence the acceleration of M towards 0 = 

IM 

Hence the acceleration of M is always directed towards 
0, imd is proportional to the distance from 0. 

The motion is therefore simple harmonic and the period is 



Since Mij = X 


/. period — 27r 


i.e. the period is that of a simple pendulum whose length 
is a, tlie amount by which M stretches the spring. 

To find X we may find, as in Art. 107, the extension due 
to an increase of load by a mass m. Call this 6. 

Then iiig = X~ . 

Substit ute in tlie expression obtained for the period and 
we get the relation 

t = 2.JW. 

V gm 

In this relation the mass of the string has been supposed 
small compared with M, If in experimental work higher 
accuracy is required we must add to the mass M a third of 
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the nuiiSS of the spring. Call this 8 and the relation 
becomes 

‘ = W4r+|) <8) 

This relation maybe used for finding a rough value of g. 

Ordinary spiral springs such as are used for weighing 
generally ol)ey Hooke’s Law, and may be used for this 
experiment. 


98. Combination of two S.H. Motions. — Suppose a point 
describes a circle radius a with uniform angular velocity uk 
Suppose A is the starting point, 0 the centre, P the position 
of the moving point after a time /, fj the projection of P 
on OA^ 

Then angle /4 OP = 0 = tot 

ON a; = a cos ^ OP 

i.e. «=:acostt’t (1) 


Let us suppose that the point N has in addition to 

this simjdo harmonic motion 

0 another motion, also simple 

harmonic, at right angles to 
OA- We should have such 
a motion if wo imagined N 
to move as before along the 
>4 pa.pf‘r to and fro along AA\ 
while tlie paper itself moves 
l)axjkward8 and forwards in 
a direction at right angles. 
Suppose the second motion is 
47 . given by tlie relation 

y =^b cos {uH + ") ... .(2) 


Here y is the distance of the moving point from the line 
AA\ b is the amplitude of the second motion, and a the 
difference in phase between the two motions. 

The relations (1), (2) suflic^e to define the positions of 
the moving points at any instant. 

I^et us take the particular case in which 
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Then ~ = cos* wU ^ = sin* wt 
a* 0* 

so that +-^ = 1. 

a* V 

This equation represents an ellipse. 

If further a = 6, the equation becomes aj* + y* = a*, and 
represents a circle. 

Hence we may regard uniform circular motion as the 
combination of two similar simple harmonic motions at 
right angles to one another, which differ in phase by 90®. 
Tliese motions are considered in the theory of circular 
polarisation of light. 

97. Fui’ther Extension. — It can be shown that any 
periodic motion in a straight line may be regarded as the 
resultant of a numl>er — finite or infinite — of simple har- 
monic motions ; and, further, that any coplanar periodic 
motion whatsoever can be analysed into two sete of such 
motions directed along two lines at right angles. 


Examples VII, 


I. Show that there arc four points collincar with the centre of 
gravity of a peiuliiluin which are such that the times of oscillation 
about them arc equal. 

Suppose is a point, distant x from the o.g. G of a pendulum, 
about which the time of oscillation is t. Then 


V X(J 

* = fi4 a/^I* 
Stt*’” V 647r* 


« a + 6 (say) (1) 

or a - b (2) 


If the pendulum bo inverted we shall got these results repeated. 
Hence there are in all four points. Of these two (t/j, t?2> say) are 
on one side of Q at distances a -f 6, a - 6 from Q, the other two 
(C„ Ci) are on the other side at the same distances a + b, a — 6. 
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(7. and are therefore equidistant from tlie c.g. So also are 
and Cl, The distance between 0i and Ct or between C, and is 

a + 6 + a - 6 = 2a = . 

This is the length of the simple equivalent pendulum. 

2. A metre rod is hung up as a pendulum and allowed to swing. 
At what point must it be suspended to have the least possible 
period? 

3. If the earth wore a homogeneous sphere, and a straight frio- 
tionless tunnel could be constructed between any two places on the 
surface, prove that a train could run from one to another in a time 
independent of the distance apart of these places. Find this time. 

4. ' A quantity of gas is enclosed in a cylinder in which works a 
smooth heavy piston. The axis of the cylinder is vertical. The 
piskm is thrust dow'n to compress the gas and then lot go. Is tlio 
ensuing motion simple harmonic ? 

6. Borda*8 pendulum consisted of a sphei ical hr)b suspended by a 
fine wire. It the length .of the wire from centre to point of 
suspension was 1 m. and the radius of the ball 2*5 cm., find the 
length of the simple equivalent pendulum. 

6. Find how the energy of a simple pendulum depends on the 
amplitude. 

7. Show how to find the resultant motion obtained by com- 
pounding together two equal uniform circular mot ions, of the same 
period, in the same plane:— (a) when the two motions arc in the 
same sense ; (b) when they are in oppf^wite senses. What will bo 
the resultant motion if the two circular motions arc in oppf»sito 
senses, and differ very slightly from one another in period ? 

8. Prove formula for the time of swing of a magnet in the earth’s 

field, viz. t 

9. What are the characteristics of the motion of a body which is 
performing isochronou.s vibrations ? 

10. What is a seconds pendulum ? Why is it ncce.ssary that the 
arc of vibration of a pendulum should be small ? 

11. Calculate the moment of inertia of tlie balance wheel of a 
w'atch, assuming the wheel to con.sist of a bims rim 1 ora. in radius 
weighing 2 grammes, with wcightlc.s.s siKikes. If the watch is 
accurate at 15° C., calculate approximately its gain or loss per day 
when ke])t at 0^ 0. ; the coelfioient of linear expansion of brass 
being 0*000019. 

(For further examples cm this chapter see Miscellaneous Examples^ 
p. t58.) 



CHAPTER VIIL 

TIME. 


98. The Apparent Motion of the Sun.— Every day the 
sun appears to rise, to travel round an arc in the sky, and 
to set again. At night certain fixed stars and constella- 
tions lie on or near the arc traced out by the sun in the 
(lay. These stars rise and set just as the sun does, 
inicing out the same arc. The sun, however, does not move 
at quite the same rate as the stars, and so appears to travel 
tlirough a belt of stars, completing its full journey once a 
year. If we could see the stars in the daytime we should 
sw the sun always in this belt. The constellations through 
wliich the belt passes comprise together the signs of the 
Zodiac. The path of the sun among the stars is the 
ecliptic. The moon, the planets and their moons, all lie 
very nearly in the same plane, the plane of the ecliptic. 

99. The Celestial Sphere. — Imagine a sphere of great 
radius described with the same centre as the earth (Fig. 
48). This is the celestial sphere. The lines joining up the 
heavenly bodies to the centre will cut this sphere in points. 
We may suppose that the bodies are actually set in the 
celestial sphere at these point-s of intersection. Tlie plane 
of the equator (of the earth) cuts the celestial sphere in a 
circle also termed the equator. This circle is fixed, since 
the direction of the axis of the earth is fixed. The path of 
the sun on the celestial sj)here is another circle, the plane 
of wliich is inclined at an angle of about 23 J to the plane of 
the equator. The path is the ecliptic. The two circles 
cut at two points called the First Point of Aries Y and the 

89 
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First Point of Libra Tlio sun in its journey round 
the ecliptic is at these points on March 21, September 23 
every year. 



100. The Sidereal Day, — The earth Uirus round on its 
axis with a uniform aui^ular velocity. Hence to an 
observer situated at the centre of the earth and turning 
wdth the eailb, the cel(‘stial sphere wouLl a])i>ear to rotate 
with uniform angular velocity. The period is calh^l a 
sidereal day. Or we may define a sidtToal day as the 
interval of time between the consecutive occasions on whi(‘h 
any particular star is due North or due South of an 
observer on the surface of the earth, i.e, between con- 
secutive southings of a star. The sidereal day is of 
constant length and so would serve as a unit of time; but 
it is not a convenient unit, as we obviously need a unit 
closely related to the day measured by the sun. 

101. Perhaps the following explanation of the difference 
between solar and sidereal days may lie servia^able. 

Suppose (Fig. 49) that S represents a sun, P a planet 
moving round it in a circle. liofc tlie planet rotate uni- 
formly on its axis and its year contain exactly ten of its 
solar days. At any particular time let a point a be 
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directly opposite to the sun. Then after one solar day the 
same point will again be directly opposite, but the centre 
of the planet will have moved from o to o'. Let a* be the 

new position of a. The angle o' So :=i . It is evident 


from the figure that the 
planet lias really turned 
through an angle greater 
than four right angles by 
the angle marked^; but 


Hence every solar day the 
planet turns through an 

angle 2ir+~i 



SO that in the year of 10 solar days it turns through 10 
times as much, i.e. it makes 11 complete turns, so that 11 
sid(U’eal days = 10 solar days. 


102. Equation of Time. — The solar day is the period 
between two consecutive southings of the sun ; if the sun 
moved with uniform velocity in the equator this period 
would be of constant length. The inclination of the 
ecliptic to the equator combined with the want of uni- 
formity in the velocity of the sun causes the length of a 



Fig. 50. 


solar day to vary by a few seconds. It is due to this that 
the time registered by a sundial may differ from the 
Greenwich time. The difference is cumulative and 
mounts to about 16 minutes, and then diminishes again. 
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The reason that the sun does not travel with uniform 
velocity is that the path of the earth round the sun is not 
an exaot circle, but an ellipse. 

In Figure 50 the thin curve represents the portion of 
the equation of time due to unequal motion. The thick 
curve represents the portion due to obliquity. 

In Pigui*e 51 the combined effects of the two are shown. 



For times in the year in which the curve lies Ixdow the 
axis, the sundial is before the clock. 

103. The Mean Sun. — To get a period of constant length 
governed by the motion of the sun, we imagine the motion 
of a point called the mean sun. 

Imagine a point (S^) ^Fig. 52) to start from the first 
point of Aries ( Y) with the sun, to travel round the ecliptic 
at a uniform rate and reach the first point of Libra £i: 
with the sun. Such a point is called the dynamical mean 



sun. Now imagine a second point to travel round the 
equator at such a rate that measured along the ecliptic 
is always equal to Y 5^ measured along the equator. This 
point is called the mean sun. The mean sun has uniform 
motion, and so serves to measure time. 
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104. The Mean Solar Day is defined as the interval of 
time between two consecutive southings of the mean sun : 
the inti*.rval betwceiwmean noon one day and mean noon the 
next. It is a period equal to tlie average length of a solar 
day. 

The Second is the standard unit of time : it is equal to 
oV ^ eV ^ 4 * ^ solar day, 

365| mean solar days = 1 year = 366J sidereal days. 

Examples VIII. 

1. The ordinary year contains 365 days, the leap year 366 days. 
A leap year is one the number of which is divisible by 4, with the 
exception that years whose numbers end in 00 are only leap years 
if their numbers are divisible by 400. 

Show that the average length of the year is 365*2425 days. 

2. Find the ratio of the sidereal second to the solar second, 

{For further examples on this chapter see Miscellaneous Examples^ 
p, 258,) 
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SOLIDS. 

106. Elasticity is a general name given to that property 
of a body in virtue of which it resists, and recovers from, 
change of shape or volume. All substances resist changes 
in volume, and so have what is teniied bulk elasticity, but 
it is only solids that have elasticity of shape : no fluid — 
liquid or gas — can offer a permanent resistance to change 
of shape. On this property the definition of a fluid is 
based. The deformation, whether of shape or l)ulk, which 
a body experiences when forces are impressed upon it is 
termed strain. The eqxiilibrating system of forces whicli 
produces a strain is termed a stress. The ratio of stress to 
strain is termed a modulus of elasticity. The subject of 
elasticity is one of great difficulty. We shall confine our 
work here to a few simple strains. For more advanced 
investigations Kelvin and Tait’s Natural Fhilosopluj or 
Love’s Elasticity may be read. 

106. Befinitions. — A body is said to l>e homogeneous if 
two equal rectangular blocks cut from it, the edges of one 
parallel to the corresponding edges of the other, are exactly 
alike and indistinguishable from one another. Lead, wax, 
jelly, quartz, glass satisfy the conditions. A substance 
may be homogeneous to some tests and not to others. 
Thus well mixed mortar is homogeneous so far as a builder 
is concerned, but of very small portions taken from such a 
mixture one may be only sand, another water, and a third 
lime. 

Now in some substances the properties of a brick-shaped 
portion depend on the direction in which it is cut. Wood 
IS such a substance, for if two rods be cut one parallel to 

04 



SOLIDS. 95 

the grain and the other across it, the one will he tough and 
strong, tlie other weak and brittle. 

Quartz conducts heat better in one direction than in 
another. Hence bricks cut from the same crystal but 
differently orientated could be distinguished from one 
another. A sphere of quartz, if warmed, does not remain 
a sphere — it expands more in one direction than in another. 
Such a substance is tenned Aeolotropic. A body which is 
such that two equal similar portions cut with any orienta- 
tion are exactly alike and indistinguishable is termed 
Isotropic. Glass is such a substance. It is both homo- 
geneous and isotropic. Quartz crystals are homogeneous, 
but aeolotropic. 

107. Extension of a Rubber Cord. — Hang up a spiral 
spring or a piece of rubW beside a rule 
after the manner indicated in Pig. 53. 

Measure the length of the rubber 
when not stretched — suppose this is Z. 

Then put a small weight in the scale-pan 
and notice the extension produced in 
the rubber. Add another weight, and 
again note the extension. Always measure 
the extension by noting the position of the 
spike on the rule, subtracting the original 
reading. Proceed in this way, gradually 
increasing the load. 

Compare each load with the total 
extension it produces. Plot the results 
on squared paper, the ordinate represent* 
ing tlie load, the abscissa the pull. It 
will be found that at first, when the load 
is small, the rubber increases in length 
by the same amount for the same in- 
crease in the load. Thus if a 1 oz. weight 
produce an extension of 1 cm. an ad- 
ditional ounce will produce an additional 
stretch of 1 cm., so that for a 2 oz. weight Fig. 53. 
the total extension will be 2 cm. In 
other words the total extension is proportional to the total 
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load. This result, however, is only true when the load is 
small. 


108. Hookers Law. — The relation connecting the oxim- 
sion with the load may be looked on as a particular 
example of Hooke’s Law. This law — '' ui tension sic vis ” — 
states that stretching is proportional to the force pro- 
ducing it. 

The law is true for many cases besides the stretching of 
elastic. Thus the bending of a rod, the deflection of a 
stretched fiddle-string, the compression of a gtis are all 
proportional to the forces causing them provided that the 
strain produced is small. 


109. Young’s Modulus. — Suppose a wire of length Z 
and cross-section a is stretched an amount I by a force F 
acting along its length. Hooke’s Law states that^ F, 
Young modified Hooke’s statement to — 

Stress is proportional to strain, 

and the ratio of longitudinal stress to longitudinal strain 
is called the Yourn/s Modulus of the material of which 
the wire is composed. This modulus of elasticity is usually 
denoted by Y, 


The longitudinal stress «= 

The longitudinal strain = IjL. 


r-q\. '■'i ( 1 ) 

a! L a I 

If we could imagine a wire of unit sectional area pulh^d 
out by a force to twice its natural length, then this force 
would measure Young's Modulus for the material. Of 
course in practice it is impossible to double the length of a 
wire without ])reaking it, and the law (1) ceases to hold 
even in the case of rubber long before the length of a cord 
could be doubled. 

The dimensions of T are 

1 in Mass, 


and 


— 1 in Length, 
—2 in Time. 
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110. Method of finding Tonng’s Modulus.— The appa- 
ratus usiiiilly employed for finding Young's Modulus for a 
wire is shown in Fig. 54. 

AB is the wire, filed tightly at A, and carrying a scale- 
pan P wJiich can be loaded as required. 

Hanging close beside AB iaa, second wire CD. This is 
kept taut by a weight )A1. It carries a carefully graduated 
scale, S, which remains fixed during the experiment. Over 
this scale moves a vernier, V, which is earned by and fi^ed 
to the wire AB. As the load in Z’ is increased, the length 
of the wire between A and V inci^eases ; the extension is 
measured by the position of the vernier on the scale. 



Fig. 64. Fig. 65. 


111. Ewing’s Eztensometer is a convonient apmratus for finding 
the modulus of specimens of metals given in the form of shf^rt r^s 
or bars. In Fig. 55 the bar (z4) to be tested is shown vertical* 
Two clamps are attached to it by the points of two set screws, 
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^1 Si, The lower clamp has a projection {X) which is parallel to 
the bar. The upper end of this is rounded and engages with a 
conical hole in the upper clamp. CD is a rod parallel to X, The 
axis of the test pieoe A is equidistant from the two rods X and CD, 
CD is free to sliae in a guide on the lower clamp. A mark on it is 
viewed by the miorosoope M, 

When A is stretched, this mark is seen to move in the field of 
view of the microscope. The distance is measured on a mienjraeter 
scale in the eye-pieoe. The extension of tiie bar A is half this 
distance. 

112. Behaviour of a Strained Wire. — ^The relation be- 
tween the extension of the portion A V and the load in P 
may be plotted as in Fig. 56. At first the ciir\'e is 
straight, indicating that the tension is proportional to tlie 



Fig. 56. 

(The curve was obtained from a steel wire ; diameter *107 cm., 
length 6 cm. ) 

stretching, but in the neighbourhood of A the curve bends 
down : the wire has been stretched beyond its elastic limit. 
If the load had been removed before this point was reached, 
the wire would have recovered its natural length. After 
passing this point, however, the wire will not return 
entirely, but has acquired a permanent set. 
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When the load is still further increased the length 
begins to increase very fast for small increases in the load. 
The Yield point has been reached, the metal appears to 
flow under the forces imposed and the wire soon breaks. 

During the first part of the extension represented by 
the straight portion OA of the curve the wire is said to 
hdLYe 2 >^Tfect elasticity. Up to this point it has the power 
of recovering its original length if unloaded. Some 
materials recover almost immediately ; others take much 
longer. Steel appears to recover faster than brass. Glass 
is often very slow indeed and may take hours or days. 

Another curious effect is exlui ited by glass. If a fibre of glass 
bo twisted first, say, to the right and kept tliore for some time, 
afterwards to the left for a short time, and then set free, it will 
twist back slowly to the right past the initial position and then 
slowly turn back again to the left, finally reaching the state in 
which it was before the experiment began. 

113. Elastic Fatigue. — Another property exhibited by some solids 
is called elastic fatigue. Supj)ose two exactly similar torsion 
pendulums, A and 5, are mounted side by side. Let one (4 ) remain 
at rest. Arrange for the other (5) to bo kept twisting backwards 
and forwards for several days. Then start A and B both twisting 
through the same arc and iiotico the times they take to come to 
rest. It will be found that the time for B is less than for A, This 
foi’in of experiment is duo to Ijord Kelvin. It shows plainly that 
the nature of the wire is dependent on its history. In this respect 
solids differ essentially from liquids and gases. A wire loaded 
gradually can sustain a greater weight than would be sufficient to 
break it if ap])lied all at once. 

It seems probable that bars of metal subjected to constant shaking 
and knocking become more brittle, and this has been given as a 
reason for the snapping of railway truck axles. 

Crane chains arc said to behave in a similar way. In engineering 
works it is usual to heat them up periodically in order that they 
may recover their normal strength. 

114. Foisson^s Eatio. -^Suppose a rod, of unit cross- 
sectional area, is stretched by a force T and that the 
extension per unit length which it produces is aT, As the 
rod is pulled out its sectional area decreases by an amount 
proportional to T, Suppose the bar is square in section, 

and that the contraction of each side is The ratio-^ 

is often termed Poisson’s ratio^^^.^he value of this varies 
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considerably, though Poisson was led to believe it was 
always | in isotropic substances. 

115. Deformation of a Cube.— Let OXyZxYto (Pig. 57) 
represent a cube. Let forces equal to act on the faces 

OXzY, oxZy perpendicular to 
them, producing an elongation 
in the edges panillel to OZ, 
and a contraction T^ji in each 
of the edges OX, OY. 

The lengths of the edges 
then become 

0X = l-^T„ 

0Y = l-pT^ 

0Z=l + nl\. 

Tjet similar force parallel 
to OX be now applied to the 
fiiccs OZxY, ozXy. Those will 
produce extensions parallel to 
Fig. 57. OX, and contraciions parallel 

to OZ, and the lengths of 

OX, OY, OZ will Iwcoino 

0X = l-liT, + aT„ 
(7K=l-/i2;-i8T„ 

0Z = l-YaT,- P'l\. 

If now a third pair of forces act on the faces OXyZ, 
oxYz, the lengths will liecomo 

0X = l-/iT,-l-aT^-/iT^, 

0Y = l-m-/3T, + oT^, 

0Z = 1 + «T,-J8T^-^T^. 

Hence the volume of the cube becomes equal to the 
product of these three quantities, t.e. to 

l + (« -2/i)(2'^+T^+T,) 

if we neglect squares and products of the small quantities 
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116. The Bulk Modulus, In the particular case in 


which T^:=z Tg=: T this result shows that the in- 
crease in volume is ST(a — 2^8). 

If the forces applied, instead of being tensions pulling 
out the cube, are thrusts tending to compress the cube, 
the increase of volume may be found by reversing the sign 
of T, Hence a cube of unit volume would under a hydro- 
static pressure P contract by an amount 3P (a — 2^). 
How tlie contraction per unit volume per unit increase of 
pressure is termed compressibility. Hence the compressi- 
bility of a substance is measured by the expression 
3 (a — 2/i), Its reciprocal is termed the bulk modulus of 


elasticity, and is denoted by h : hence 




117. Modulus of Rigidity. — Let A BCD (Pig. 58) represent 
an end view of a cubical block, the edge of which is of unit 
length. Call the face 
parallel to this >4 'P'P'Z?'. 

Suppose a couple T, T 
act on the faces ABB^A\ 

DCG'D'y and that the 
forces of the couple are 
in the directions shown. 

On the faces ADD'A\ 

BCC’B' let the forces of 
another equal couple act. 

These couples will be in 
equilibrium with one 
another, but will cause 
the cube to be defonned 
so that the faces ABC Of 
A^B'C'D' become rhom- Fig. 58. 

buses. 

Suppose this causes the angle at /) to decrease by an 
amount 6. Then the ratio 6 is termed the modulus of 
the rigidity of the substance. In other words the modulus 
of rigidity is defined as the ratio of tlie tangential force 
per unit area to the angular deformation produced. The 
rigidity is generally denoted by n. 

n=T-re. 
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118. The Value of n in Terms of a, p,— The means by 
which the tangential forces T liave been applied have not 
been specified, and are immaterial so far as the deforma- 
tion of the bl(x:k is concerned. AVe may imagine then that 
these forces arc applied by means of four blocks glued on 
to the four faces ABB'A\ BCC'B\ CDD'C\ DAA'D' of the 
cube. An end view of these blocks is shown vertically 
shaded in Fig. 58, The wdiole figure tlien makes up a 
square, ahcch the sides of wliieh are parallel to the diagonals 
of the square ABCD» 

Call the other corners of the complete block a'b'c'd'. 
Consider the prism-shaped bloi'k ABhb'B'A\ Su])pose 
forces t,t act on the faces Abb' A', hBB'b'. These are indi- 
cated in tlie figure. The resultant of these two forces is 
2/ cos 45'', i.e. acting parallel to AB. Hence if 

r = t \/2 vre may regard the tangential force T on the face 
ABBA' as being produced by the forces t on the faces of 
the prism. Treating the other portions in a similar manner, 
we see that the four forces T may l>e supposed due to the 
eight forces t, ac*tiug as shown in the figure. 

We shall now calculate the deformation produced by the 
eight forces. The length of AB is unity : therefore the 

length >4 5 is , and the ai-ea of tlie f'daoAbb'A ' is 1 X J . 

T 

The force acting on this is t or - - ; hence the force j^er 

V 2 

T 1 

unit area acting on this face is - T. The 

Vz vz 

thrust per unit area on the whole face abb' a' is therefore T, 

The deformation of the cube A BCD is therefore that 
which would be produced were it the centre portion of a 
block on the faces of which thrusts or tensions of T per 
unit area are acting. 

Now by Art. 116 these forces would produce extensions 
of T(a -p /J) per unit length in ah and cd, and contractions 
of T(a + /3) per unit length in 5c, da. These results are 
obtained by putting T zn -- and = 0 in the 

equations. Now the length of side of abed, i,e, the length 
of the diagonals AO, BD of the faces of the cube, is 
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Hence tinder the action of the forces considered, the 
diagonal k G will shorten by an amount T(a + ^)V2, while 
BD will be pulled out by an equal amount. 

The ratio of the diagonals 

_{l-r(« + )3)}-/2 
-~{l + T(a + P)\^2 
_ 1 - T(a + /8) 

r+Tia + B)' 

Suppose Figure 59 represents a section of the deformed 
culxi. Witli tlie notation of Art. 117 the angle is less 
than a right angle by $. 


Hence 



Fig. 69. 


0DC = 


tr 9 

4“2’ 


. \-T(a-\-li)^AC^0G 

"l + T{a + ]3) BD OD 

1 — tau.£ 


= tan ODO 




l + tan| 


0 0 

T(tt + /8) = tan 2 = ^ approximately; 
T 


.*. n — 


2(«+i8)* 


but 
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119. Young’s Modulus in Terms of A:, n* — If a cube of 
unit edge be acted on by a unit tension parallel to one of 
the edges the extension produced is a, and we have (Art. 
109) 1 =: >"a, whore J'is Young s modulus. We have tlien 
the thi’ec relations 


(1) “ =- p 

(2) a + (Art. 118.) 


(3) a - 2/3 = 


1 

3jfc 


(Art. IIG.) 


Solviag (2) and (3) for a and (i we get 

^ Sk- 2n 




Zk' 
=n + 3*’ 


2n 

1 


t.e. 


t.e. a 


n + di 

'“IbT/r* 


Hence from (1) we got 
ff OiiJc 

71 -f" 3& 

an expression for Young’s mo- 
I dulus in terms of the moduli 
of rigidity and bulk. 

120. Twisting of a Cylinder. 

g — Let ABba (Fig. 00) represent 
a short cylinder of metal. *^all 
the length of tho cylinder L 
Let P,Qh^ points close' together 
on the rim AB, and jp, q the 
corresponding points on the 
rim ab. 

We shall suppose that the 
base of the cylinder remains 
fixed, while the top db is twisted 
round the axis Oo through a 
small angle 6, by a couple 0, 
Let <1 be the new positions into which jp, g are twistoT. 
Then the angle pop = 0 = gog'. 
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With centre 0 let two circles, radii r, r + dr, be described 
on the base AB, cutting OP, OQ in F6HK. Let the parallel 
circles described on the top cut op, oq in f g h k and 
op', 0(1 in / q' h' ¥. Then the small rod FGHKfghJc (Fig. 
61) is twisted into the shape FGHKfg'h'V. The angle 


fFf’-ltzzjf. 

fF I 

Suppose the twisting force applied to the top is S' per 
unit area. Then if n is the rijjidity, we have (Art. Il7) 

V 

Let the area of the face fgJilc be de- 
noted by a. Then the tangential pull on 
tliis area is 


iSfarri 


r$ 

l"" 


and the moment of this about the axis is 
nd 


Sar = 


I 


ra. 



Now we may regard the whole cylinder 
as divided into little rectangular rods like 
FGHKfghk, and the i.op as divided up into 
little blocks like fghic. 

The sum of the moments roimd the centre of the forces 
acting on the top will be 

:^Sar = Pa 

V 


7l0 « 2 

= 2ra. 

V 


But ]£ r'^a is the moment of inertia of a disc of unit density 
about its centre ; lienee 2 r*a = jra ^ . where a is the 

a 


radius of the top. 

Hence the sum of the moments : 


ira* 
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Now the sum of the moments of these forces is the 
moment of the twisting couple, G. Hence 
^ nd Tra^ 



121. Torsion of a Wire. — In the preceding article we 
regard the cylinder as being short. Wo do this in order 
that the angle which a geneniling lino wlien defltvted 
(pp. Fig. GO) makes with the axis may bo regarded 
as small. We may regard a long wire as built ujj of a 
large number of short c}linders, and the result 

/Y TTu* 

®“T' 2 

will still hold ; moreover in thi^ case the angle 0 through 
which one end is twisted relatively to the other need not 
be small : it is only necessary that the angle corresponding 

to pPj}' be small, 

Ilence if a wire of radius a 
be fixed at one end and acted on 
by a couple 0 at the other, causing 
the generating lines to be twisted 
into spirals tangents to which are 
inclined at small angles to the 
axis, then 

■ 2 ’ 

when I is the total length of the 
wire and 6 the angle through 
which one end is twisted. 

122. Torsion Balance. — From 
this relation we see that Occ 0. 
This means that if a wire be 
twisted by a couple the torque 
or twist produced is proportional 
to the moment of the couple. The 
result was used by Coulomb in 
his torsion balance for measuring the repulsion between two 
electric charges. The balance consists of a long wire, w 



Fig. 62 . 
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(JPig. 62), suspended from a brass head, 5, carrying at 
the lower end a rod ab, B can be twisted round in its 
support D» On Z? is a scale which shows the angle 
through which the upper end of the wire is twisted. By 
means of B the two balls at b may be brought close 
together or separated. The twist on the wire can be 
measured by the scales D and 55. 

The lower scale, 55, gives the angle through which the 
bottom of the wire has turned, the upper, 5, that through 
which the top has turned. The sum or difference of these 
two gives the total twist on the wire. The force between 
the two balls at b when separated by different distances 
can thus be compared. 

We shall have occasion to refer to the torsion balance 
subsequently (Art. 164, 166). 

123. Torsion Pendulum. — The fact that the couple 
exerted by a twisted wire is proportional to the angle of 
twist enables us to get 
simple harmonic vibra- 
tions of which the 
amplitude may be con- 
siderable. In Fig. 63 
/4B is a wire, DEF a 
disc of metal, the centre 
of which is at fl. A is 
fixed. The end B twists 
with the disc. 

Suppose that original- 
ly the disc was displaced 
from its equilibrium 
position by twisting it Fig. 6.3. 

through an angle a, and 

that the angle of twist at any subsequent time, t, is 0. 

The moment of the torsion couple 
^ Q^nO Tra* 

^ T 

= cO say 
mra^ 



if 
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Suppose the disc is made up of little masses Wp ^ 3 , . . 
at distances r,, r^, rg, . . . from the centre B. Those have 
all the same angular accelemtion <j!> (say). Hence their 
acceleration along ihe tangents to their jnilh == r^r/), 

r^<f>, . . . the forces producing these ac'celerations are 
. . . and their moments rountl the centre 
fit . . . and hence the sum of their muuients 
round the centre 

= + mrpif> + . . . 

= (»hV+ V + 

where is tlie moment of inertia of the disc about its 
centre. The sum of these moments must he equal to tlie 
moment of the couple G. 

Hence c6 =■ Mk'cfif 


or 


0 = 


0 . 

iW 


Hence the angular accelenition is pror>ortioual to the angle 

of twist, i.e. angular accelenition = x angular dis- 

Mt 


placement. Moreover the angular acceleration is always 
in the direction tending to restore the disc to the equili- 
brium position. 

The motion is therefore simple harmonic and of fixed 
period, T, where 


i.e. 


V nrra* ’ 


or 


n = 


M.JTP 


( 1 ) 


where I = length, a = radius, n = the rigidity of the wire, 
T = the period, and the moment of inertia of the disc. 
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124. Experimental Method of Finding Rigidity.— A 

convenient apparatus for finding the rigidity of the 
material of a wire is illustrated in Fig. 64. 

The wire experimented on passes down the vertical tube 
and is fixed at the top end. The lower end is firmly 
attached to the cylinder. Round 
this cylinder pass two strings 
carrying scale-pans. As loads 
are placed in the pans the cylinder 
twists the wire. The twist on 
the wire is shown by the pointer 
which passes over the graduated 
circle. 

Let us denote the radius of 


the cylinder by r, the load (in- 
cluding the scale-pan) fastened 
to each string by m. Let this 
load twist the cylinder through 
an angle Then the moment of 
tlie couple exerted by the strings 
on the cylinder is 2 mgr. 

This coujdc is balanced by the 
couple exert ed by the wire, 

2m(jr = 0 =— . ^a*, 

if we employ the notation of 
Art. 121 ; i.e. 



Fig. 64. 


Equation (2) shows that for the 
same wire 0 <x m. Hence if the relation connecting 6 and 
m be plotted on squared paper, the result should he a 
straight line. The actual result will show to what extent 
the wire obeys the law stress varies as strain,” and how 
far tlie wire may be considered perfectly elastic. 

In the result (2) 0 is the circular measure of the angle 
of twist. To convert degrees to circular measure, multiply 


the number of degrees by 


TT 

m' 
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In using the result w = 4 


m 

J 


to calculate n, the value 


of ^ should be taken from the plotted curve, not from any 
6 


particular values found. 

The same apparatus may be used to show the isochronism 
of the torsion f)endulum. To do this remove the strings, 
twist the cylinder from its equilibrium position through a 
small angle and set free. Find tlie time of swing. Repeat 
the operation with different initial twists. The period will 
be found invariable. 

When the period has been found use equation (1) of 
Art. 123 to find the rigidity of the material, and so verify 
the result already obtained. The moment of inertia of the 
cylinder must be found by measuring the diameter, weigh- 
ing, and applying the results given in Art. 76. 


125, Spiral Spring. — ^The effect of puffing out a helical 
wire spring is practically to twist the wire round its own 
axis. This may readily be seen by examining the liair 
spring of a w’atch. If the spring rests in its usual position 
as a flat spiral, and one end be then lifted up while the 
other remains fixed, the spring becomes twisted. The 
stretched wire in a helical (or spiral) spring is in a stat-e 
intermediate between that of a wat/ch spring, which is 
bent but not twisted, and that of a torsion wire which is 
twisted but not bent. The stretching of an ordinary 
helical spring therefore brings into play forces of torsion. 
The amount of the torsion is proportional to the stretching, 
and also to the forces called into play ; hence the extension 
of a helical string is proportional to its tension. The 
result, of course, only holds for small defonnations. This 
is the principle on which ordinary spring balances are 
built 


126. lollj’i Balance connists of a long spiral spring {S) made in 
fine wire. This is held vertical, and Ix^hind it is a stand with a 
mirror scale, MM. From tho bottom of the spring hangs a light 
scale-pan, Q. Readings of the extension of the spring arc taken by 
holding the eye on the same level as some definite mark {P) at the 
^bottom of the spring. When the eye is in this position P just hides 
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its own image in the mirror. The graduation on the mirror scale 
which is on the same level as P can 
thou 1)0 read off. 

Suppose the balance is required to 
weigh a mass (m) which lies between 
5 and 6 grammes. Put a 5 gramme 
weiglit in the pan, and note the read- 
ing of P, Suppose it is a cm. Add 
an extra gramme and let the reading 
become b cm. Now replace tlie weights 
by the mass m and let the reading 
become c cm. Now a one gramme 
wciglit produced an extra extension 
of (h-a) cm., therefore the weight 
which produced an extension of (c— a) 

cm. was f — grins. 

6-a 

Hence the weight of m is 




grins. 


The balance is perhaps not of great 
practical use, but it at any rate dis* 
penses with the use of small weights. 

127. Impact. — If a round ball 
of clay or putty falls on the 
floor, it flattens itself out and 
does not rebound, A tennis ball 
also flattens itself out on the 
floor, but will rebound. The 
difference between the cases is 
due to the fact tliat the tennis 
ball not only resists change of 
shape, but has the power of 
quickly recovering its shape. The 
period during which the ball is 
in contact with the floor may be 
divided into two parts, one in 
wliich the ball is being more 
and more deformed, tlie other in 
which it is recovering its former 
shape. The forces exerted in the recovery are always 
loss than those called into play during the earlier portion ; 



Fig. 65. 
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in consequence of this the velocity of rebound is less than 
the velocity with which the ball strikes the floor* 

The laws of impact were investigated by Newton, who 

used apparatus simi- 
lar to that shown in 
Pig. 66. The two 
balls A 9 B hang side 
by side, just touching 
\ each other when the 

strings are vertical. 
One of them, B say, 
is dra^vn back to the 
position B^ and is 
then let go. At the 
bottom it strikes 
If 5 is large and A is 
small, then B will continue to move forward knocking A 
away in front of it. But if B is small and A largo, then 
B will rebound off A , and A will move slowly forward. 

The velocity with which A starts off after the impact, is 
proportional to the square root of the height to which it 
rises, and can tlierefore be calculated (t;^ = The 

velocity of B just Ix^foro impact and the vtdocity just after 
can 1)6 fouii’d in the same wav. To find these vekxjities it 
is usual to measure the horizontal distances througli 
which the balls travel. These distances are rm^asured by 
placing ])ehin(l /1,5 a mirror scale. From these distances 
the vertical fall can be found (see Example 1, p. J2i). 

The law^s obeyed are — 

(1) There is no change of momentum due to the iinpjict 
— the momentum lost by B is equal to that gained by A. 

(2) The relative velocity of the balls after impact bears 
to the relative velocity before impact a ratio which is inde- 
pendent of the initial velocities. 

128 . Conservation of Momentum. — The first law is 
general, and holds, whatever be the action between two 
bodies, it is deducible from the laws of motion. The 
action of 5 on >1 is always equal and opposite to tlie 
action of A on B. (Law III.) 


f I nriTnmMnm^ilin 


\B 




Pig. 66. 
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The change of momentum produced by 5 on >4 is there- 
fore exactly equal and opposite to the change in momentum 
produced by A on 5, for change of momentum is propor- 
tional to the force (or action) producing it (Law fl.). 
The total change of momentum is therefore zero. Newton’s 
laws therefore lead up to the general principle known as 
the Conservation of Momentum, which may be stated thus : 
If bodies in any isolated system act on one another in any 
way, the total momentum of the system is unaltered. 

129. CoeflBlcient of Eestitntion.— The ratio of the relative 
velocity after impact to the relative velocity before impact 
is termed the coefficient of restitution, or resilience, or 
elasticity. We shall use the first term only. This co- 
efficient is usually denoted by e. Newton’s experiments 
showed that the value of e was, for fairly wide ranges, 
independent of the velocities. It differs considerably for 
different substances, being nearly 1 in the case of glass 
balls, nearly 0 for balls of clay. It is, however, always a 
proper fraction. 

130. The Equations of Motion.— Suppose two balls of 
masses m, m! (Fig. 67) moving with velocities w, u' collide 
directly with one another, and that after impact their ve- 
locities are v, v\ Then if e is the coefficient of restitution, 


the laws of Article 127 give us 

mu + m'u' =: wv + wV (1) 

— — w') = w — e' (2) 


From these equations we can find v, v' in terms of m, m', 
tt, u\ and e. It should be 
noted that in these equations 
all velocities are measured in 
the same direction. This is 
indicated in the figure. 

Should the numerical values 
of w, u' be given as, say, 5, 

7 feet per second and the balls 
be travelling in opposite direc- 
tions, then we choose one direc- 
tion as positive, say that of the first, and write — 7 for ii 
ill equations (1), (2). 

P.M. 



8 
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131. Loss of Energy. — The Idnofic ouergy of tlie IhiIIh 
before impact is + hvi'ii'' = E say, 

and the energy after impact is 

say. 

Combining these equations with those of Art. 130, we 
can deduce the I'esult 




mm 


. {u — w')*. 



Fig. 68. 

the case of india-rubber* 


m 4* wi' 

This expression is always 
positive because e is always less 
than unity. Hence kinetic energy 
is always lost by impact. It 
appears again as heat energy, 
and illustrates the principle laid 
down in Art. G3 that wliatever 
action takes place available 
energy is always dissipate<l and 
degraded to heat. 

132. Experimental Methods of 
Finding e , — A convenient way of 
finding e is to drop a small ball 
from a kimwii height on a large 
horizontal block and note the 
height of rebound. Suppose the 
two heiglits are h, h\ tlnm the 
velocity just l)efore ijn]>act was 
V' 2 ( 7 *, the velocity after impact 

Hence e = , ■ 

\/2gh 

A convenient apparatus is 
shown in Figure 68. 

133. Temperature Effects.— 

The elasticity of a substance 
is dependent on its tempera- 
ture. This is easily shown in 
If a weight is suspended from 6 


Vi 
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rubber cord, the cord contracts if the temperature rises and 
len^dhens if the temperature falls. This experiment has 
been sai<l to show that rubber contracts when heated, but 
the real explanation is that rubber is less extensible when 
hot than it is when cold. 

A necessary consequence of this property is that rubber 
if suddenly stretched rises in temperature ; when allowed 
to contract its temperature falls. We shall not give a formal 
proof of the connexion of these two properties. 

Let us assume, however, the principle that “ an uncon- 
stmined system can never yield less to impressed forces 
than a constrained one.” If the rubber conducts heat 
perfectly it always remains at the temperature of its sur- 
roundings ; if it does not conduct heat at all it is to that 
extent constrained. It follows then from the principle 
enunciated that if temperature produces any effect at all, 
a rubber cord must yield less to a pull when stretched 
adiabatically than when stretched isothennally. Hence 
any temperature change caused by a pull increases the 
elasticity. 

134. Bending of Bods.-^If a straight rod is bent, the 
tibres on one side are lengthened and put in while 

tliose on the other side are shortened and ^^^wssed. 
Somewhere in the rod is a surface such that tM^Bbicles 
in it are at their normal distance apart. This sl^Be is 
called the neutral swrface'^m tho unstrained positiol^Bfche 
rod it becomes a plane surface. In a symmetrical 
neutral surface is perpendicular to the plane of be]||^k, 
and it will be shown later that the longitudinal axis ofl™ 
surface, called the neutral axis, passes through the cenffll 
of surface ♦ of each cross-section of the rod. 

It is evident that in every rod the amount of flexure 
produced by a system of applied forces must be dependent 
on the elasticity of the material of the rod, A rigid treat- 
ment of the subject is beyond the scope of this book, but 
the problem may be solved approximately by easy methods. 

* Some writerh call this point tho centre of gravity of the cross- 
section; but, since its existence and position are independent of 
^'ravity, it is better to call it the “centre of surface” ; just as in 
most cases it would be better to call the “ centre of gravity ” of a 
body its “ centre of uiass.” 
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135. Forces in a Rod supporting a Mass at one End.— 
//A i-et A BCD (Fig. 68a) 


Fig. 68a. 


////^ S repieaent ca medial sec- 

^///y ' ^ tion of a rod fixed well 

^///X^ B into the wall at AW 

^ ^ and suppoi ting at tKe 

^ end a mass J/. 

//// ^ P ~ c a cioss-section at 

yyy^ ^ EF. Let us now find 

y//^ Fig. 68a. Mq the forces which keep 

the pait EBCFin eqiu 
librium. A force Mg acts downwards fiom the end ; there- 
fore, acting upwards at the section ff, theie must be a 
sheai ing force S equal to the sum of Mg and the weight of 
the poition of rod EBCF. Those forces form a couple, and 
must be balanced by anoth» r couple. The only other forces 
which act on EBCF are the foicts due to the stietching 
and compresvsion of tlie filaments of the lod whidi pass 
aciass EF, The filaments in the upper poition of tlio 
rod aie in tension; the poition of a filament to the left 
of theiefore exerts a pulling force on the poition to tlie 
right of Similarly, a poition of a fil iment in the lower 
half dHBliod, and to the left ot £F, exeits a pushing 
force (I^We portion to the right of EF. These foices aie 
distrjijted as shown in the figure, and their resultant is 
a which balances the couple foi med by Mg 4- W and S. 

STfind the point P, wliichj ua-jmithcr in tension nor com- 
pjJpBiQjn — ie to find wTierethe neutral surface cuts the 
s^ion EF — take a little area a at a distanre y above P, It 
is easily proved that the strain at a is propoi tional to y. Thus 
the tensile stress on a Ls pioportional to y, and the force on a 
may be expressed by kay, whore A is a constant. The su m 
of the forces ^acting to the left is equal to the sum of tiie 
Torces acting to the right; therefore, counting tensile 


forces as positive and compies-^ive forces as negative, we 
get %kay = 0, from which it follows that Say «= 0, i e. P is 
at the centre of surface of the area EF. The neutral sur- 
face therefore passes through the centre of surface of all 
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cross;&cctioiis of the rQ(ijji|id the line iu t hq neu tral fiiirfaee, 
j6rninff all these centres of surface is the neutral axis* 

'(SbeAfOR) 

Let F denote the force on an area a situated at a distance 
y above or below the neutral surface. Then, taking moments 
around a line drawn through R perpendicular to the plane 
of bending, and denoting the bending moment at EF by 
wo get ^ = tkai/ = kl 


wheie I is the moment of inertia of the section EF about 
the line drawn through P perpendicular to the plane of 
bending. 

vl!35a. Relation between the Bending Moment at a point 
and the Curvature of the Neutral Axis.— I^t A BCD 

(Fig. 68fi) be a medial 
longitudinal section of 
a bent lod. jind EF. 

GH the traces of two 
cross-sections near to- • 
gether and perpendi- 
cular to the neutral 
axis. Since the rod is 
bent, EF and GH will 
meet at 0, which is 
therefore the centi’e of 
curvature of the por- 
tion PQ, Through Q 
draw kQM parallel to 

EF 

sidex^aj^^ out 
of the rod parallel to 
and at a distance y from the neutral axis^nd of original 
length ek and cross-section a. Its length now =» eg^ the 
elongation is therefore kg. Let Y = the Young^s Modulus 
of the material of the rod, then 

stress Force stretching the filament /a 



7 = 


strain 


kgjek 


_ Force/a _ Force/a _ Force . R 
ylOF " a,y 
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^foment of thih force about P i= 


Force vstretchiiig the filament ck — 

II 

/. ^lomeiit of thi^ force about P . 

Ik 

Moment of all tlie hori/.ontal trihsilo and coirpicHsive 
forces acting perpendicular to stction fF, about a line 
thiough P perpeinlicular to the piano A BCD 

A' Jl " A 

wlioro I is the moment of inertia of thecros^ section about a 
line throiigli R perpendicular to the piano A BCD. 

Denote the bending moment by />, then 



If \vc ir'glect the wt'ight of tfie part of the rod beyond 
Die s'‘(*lion in comparison with the load at the end, we can 
i'xpress 7? as M(j(l — t) where M is the mass supported at 
tlie end, / is the leiigtli of the rod and .r is the distance of 
tin* section from tlie support at the fixed end. We thus get 

0 i35b. Expression 

y for the Radius of 

ft Curvature of a Flat 

\\ Curve in terms of the 

\\ slope of the curve.— 

\\ Let APQ (Fig. G8c) 

\\ be a flat curve, P,Q 

" \ Y* two points on it near 

\ \ together, and AX, PS, 

\ \ QT tangents at A, P, 

\ \ Q. Let 0 be the centre 

\ \ _ and B the radius of 

curvature of the por- 
— — T*i ” tion PQ of the curve. 

in ti X Then, since tlie angle 

Pi go POQ is small, wo have 

B.lP0Q’=PQ. 

B X (difference in slope of tangents PS, QT) ’^PQ- 


Fig. P8r. 
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dx ax 


at P)-PQ = very nearly 


wliere MN is the projection of PQ on AX, 

Denote J/iV' by S.r. Then when P and Q are very near 
together we have 

iib Q p 

- = ^ = tho value of — ^ atP, 

Ji 6x dx^ 

since ^ is small. 
ax 

135c. Values of the Deflections obtained in special cases 
of Bended Rods.-— The expiation obtained in the last article 
applies to tho neutral axis in the case of bent rods in all 
cases where tho curve of tho axis Ls very slight. 

The equation of Art. 135a now reads : 

dhf 

the axis of x being taken horizontal and the axis of y 
vertically downwaids. 

Case I. Rod fixed horizontalh/ at one end . — Let length 
of rod exposed from sup[)ort = and load supported at 
the end = Jf , Take a section at a distance a from the 
support at the lixed end. Then wo have (by Arts. 135a 


and 135b)- 


yp _ 7 _ 

Mg ib? 


Integrating this we get 

1L^JL = fa- x)dx = 1* - ^ + a constant. 

To find the constant wc note that at A (tig. 68a or h) 

= 0, The constant is therefore zero. 
dx 

YI dy _ j (X? 

"Ifgdx' 2‘ 
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Integrating again ^ve got 

=:if + a constant. 

2 6 

To find the constant we note that y =* 0 when a: = 0, 
•*. the constant vanishes. 

•II « 

Mg ^ 2 G 

To find the depression of the end of the rod, put x - I, 
then denoting the depression of the end by 8 we get 


6) nf 


In the case of a rectangular rod of breadth h and depth d 
the aixa of cross-section «■ hd and its moment of inertia 
about a line through the neutral axis perpendicular to the 

plane of bending = x ^ 

12 12 

Mgl^ 


.\h = 


iMgn 


iY.bd^jVZ Y.bd^' 

Case II* Rod supported at its ends on knife-edges , — Let 

I « length of rod be- 
tween supports and M 
= the load supported. 
In this case (Fig. 68gJ), 
if we regard, say, the 
left half of the rod as 
embedded in an im- 
movable support, the 
right half behaves exactly as the rod in Case I., the force 
at the end being now upward and equal to Mgj^. The 
depression of the middle is therefore given by 

nv 
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If the rod Ls rectangular in section, with breadth b and 
depth d 

’ 1 Mgl^ M(/l^ 

^"48 * 

135d. Determination of Young’s Modulus from the 
Bending of a Eod. —A rcjd, A B (Fig. 68e), i.s raomited on 
two strong knife-edges, K K, plated a suitable distance 
apart. Standing on the inid-point of the rod is a small 
mm. or half-mm. scale, which is kept in position by a 
suitable balancing attachment, as shown in the figure. 
"Weights are placed in a scale-pan, hanging from a knife- 
edge which rests on the rod in the place provided for it 
immediately underneatli the scale. The scale is read by a 
small low-power horizontal microscope, furnished with 



cross-wires, fixed in a suitable position. To perform the 
experiment, the rod is placed symmetrically on the knife- 
edges, and the scale and the knife-edge carrying the scale- 
pan are placed in position. Keadings of the scale are taken 
as the load in the pan is increased by equal increments up 
to a suitable load (not sufficient to bend the rod per- 
manently), and as the load is decreased by the same steps to 
zero. Tiie readings should agree very nearly. The disUnce 
between the supporting knife-edges is then measured with 
a inrn. scale. It is the effective length of the rod, i,e, the 
I of the formula. The breadth and depth of the rod may 
be measured by vernier calipers. The experiment may be 
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rejieated with a different distance between the supporting 
knife-edges, and with the bar standing edgewise instead 
of flatwise. The observed numbers will show that the 
depression of the centre of the rod is a load, a P, and 
inversely oc b(P. The value of F can be obtained by 
substitution in the formula of Art, 135c, Case II* 

"l36e. Seaiie’s Method for the Determination of the 
"Young s Modulus and the Simple Rigidity of a Substance — 

The two ends of a wire JS (Fig. OS/') made of the suh- 
stauco under t(‘st are rigidly fasU‘ued into two holes bored 
through the middle of i wo exaef ly equal metal bars, /15, CO, 
of S(|uare or c*in*ular cros.s-seetien. Metal hooks are 
to the lueldle of th“se bars, aud the system is suspended 
bv means of equal pi(H*es of cot ton- thread attached to ilio 
hooks. 

When sn.speiided, A B and GO rest parallel. If nowiS and(? 

are brough t close i* together 
and relea.sed, tlm bars 
vibrato approximately 
about thoir mid points 
and the wire vibratos 
transversely, hemling 
from an approximately 
circidar curve on one side 
of the straight line join- 
ing its ends to a similar 
curve on the other side. 

Let us assume that the 
mass of the wire is negli- 
gible compared to the 
masses of the beams, that 
J and S remain fixed 
points, and that the wire 
JS is bent into curves which are arcs of circles. 

At any given instant let 0 be the angle through which 
each of the bars has been deflected from its position of rest j 
0 is also the angle between the tangents at the middle aud 
ends of the wire. 
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I-et i? = radius of curvature of the wire in this position, 

then R6 = ^ where I is the length of the wire. 

2 

The bending moment at the ends of the wire due to 

YI 

either bar is, by Art. 135c, equal to- whore Y = Young's 

R 

Modulus of material of wire, and I = Moment of mortia of 
cross section of wire about its diameter 


= ira? X \a^ (§ 76c) = J 
Substituting for R we get bending moment : 


^10 

I ' 


This is al‘^0 the value of the moment of the couple 
c:xei ted by the wire on each bar. 

Lot K be the moment of inertia of each bar about a line 
througli its centre of mass perpendicular to its length. 
Theufthe equation of motionjof eitlier of the bars is — 

’ r == ~ 

; k. . ' ' I ’ 

. •• a-<';|h.="«.o. 

Let Ti be the period of \ibj ation of the system ; then, by 

Al t. S5,r, = 2 nr \/ 0) 

Now lot the cotton threads be removed and AB clamped 
horizontally, so that JS bangs vertically supporting CD, 
Ret CD in vibration in a horizontal plane; by this means 
the wire will be set in torsional oscillation. Let be the 
period of vibration of CD ; then, by A it. 123, 

r,^2rr J ( 2 ) 


«7ra* 


where a = radius of cross section of the wire. 

We can use the saino K here as in (1) because the bars 
are square or circular. 


Substituting ~^^-for I in equation (1) wo get 




lir ^ 


2Kl , 

Ynra^’ 


or, 


SnrKl 


(3) 
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From equation (2) we get (as in Art. 123) 


( 4 ) 


All the quantities on the right-Iiand side of equations (3) 
and (4) are determinate, hence we can find Y and w. 

In performing the first part of the ex[H*rinu*nt it is well 
to set the system vibrating symmetrically. To do this the 
ends of the rods are brought together and a loop of cotton 
is thrown over them. To start the experiment, the cotton 
is burnt through. Tlie timing of l)oth parts of the experi- 
ments should be done by a chioiiomcter or stop watcli. 


Exami lcs IX. 


1. Two balls of mass 20 gnis., OOgrns. hang side by side suspended 
by strings 40 cm. long. Tlie liglitor one is drawn aside through a 
horizontal distance of 20 cm. and is set free. After the impact the 
large ball moves forward a horizontal distance 7*6 cm. Find e, and 
the velocity of the small ball after impact. 

Call the nails B; call tho angle through which the string is 
drawn 6, Then 

Sinfl = A 0 = 30®. 

40 

/. Vertical heiglit through which A is raised ^ 40 {1 - cos 3^"). 

/• velocity of A just before im[>act 

= V2*jh = Vi X 981 X 40 (1 - cos30) 

= 102 cm. sec.^l 

Similarly velocity of B just after impact = 38 cm. scc.^l 
By momentum 

20 X 102 = 20.T? + 38 X GO 
if X is tho velocity of A after impact, 

X = - 12. 

Hcnco A rebounds with a vel(x>ity of 12 cm. 80 c.”b 

To find e ; 

~c(102 - 0) =(- 12 - 38) 



2. A ball falls through a height of f50 om. on a piece of plate glass. 
Find the change in velocity and its loss in kinetic energy. 

\e = *7, mass = 2 grm.) 

3. Define simple rigidity ; and explain carefully how tho rigidity 
and the compressibility of a solid are connected with the elasticity 
to extension in a bar of the solid. 
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4. A lump of quartz which has boon fused is suspended from a 
quartz fibre and allowed to oscillate under the influence of the toitiion 
of tlic fibre. If the cocIBcient of the expansion of the material is 
0 '0000007 and the temperature coefficient of its rigidity is + 0*00013, 
how many seconds per day, or what fraction of a second per day, 
would a change of temperature of 1° C. make ? 

5. A spiral spring is stretched out to the 20*5 cm. graduation on 
a metro rule when loaded with a 10 grm. load, ana to 23*4 cm. 
graduation by a 12 grm. load. If the spring bo used to support a 
lump of metal (1) in air, (2) in water, the readings are 24*0 and 2r5. 
Find the mass and di?nsity of the metal. 

Extension produced by 2 grm. = 23‘4 - 20‘5 = 2*9 cm. 

„ »» »> mcfalinair = 24*0 - 20*5 = 3*5 cm. 

• *. Weight of metal = 10 X 2 — 12*4 grm. 


Extension produced by metal in water 

= 21 -5 -20*5 = 1cm. 

Weight in water = 10 + X 2 = 10*7 grm. 

fjoss of weight = weight of water displaced ~ 12*4 — 10*7 grm. 

= 1*7 grm. 

.*. Volume of metal = 1*7 c.c. 


.*. Density 


12*4 

1*7 


grm. per c.c. 


Hence density 
mass 


= 7*3 grm. per o.c. 
= 12'4 grm. 


6. A metal disc 10 cm. radius, mass 1 kg., is suspended in a 
horizontal plane by a vertical wire attached to the centre. If the 
diameter of tlio wire is 1 mm. and its lengtli 1*5 m., and the period 
of torsional vibration of the disc is 5 seconds, find tlie rigidity of the 
wire. 

7. Taking Young’s modulus for steel as 2000 tonnes per sq. cm., 
find the lotid required to stretch a wire 10 m, long and 1 mm. in 
diameter through a distance of 5 cm. 

8. A spiral spring carrying a load of 600 grm. vibrates three 
times in two seconds. What is the extension which the load pro- 
duces? ((7 = 980 cm.) 

9. A brass wire, 1 s(i. mm. in section, 5 metres long, is stretched 
through a distance of *5 cm. Find the average pull required to 
produce this elongation and the total work done, (Young’s 
modulus = 800 tonnes per sq. cm.) 
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10. A watch has a n<>ii-ooniix‘nsivtod brass balance wheel and a 
gteel balance sprin^^. Jlow many seconds will i( lose per day for 1° 
rise of tomperaturo if the ooellicient of linear expansion of brass is 
18 -r 10^*, and if Young's modulus for steel at t°Q, is 

2xl0i>(l-j|)! 

11. Give some explanation of the fact tliat a body subjected to a 
sudden increase of pressure w ill rise or fall in temperature according 
as it expands or contracts on heating. 

Describe an example of the phenomenon. 

12. A mass of 1 kilogramme is 8u.‘'p(‘n(h'd bj^ an india-rub])er 
cord, which then has a length of 1 metre and a diameter of 5 milli- 
metres. The time of vertical vibration is found U) be Do seconds. 
Find the modulus. 

13. If one b(Mly impinges (*n anotlicr wliieh is at rest, what are 
the relations between the momenta, (f>) tlie energies of the 
system before and aft{ r ini]>aet ? 

In order to drive in a pile of 12 owt. mass, tin' mean i(*sistancc to 
penetration being 2 tons weight, an imdastic miss of 4 ewt. is 
allowed to fall from a height of It) feet upon it. Calculate tlie 
distance* through which the pile will driven at each blow, 

14. Detiiui tlie coetiicient of rigidity of a substance, and explain 
how to determine it experimentally, proving any tormulae used. 

lo. State tlie various laws which express the resistaiu-c of solids 
(1) to linear extension, (2) to lim‘ar compression, (.3) to torsiiin. 

l(j. A vortical rod, 1/5 ft. long, G .sq. in. sectional uku, carries a 
weight of 30 bins. It is stretched 1 in. by the load. Find tlie 
numerical values of the stress and the strain. 

17. Show that the dimeiisio'.s of the eipiatioiis in Articles 131, 
135 are correct. 

18. Maxw'ell’s vibration ne<‘dlc consisted of a hollow tube 
suspended hf)rizontally by a torsion wire. 4’his tube could be filh'd 
by four equal cylinders each of length /, two of which were solid, 
and two holhjw. If wixs tlio time of vibration when the two 
hollow cylinders were in the middle and tlie solid (;ylinders at the 
ends, and L, the time when the ix>sitions were intorelianged, tind an 
expression for the couple rcquircil to twist the wdro through unit 
angle in terms of and the ma.^.ses and lengths of the ojTinders, 

(t'oT further examjAes on this cJuipter see M iMceilufie.ous ExampleSf 

p, £5S.) 



CHAPTER X. 

GKAVITY. 

136. Galileo’s Experiment.— Aristotle fmiglit that bodies 
fall at rates depending on their weights : that the lieavier 
a body tlie faster it slioiild fall. This doctrine passed un- 
disputed till the time of Galileo (1690), who asserted that 
all bodies fall at the same rate, unless they are so light as 
to bo im])eded by the air resistance. To prove his state- 
ments ho dropped two different weights from the top of the 
leaning tower of Pisa. These started simultaneously 
and reached the ground simultaneously. The guinea and 
feather experiment shows the same thing. Drop the two 
together and the feather iloats more slowly doAvn through 
the air, but in a vacuum they both fall together. The reason 
that the acceleration of a falling body is constant is that 
tlie weight of a body is proportional to its mass. The weight 
of a two pound mass is twice the weight of a one pound mass. 
Hence the force causing a two pound mass to fall is twice 
the force causing a one pound mass to fall ; but the mass on 
which it acts is also twice as great, so that the acceleration 
is the same in the two cases. This experiment of Galileo’s 
is a proof that weight is proportional to mass. A variation 
of it is to show that the time of swing of a pendulum 
bob is the same whether the bob is hollow or filled with 
material of any density. This method was originally used 
by Newton. Galileo further illustrated his point by 
rolling bodies down inclined planes, showing that the 
acceleration, though dependent on the dimensions, &c., of 
the rolling bodies, was independent of their masses. 
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137. Methods of Finding g . — Tlie acceleration of a falling 
body is usually denoted by g. Its value is different in 
different parts of the earth, being greatest near the poles. 
To determine it is not nearly such a simple matter as to 
show its constancy at any particular place. A very rough 
estimate of it may be found by dropping a leaden bullet 
through a height of sixteen feet. If the bullet be let go 
at one tick of a pendulum beaiiiig half-seconds, it will 
reach the ground on the next tick but one. The method 
is obviously not susceptible of any accuracy. The in- 
accuracy is not decreased by taking a larger fall, so that 
other methods have been devised. The pendulum gives us 
the l^est measurements, but other methods give reasonable 
results. 

138. Atwood s Machine. — This machine is shown by the 

diagram, Figure 72. The 
two equal masses P, Q are 
connected together by a light 
silk thread passing over a 
pulley-wheeL To avoid 
friction as much as possible 
the axle of the pulley is 
supported on friction wheels. 
These are shown in Fig. 70. 
A rider R (Fig. 71) may be 
plac’cd on the mass Q, This 
causes Q to descend and 
pulls up P. 

The motive force is the 
weight of R ; the mass 
moved is the sum of the 
masses of PyQ,R\ to this 
sum we must add a constant 
w, which represents the in- 
ertia of the wheel system. 
Denote the mass of P (or Q) 
and /? by jp and r. If / is the acceleration, then 

TJ = (2]) + r 4- w)/. 
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Now repeat ilie experiment, using different masses 
but the same rider. We get 

2y + r + w 

wlieuce 2 (jp' — _p) = rjr “ j)' 

a result wliieh docs not involve the constant w. 

Now tlie accelerations /, f can be measured, for the 
motion is made slower than that of a body falling freely. 

For convenience of starting and stopping the system 
two platforms A , 0 are arranged, A near the top, C towards 
ihe bottom. A can be released and then falls Hat 
against the standard. 5 is a ring, adjustable in height, 
through which Q can pass freely, but which catches the 
rider R and removes it. 

In using the machine, the mass Q with the rider resting 
on it is suf)ported on the platform A (Fig. 72). The plat- 
form is allowed to fall, and the system then moves with 
constant acceleration till the rider is removed by the ring 
B, when the velocity becomes constant. 

The details of the ex])eriment can be varied considerably. 

Perhaps the simplest way is to take the time of Q in 
falling between the ring and the lower platform. This 
may he done by means of a stop watch, water clock, or by 
so arranging the position of ring and platforms that the 
system starts at one tick of the seconds pendulum, reaches 
the ring at another tick, and strikes the bottom platform 
at a third. Suppose the distance's Ixjtween A and B and 
between B and C are a and c respectively, and that the time 
from A io B t seconds, and the time from to C is 
T seconds. Then, assuming that the acceleration (/) is 
uniform, we have 

and if v is the velocity on reaching the ring, 

=: 2/a. 

The time taken to travel the distance c is - = T. 


9 
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whence 


• • ijT 2 


= 2/a, 



139. Notes. — (1) The inertia of the piOhy wheel may bo calculated. 
If its moment of inertia is Alh^ and its radius b, when the mass Q 
has descended a distance a the work done by gravity is rya. If v 
is the velocity of the system, its kinetic energy is 

This must be equal to the work done ; 


= 2 


rgs 




Hence the motion is the same as if the wheel were massless and 

11 2j2 . 2.3 

the mass 2p + r increased by a mass M-—. ».e. w = ^/t-r. 


(2) The friction has been neglected. To eliminate this, find by 
experiment what mass placed on Q will, when the system (without 
rider) is set in motion, just keep it going. Add this mass to Q 
permanently. 

The effect of friction may be eliminated by the following series of 
experiments. Call the retardation produced by friction a. 

(a) Use a load 2p and rider of mass rj 


{2p + rj + ic) (/i + a) = r^g. 


(h) Use the same load 2p and a rider of mass rg. 

The frictional retardation will still be a, bcciiiise the load resting 
on the axle is practically unaltered by substituting one small rider 
for another ; hence 

(2^ + ^2 + w) {fi -f a) = Tig. 


Eliminate a from these equations : wo get 




r n. . 

[2p + rj + m; 


. !i ] 

+ ^2 -f- 


( 1 ) 


(c) and (d) are repetitions of (a) and (6), but with masses 2p* and 
riders r 3 , : wo shall get 


^3 -/«=?( 


^ + r j + t4; 2p' 


} (2) 
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From equations (1) and (2) wo can eliminate w and so find g. 
The weights of the riders aro always small compared with those of 
P and Qy so that we may write (1) in the form 

i.e. ^>p^w=^g-} — 

Ji ~“J2 

{Similarly from (2) we get 

v + u; - 

• /a "“/4 

wliciico g— V 

ri - r.i __ ? j - 7-^ \ 

f\ “/a /a "■yi 

(3) The weight of the string first retards the motion, ^ 
hut aoeelerates it when more than half of the string J 

has pd.s.s(‘(l o\ er to the side on which Q is. Its elFect > 

is generally iK'gligiblo compared with other crrois. ( 

Atwood’s machine is an early attempt to find g^ \ 

and is not without interest. The value of the method ^ 

is howe\ er very small. ^ 

140. The Falling Plate. — This is a direct ^ 
method of finding g. A smoked plate of glass ^ 
is allowed to fall freely with its plane vertical. \ 

As it falls its surface is touched by a liglit 
spike on one of the prongs of a vibrating \ 
tuning-fork. The spike traces out a wavy ^ 
lino on 1h(^ smoked surface (Fig. 73). The 
length of the wave is small at first and ^ 

gradually increases. The period of the wave Cl 

is constant and equal to that of the fork. 

This can be determined accurately. The ^ 
distance travelled by the plate in an exactly 
measured interval of time can therefore be 
read off from the tracing. Two such measure- ? 
ments suffice to determine g. Fig. 73. 

Suppose the frequency of the fork is n j that 
the distance travelled in a undulations is and the 
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distance in tlie next a undulations is Then, If u was 
the velocity at the beginning of the first a undulations, 



141. The Pendulum. — None of the methods described 
is of any great practical use. The only methods used for 
finding g are pendulum methods. The theory of the 
pendubim has been given in Chapter VII., and it is not 
necessary to discuss it further. 

142. Borda’s Pendulum. — ^^Fliis was an approximation to 
a simple pendulum. It consisted of Ji heavy platinum bob, 
spherical in shape, supported by a long, fine wire. The 
axis of suspension was a knife-edge. 

Suppose a was the radius of the bob, I the distance frojii 
the knife-edge to the centre of mass. 

The moment of inertia of the bob — jff , . (Art. 76 ) 

o 

The mass of the wire was small, so that its moment of 
inertia was neglech'd 

The period was given by the relation 

5 (Art. 92.) 

Borda used this pendulum to find the length of the 
seconds pendulum at Paris. 

Another method of finding g is by timing tho oscillations 
of a uniform brass rod about one end. If its length be 1, 

■ 



then 
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143.’ Reversible Pendulums.— One of the greatest ad- 
vantages of Kater^s pendulum (Art. 94) is that the only 
measurement in which great accuracy is required is that 
of the distance between the knife-edges. Knife-edges are 
definite and at places easily got at. The exact position of 
the centre of gravity of a pendulum cannot be readily 
found, and hence the use of the formula 

f — 27rA/ ^i+ 

^ ig 

involves the risk of considerable error. Of course Z, the 
distance from axis of suspension to centre of gravity, can 
1x3 calculated in certain cases where bob and rod are of 
definite shape, but want of uniformity in the material 
renders the method untrustworthy. In Kater^s pendulum 
the sliding weight is moved till the times about the two 
axes are exactly equal. A somewhat easier device can be 
used which does not require such exactness. Suppose a 
pendulum is built after Kater’s pattern, but without the 
sliding weight, the knife-edge being so placed that the times 
al)out the two knife-edges are very nearly, though not 
quite, equal. Let the times be Zp and the distance of 
the centre of gravity from the edges Zj, Z^. Then if h is 
the radius of gyration about the centre of gravity we 
have 



/. = i,’ + k\ + fc*. 

Let Zj — Z -f- Zg — Z — 5 

then -f-, { {I + —(I — 

•• 21 2 * 


9 
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If + Q = <, and i(t^-t^)=zT, 

<j + _j_ 2^ _ Stt* 

I X g ' 

Here t’ can always bo neglected in practice, and t is so 
small that z need not be found accurately. 

144. Bepsold’s Pendulum is built on this principle. It consists of 
a rod in which arc fixed the tw'o knife-edges, and on eacli end is 
placed a cylindrical bob, one of wdiich is solid, the other liollow. 
Externally, how’ever, they appear alike, so that the whole pendulum 
is symmetrical in form. The knife-edges are equiilistant from the 
centre of symmetry, but at dillerent distances from the centre of 
gravity. 

145. Effects of the Air. — The period of a peiululuni is 
affected by the air. In the first place the air buoys up the 
pendulum. To correct for this we must reckon tliat tlio 
weight of the pendulum is diminished by an amount equal 
to that of the air displaced. 

Du Buat discovered that a pendulum bol) carried with 
it a portion of the surrounding air. This makes a differ- 
ence in the time of swing, and must therefore be reckoned 
with in dealing with ordinary pendulums. In a Kepsold 
pendulum, however, no correction need be made if the 
observations of the times about the two axes are made at 
times when the density of the air is the same : for in this 
case the pendulum is symmetrical, so that the mass of air 
carried is the same in the two observations. 

The resistance of the air tends to increase the period, 
but this effect is not important. 

An experiment, due to Sir James South, clearly indicates that air 
is carried along with the poiidulum. He attached to the spherical 
bob a piece of gold leaf which stuck out perpendicular to the surface. 
As the pendulum swung the leaf was not deflected, but remained in 
the same position, showing that the pendulum dragged the layer of 
air along with it. 

148. Errors. — (1) Temperature. Several errors must 
be avoided or eliminated. In the first place, if the tem- 
perature changes during an e.xperiment the length of tho 
pendulum alters, thus affecting the period. To avoid this 
mistake care must be taken to keep the temperature con- 
stant while the rod is swinging and being measured. 
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The air effects are also dependent on temperature. 

The scale used to measure the distance between the knife- 
edges must be corrected for temperature. 

(2) Vibration of the support. If the support on which the knife- 
edges rest is not rigidly fixed it will vibrate in harmony with the 
pendulum, and the period of the pendulum will be dependent to 
some extent on the natural period of the support. The eflect of 
this yielding of the support is virtually to make the centre of 
suspension cither above or below the knife-edge. 

In the case of an ordinary watch the balance wheel takes the 
place of the pendulum ; the wheel is supported by the case. If, 
when the case is fixed, the watch goes correctly, it will not go 
correctly if hung from a nail. Lord Kelvin (Popular Lectures and 
Addresses) suggests some experiments which may be tried on a watch. 
Support it with the face horizontal by three strings attached to the 
frame. Each of these strings may be a yard long. The other ends 
of tlie strings are fastened to the lower side of a horizontal shelf 
and ft)rm an equilateral triangle. If this triangle is large, the 
watch is practically fixed and so goes at its normal rate. If the 
ends of the strings are closer together and form a small triangle, 
the reaction of the balance wheel on the rest of the watch sets up a 
motion of tlio wliole, and thereby affects the rate of the watch. 

(3) A correction must bo made for the curvature of the knife- 
edijes. 


147. Method of Coincidences. — This method of com- 
paring the times of two pendulums is applicable if the 
period of one is nearly equal to, or nearly a submultiple 
of, the period of the other. The pendulums, which we 
will call A and B, are placed one (^) in front of the other 
(fi), and are arranged to swing in parallel planes. They 
are conveniently observed by a telescope. On the further 
pendulum (fi) is a conspicuous mark, and the field of the 
telescope is confined in such a way that this mark can only 
be seen when 5 is in its equilibrium position. When A is 
also in its equilibrium position, it hides the mark. 

Suppose the pendulum A has a period slightly less than 
that of By so that A swings, say, 301 times while B swings 
300 times. Imagine the two were started off together from 
the equilibrium position. On returning to this position after 
the first swing, A will be slightly in advance of By so that 
the mark on B can be seen through the telescope as it passes ; 
at the next swing A will have gained still more. A will 



136 


QEAVITY. 


continue to gain on B till after 301 swings it will have 
just caught up B, which has only swung 300 times. At this 
passage the mark on B will bo liidden by /4 . Hence the 
periods are compared. (See Example 2, p. 149.) 

In finding the length of a seconds pendulum, the pen- 
dulum is placed in front of that of a clock beating seconds. 
The two are set going together, and the interval between 
two consecutive coincidences is noted on the clock. 

148. Methods of Comparison of the Values of r/ at 
different Places. — The value of g varies with the locality : 
in genei'al g is less at the equator than it is near the poles. 
This variation is duo partly to the shape of the earth, 
partly to the fact that the earth is rotating. In order to 
find g at any place (Jf, .say) one of two methods is usually 
employed. The first is by a determination of the exact 
length of the seconds })endulum at the place X ; the other is 
to take to a pendulum the j)eriod of which is accurately 
know'll at some place where g is also accurately known- 
say at Kew — and to compare its period at X with its ixjriod 
at Kew. 

The second method is perhaps the better, though it re- 
quires some care to eliminate errors due to change (owing to 
temperature or other causes) in the length of the pendulum. 
For this purpose a pcmdulum lx*ating half-seconds is con- 
venient, for it is only one quarter of the length of a seconds 
pendulum and therefore much less cumbrous. For im'thods 
of comparison there is, of course, no need to know what 
the actual length of the pendulum is, so that an ordinary 
pendulum clock could be employed. 

149. Gravitation, — All bodies fall to the earth with the 
same acceleration : from this it follows that the weight of 
a body is proportional to its mass, or that the attraction 
exerted by the earth on any body is proportional to the mass 
of the body. Newton extended this simple law, and gave 
in finished form the doctrine of universal gravitation. Ho 
was led to discover this law by his work in astronomy ; 
before explaining his reasoning it will ho well for us to 
review briefly tlie position of astronomy before his time, 
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Copernicus (born 1473) was the first to prove that the 
motion of the heavens was apparent only : that the stars 
were really at rest, that the earth moved round on its axis 
once a day and journeyed round the sun once a year. He 
pointed out, in fact, tljat the centre of our world was not 
the earth, but the sun, and that the earth was merely a 
planet like Jupiter or Mars. He believed the Ptolemaic 
doctrine that circles described round fixed or moving centres 
were the only paths that planets could have. 

150. Kepler (1571-1630) tried to extend the work of 
Copernicus and to g('t more information about the Ptolemaic 
circles. He was ai<led in his attempt by the accurate ob- 
servations which Tycho Brahe had previously made. He 
finally found that the motions of the planets were not 
com])osod of circular motions at all, but that each planet 
revolved round the sun in an ellipse. 

Kepler’s Laws. — 1’hree laws are known by his name : 

I. The path of a planet is an ellipse of which the sun is 
one focus. 

II. If a line be drawn from the sun to a planet, then as 
tin) j)lanet moves round the sun this line sweeps out equal 
areas in equal times. 

III. The square of a planet’s year (i.e. its time of revo- 
lution round the sun) is proportional to the cube of its 
distance from the sun. 

These relations are not quite true. The deviations, how- 
ever, are very small; and are due to the fact that the 
planets disturb one another in their orbits. 

151. Isaac Newton (1642-1727) was acquainted with 
the results of Kepler’s work. He also knew the three 
Laws of Motion, discovered by Galileo and clearly enunci- 
ated by himself : 

(1) Every body continues in its state of rest or uniform 
motion unless acted on by a force. 

(2) Change of momentum in a body is proportional to 
the force producing it and is in the direction of the 
force. 
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(3) To every action (or force) there is an equal reaction 
in the opposite direction. 

These were the foundations on which tlie theory of 
universal gravitation was built. 

162. Newton’s Deductions from Kepler’s Laws.— From 
the second of Kepler’s laws Newton showed that it 
followed as a necessary consequence that the only force 
acting on a planet was a central force tow^ards the sun, 
i.e, that the force which retained a planet in its orbit was 
a force in the line joining sun and planet. This was a 
great step forward : it swept away the theory of vortices 
in which Descartes had enveloped the universe to account 
for the motion of the planets. No tangential force was 
necessary to account for the permanence of the motion. 
From the first law Newton proved that the magnitude of 
the central force between sun and planet must vary 
inversely as the square of the distance between the two. 

153. The Motion of the Moon. — The moon travels round 
the earth once a month. Its patli is nearly a circle. To 
retain it in its orbit a force is iiocessary. The question 
occurred to Newton, Was this force of the same nature as 
the force which makes an apple fall? If so, then the 
acceleration of a stone towards the eartli must be 60^ 
times the acceleration of the moon towai’ds the earth, for 
the moon is 60 times as far from the earth’s centre as we 
are. The moon travels round the earth once in 27 3 days. 

Hence its velocity is niiles per hour, B being 

equal to the radius of the earth in miles. The ac- 
celeration of the moon towards the earth is therefore 

r miles per hour per hour. 

V27*3 X 24/ 60/^ ^ ^ 

This acceleration = ~ X 32 ft. see.”®. 

That is to say the acceleration due to gravity at the 
surface of the earth is 60’ times as great as the accelera- 
tion of the moon towards the earth. 
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This is the problem which was worked out by Newton. 
At first, however, his results were not satisfactory, for he 
did not know the radius of the earth, the received value of 
it being too small by about 12 per cent. Later, however, he 
heard of a fresh determination of the size of the earth 
made by Picard in Paris. He made the necessary correc- 
tion and found agreement. 

164. Attraction due to a Sphere.— There was also 
another difficulty to be removed. Take tlie case of the 
earth and a body near its surface. It would not be right 
to assume without proof that the earth may be replaced 
by a single particle of equal mass situated at its centre. 
The proof was given by Newton. He showed that the 
attraction exerted by a spliere of uiiilbrni density or of a 
sphere made up of concentric sliells each of uniform 
density was the same as if the whole mass were concen- 
trated at the centre. The like result does not hold for 
figures of other shapes : thus tlie attraction exerted by a 
cube or an ellipsoid is different from that due to a single 
particle of equal mass placed at its centre. 

A formal proof of this proposition was necessary before 
the law of the inverse square could be extended from the 
attraction between celestial bodies to the attraction 
between the earth and a body near its surface, 

Newton also showed that a spherical shell of uniform 
density exerted no forex) on a particle placed within it. 
It follows from this that the attraction at a point inside 
a homogeneous sphere is directly proportional to the 
distance ol' the point from the centre. 

155. The Law of Universal Gravitation.— This may be 
stated as follows : Every particle in the universe attracts 
every other particle with a force directly proportional to 
the product of their masses and inversely proportional to 
tlie square of their distance apart. Thus if two particles 
liavo masses m, and are separated by a distance d, 
they attract one another with a force proportional to 
mm' 
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We may write this if we please, 

f =* I, . 

X is a constiint which is iniloj^einleiit of the nature of 
the masses. 

Newton’s Law deals with particles. In questions of 
astronomy the heavenly bodies are so far apart tliat we 
may look upon them as mere punts, c-r re^^ard their masses 
as concentrated at their centres of j^ravity. 

156. Variation in g due to Rotation of the Earth.— As 

the earth rotates tliere is a tendency for bodies on its 
surface to be tluni^ ofi‘, and were the rotation siilfi(‘iently 
rapid the j^ravitational attraction would not suffice to 
prevent it. The teinhuicy is t^uxuitest at the (Npiator, 
where tlie velocity is j^uvatest, and 1(ms1 n(‘ar tlie j)oh*s. 

For the present ^\e may re^^ard the earth as a sphere of 
radius (r) 4,000 miles : the p-avitational ))ull on a body 
will on this assumption l>e the same at all points of tlie 
earth. Call this judl on a one pound mass y poundals. 
liOt 0) be the an^ndar velocity of the earth about its axis. 
Suppose the one pound mass is susj)ended by a sprinj^ jit 
some place on the e^piator. The forces ;udin^ on the mass 
are the tension ir of the sjirini^ and the pull 7 of the eartli. 
Togetlicr these give the mass an acceleration rw^ towards 
the centre of the earth. 

7 — w -=■ rar 

= 4000 xl760 x 3 x f.,, - 7 .y 

\2i X bO X 00/ 

= 112 ponndals 
w = 7 — ‘112; 

f>. the apparent weight at the equator of a one pound 
mass is loss than its true weight by about *112 poumlals, 
or about I per cent. 

Now consider a place P at latitude X (Fig. 74 ). 

The plumb line will no longer Ik) vertical and point to the 
centre of the earth, but will lx* iiiclincHl to tlie true vortical 
at a small angle. Adopt the same notiition as lieforo. 

Itesolve along the vertical line PO. 
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y — w cos 0 acceleration of the one pound mass 
towards 0 


= (r cos cos X, 
for the acceleration of the mass 
PC(o^ = r cos \.to^ 
and is direcU'.d towards 0. 
jleiice — w cos 6 cos 
N(»w the deflection of the jflumb 
line from the vertical is very small, 
so tliat we may consider cos 0 to be 
e(jua.l to unity. 

This gives 7 — k; = ru)^ cos *X 



or w nz 7 — rttr cos “A,. 


157. The Bulge at the Equator.—The centrifugal force 
called into })lay by tlie earth’s rotation is not the only 
cause wliich mak(‘s the value of gf to change from place to 
place. Newton pointed out that unless the earth was 
extremely rigid its rotation must cause it to bulge out at 
the equator and to k'. flattened at the poles. 

The (Mjuatorial radius of the earth is longer than the 
polar radius by about tliirtecn miles; hence bodies on the 
e<|uator are further from the centre of mass of the earth 
than the bodies at the poles, and therefore the attraction 
exiTted on a pound mass is less when the mass is at the 
equator than at the pole. The effect of the increased 
distance is not counterbalanced by the proximity of the 
bulge. 

The relation g = 980*61 — *025 cos 2 A. gives approxi- 
mately the acceleration due to gravity in cm. per sec. per 
sec. at a place the latitude of which is A. The constants 
in this formula have been found by direct experiment. 

158. Variation in g due to Altitude.— The acceleration 
due to gravity at high altitudes is perceptibly less than at 
sea level. 

Suppose a balloon at a height A, and suppose that the 
acceleration duo to gravity on the earth’s surface is g 
and in the balloon is jf'. Then we get 
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1 



Combininfif this with tho reliitiou given in the preceding 
article we get the ex 2 >ressiou 


(080 (>1 - O-JS cos 2X) 

as a ^oiioral exj)r('ssion for flio accolonit.ioii «liio io t'vavity 
at a lioii'ht h aliove st'a level in a pluoi' of Latitmlo A. 

The iurelenition due to ^^ravify on tho top of a inoiinfaiii 
is de{>endent on the (dlVet produced l>y tho mass of the 
mountain. Tho formula adopted I>y tho Jhninl of Trado 
iu tliis case is 

g = g,{\- -002.57 cos 2X) (l - J 'ij, 

wlioro is tho value at a place of latitude 45^^, 

zz ySO'Ul cm. see.''^ (Everett’s Units and Constants.) 

159. Variations in (/ at Depths below the Surface of 
the Earth. — The attraction due to a uniform splien'. at any 
p<nnt vvitl)in it was shown by Newton to be directly pro- 
portional to the distance of the point from tho centre. 
The earth is not a sphere of uniform density, so tluit we 
cannot ex{)ect the same re.sult to hold for tho attraction 
exerted by the earth on a l)ody below' the surface. As a 
matter of fact the w^eiglit of a body was shown by Sir 
George Airy to be greater at the bottom of a mine than at 
the surfiice. The result was obbiined \yj pendulum ex- 
periments carried out in the Harton Colliery in Durham. 
This mine was some 1200 feet deep* His results liavo 
been confirmed by later experiments carried out in deejKjr 
mines. The reason that g at first increases with the depth 
is that the central portions of the earth are much denser 
than the crust. 
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180. Shape of the Earth. — The earth may be showu by 
methods of surveying to be very nearly an oblate spheroid. 
Any section of it through its axis of revolution is an ellipse. 
The length of a meridian circle drawn across the equator 
tljrough the poles is about 40,008,000 metres. This differs 
by eiglit kilometres from the supposed length of the arc 
from which the definition of the metre was derived. 

Arc from polo to equator = 10,002,000 metres. 

The equatorial circumference = 40,007,000 metres. 

The equatorial radius is 0,378,300 metres long, the polar 
radius is 0,356,500. 

161. Gravitation Constant —In the law of gravitation, 

jPrz the factor G is not easily determined. For 

most purposes its value is not important. Its determina- 
tion brings with it a knowledge of the density of the 
oartli (A). Tlu're are two ways in which it may be found: 

(1) The first invohos measuring the attraction which a 
porti(»n of the earth— ^.r/. a mountain range— of known 
constitution exei*ts on a pendulum. 

(2) The s(‘cond metliod was first used by Cavendish. It 
('oihsists in measuring by torsion balance or other means 
th(^ attraction of two small masses for one another. 

Tidal Method. — A third method of linding 0 is by m<‘asiiring the 
attraction (»f the m«a.s.s of water brought up by high tide into an 
pijtiuiry. This alters the direction of gravity at an observatory 
north or south of the cj.'stuary and so alt^s its latitude. Its great 
advantage over the mountain method is that the density of the 
water is kruuvii quite accurately: so is the thickness of the slab of 
\ya^er. The shape of the estuary is determined by careful survey. 

162. The Mountain Method. — In 1735 an expedition went 
out to Peru to measure the length of a degree of longitude 
ill that place, the object being to determine the figure and 
dimensions of the earth. Bouguer, who went with the 
expedition, attempted t^ find out how much Mount Chim- 
borazo drew the plumb line out of the vertical. His 
attempt met with fair success, though not much reliance 
could be placed on the value of 0 or A obtained from his 
results. Practically the same method was adopted by 
Nevil Maskelyne some forty years later. He experimented 
at Mount Shiehallien. 
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163, The Shithallieu Experiment.— two places ^ ami B 

are selected, A bein^ duo north of B, Tiio arc AB 8iil>teiid.s ati 
angle to the centre of the earth which is aj)i)roxiiiiately cMpial to 


6400* 


where d is the distance from ^ to 5 in kilotnetres, and the 


angle is iiioasurecl in circular measure. This angle is generally 
CH|ual to that between two plumb lines, one hung at /I, the other at 
8; but if any large muuntaiii nuuss intervene betvvec'ii A and 
then the two lines may be deileeted t-o a sh^Iit extent. 'J’o int asuro 
the angle between the verticals it i.s sulli< ient. to determine the 
ditlereiiee in latitude ln‘t\\<‘en A and B. 
'I’liis may bo done with gn-al aeeiiraey by 
d(‘termining the altitude ot the p<»h‘ star. 

In the Shiehallu'n e\]»eriment it was 
found that the angle .sulitended at theeintre 
of the earth hy the are joinmg the two 
seh'eted ])lae4‘a w.is ahout dO seeoiuls. 'I’he 
ditlenuieo in latitmle (*!)tanHsl b\ a‘4t(e 
nomieal re<idings v\as alwmt J2 si'<-oii<ls 
greater. Tlii.s piaetieilly ne'.ins that tin* 
ih.UnS of till' nioui.taui delhM led a pliinil> 
line on each s:<h‘ ol the mountain l>y al>oul 
0 s« ‘(Minds. 

'riieso readings alToid a eomparison lu'- 
twetn tlu' atlra<tion due to the mountain 
an I that diu' t«» the (*arth. 'Dit' mass of the 
mou itain can be (estimated ; h« le (‘ that of the i aith. 

'1 in* experiment is easily imagim d, hutditlieiill to carry out. It 
is Ncry lull’d to e.stimato eoireelly the ma.s.s of the moiiutam. The 
experiments have he(‘ii repeattxl at other plaee.s, but exact agiee- 
ment ifi not obtaiimd. 

Mount Shiehallien is in the south of tin* (Irampiaius in Pi rthshiie. 
It wa.s selected hy Ma>k<I\ne because its g« olngieal eoiustitution 
was fairly simple. It is a ndge of a^diist leet high, running 
east and west. 



164. Cavendish’s Experiment. — Ilenry Cavt^iidisli was 
associated with llaskelyuc in the Hliioliallitm t'xj>eriuieut. 
He afterwards measured the density of tlu? earth l>y 
measuring tlie attniction l>etw(vii two balks of h'ad. His 
apparatus is shown in Figs. 7b, 77. 

Cf D are two heavy balls of lead (12 in. in diameter) 
suspended from a l:)eam PQ, This beam could be made to 
rotate through any angle about the vertical axis XX. 

Beneath this beam is a lighter rod /?5, suspended by 
a torsion wire T*. Prom the ends of this were himg two 
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Fig. 76. 
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small balls of lead /1, 5 (2 in. in diameter). The centres 
of the four balls A BCD all lay in the same horizontal 
circle of radius about 3 feet. 

A plan of the apparatus is shown in Fig. 77 : a« are 
screws supporting the case. 

The method of experiment was as follows : — 

The beam PQ carrying the heavy balls C, D was first 
turned round the vertical till its direction was at right 
angles to that of the light rod RS. The torsion wire was 



then without twist. The exact position of the line joining 
A, B was noted. 

The beam was then swung round till the balls C, D moved 
into the position C, O' (Fig. 77). The attraction they 
exerted on the lighter balls twisted the torsion wire and 
brought the centres of A and B into positions A', B' (not 
shown in the figures). This new position was carefully 
observed. 

The beam was next swrmg round the other way till the balls 
took up the positions C",D" •, A",B"', and the twist of 
the wire again noted. 

The theory of the torsion balance has been already given 
(Art. 122). The modulus of the wire was foimd by a 
previous experiment. 

165. Caloolation of Besnlt. 

Let 

M = mass of each of the large balls. 
m = mass of each of the small balls. 
d = distance of centres of A, C when the deflection 
of the rod was a. 

21 = length of rod RS. 

Let the couple exerted by the wire when twisted through 
an angle 6 be fid. 
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Tlie force between the balls A and 0 

, 3Im 


= G 




The moment about the axis of the attractions exerted by 
one pair of balls on the other 

jMm 


= 2GP 




This was balanced by the couple (jua) exerted by the 
wire. 


Hence 


i.e. 


2lMm 


The moafluromonta to bo taken in an experiment such as this are 
BO reliiied that special caution must be Uiken to avoid absurd results. 
Cavendish kept his apparatus in a closed room which he did not 
enter while making his experiment. The readings were taken 
through telescopes K, Y (Fig. 76). The beam PQ was turned by 
means of a string fastened to a wheel WW, The temperature ha<l 
to 1)0 kept constant, otherwise drauglits bad moreefToct on the balls 
than the gravitational attraction. 

To avoid electrostatic attractions from outside the apparatus was 
placed in a gilt covered glass case. This precaution also served to 
equalise the temperature. 

The balls wore not observed at rest ; the method employed was to 
notice the extent of the swing. This is exactly the same principle 
as that used in weighing by oscillation Art. 37). 

To deduce the density of the earth we equate the weight of a body 
to the force of attraction between it and the earth. Thus let m be 
the mass of a body, and A and r the density and radius of the earth. 
The weight of a body on the surface of the earth = mg. The force 

of attraction between it and the earth — 5 -^ — . 

r* 

4 3<7 

Putting mg Qr Lm we get A 5 

o 4 T vrT 

166. Boys’a ExperimentB. — The Cavendish method has 
been employed by several other experimenters ; notably by 
Keich, l^ily, by Cornu and Bailie, and by Boys. With 
the last only need we concern ourselves. Prof. Vernon 
Boys discovered the merits of fibres drawn from fused 
quartz. Such fibres can be obtained extremely thin, and 
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are highly elastic. He replaced the torsion wim of 
Cavendish by such a fibre, and was thus enabled to reduce 
the scale of the appai*alus to a considerable extent without 

loss of accuracy. 

Pig. 78 is a diagram of one form 
of this apparatus. 

The two balls a, I were hung 
]>y (imirtz fibres from the ends of 
the bar CD, which was a combina- 
tion of Ixam and mirror. They 
were ai'ciirately made spheres. 

The U^am DC was so short 
(**J in. long) tliat it was necessary 
to armnge n, A on one level, h, B 
on another. Otherwise the cdTects 
of A and B would have iutorfered. 

The balls A, B were brought 
up into po.sitioa by revolving the 
top of the case. 

The balls u, h wen* of gold, 
about J'Miameter. A and B were 
of l(*ad au<l weighed about 7^ 
kilograniim's. 

The results (detained varied from 

A =rr5i5!t to 

G =:G G7ll X lu-o to G G5:;:) X 10 

{Bhil. Tnins,, 181)5.) 

167. Values found for the Density of the Earth. 



ExiK'rimentcT. 

Method. 

Result. 

Maskelyiie 

Mountain 

A = 47. 

Cavendish 

Torsion balance 

5-4j. 

Cornu and Bailie 

Torsion balance 

6-5a. 

Poynting 

Weighing 

6-49. 

Boys 

Torsion of quartz 

5-5:j. 


fibre (G = 

6-66 X 10- 
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Examples X. 

1. In a Rater’s pendulum the times about the two knife-edges are 
f + T, where r is small : the knife-edges are distant I from the 
centre of gravity. Prove that 



2. A simple pendulum supposed i* beat seconds is observed 
against an accurate clock by the me thod of coincidences. A coin- 
cidence occurs at 5h. 12m. 6s., and the next at 5h. 18m. 14s. 
What is the true period of the pcn<liilum? 

The clock pendulum has vibrated .368 times. Hence the other 
has vibrated cither 369 or 367 time so that its period is either 
SUS sec. or 5JJ sec., i.c. *997 sec. or 1-003 sec. 

3. How do wo know that the weight of a body varies in different 
parts of the world? hlxplaiii the causes of this variation. 

4. Sliow how to find the attraction on a particle due to an in- 
finitcl3’ long straight wire of line density p. 

f). Kind tlio attraction due to an infinite plane of surface 
density p, 

0. State the law of the variation of the force of gravitation 
between two particles with the distance between them. Why is it 
legitimate in the case of falling bodies to assume the value of (j to 
be eoiistant ? 

7. 'riio radius of the moon^s orbit is 240,000 miles, and the pericxl 
of revolution is 27 daj^s ; the diameter of the earth is 8,000 miles, 
and the value of gravity on the surface is 32 feet per second 
l>er soc^ond. Verify the statement that the gravitational force varies 
inversely as the square of tlie distance. 

8. The mass of a railway train is 100 tons. What will be its 
weight when travelling (1) due East, J2) duo West along the 
equator at GO miles per hour? 

9. l)c.scril)c Atwood’s machine, and devise numerical illustra- 
tiouH by its means in proof of the first law of motion, and also in 
proof of the relation between the space described and the time of 
description in the case of a bod}" under the influence of a constant 
force. 

10. Two equal balls are luing up side by side by threads 10 
metres long. If the distance between the upper ends of the thread 
is I cm., find by how mu(4i the threads arc pulled out of the vertical 
by the attraction of the balls, 

{For further examples on this chapter see hfiscellaneous Examples^ 

?). f^5S.) 
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168. General Characteristics of Oases. — It has already 
been pointed out in Chapter IJI. that it is difficult to draw 
any hard and fast lino between the tlirce divisions of mat ter. 
Though gases differ in many ways from li(]uids and solid.s, 
tlie differences are often merely in degree. Thus gases are 
genei‘ally light, but when near their point of liqiiofcudion 
are heavier than light liquids. Their refractive indices are 
low, they are poor conductors of heat and — in their normal 
state — of electricity ; they are generally slightly colour(*d 
or colourless, very transparent, and diathermanoiis. They 
mix together in all proportions: they have no rigidity, 
they are practically without cohesion, and exert little 
frictional resistance to motion. They laue weight and 
are controlled by gravity, and yet are nuscibU^ among 
themselves in all proportions. 

Their most distinguishing characteristic, however, is 
their compressibility and extensibility. Wlien pressure is 
applied to solids or liquids changes in volume so produced 
are small, and if pressure be wholly removed by placing 
them under the receiver of an air pump no noticeable 
change takes place. A gas on the other hand, though it 
has a limit beyond which it cannot Ih) compressed, yet with 
the removal of external pressure expands indefinitely, so 
that it always occupies the whole of the space at it.s 
disposal. 

169. Eobert Boyle appears to have been the first to 
study carefully the behaviour of gases under pressures. 

His experiments on the Spring of Air ” are descril)ed 
in his Defence of the Doctrine touching the Sjmng and 
Weight of Air, This was 2 )ubli 8 hed in the year 1CG2. 
Some of his previous work on gases liad been criticised by 
Linus, a Dutch professor, wlio affirmed that air was too 

m 
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feeble a substance to bold up the mercury column in a 
barometer^ and maintained a fimicular hypothesis asserting 
that the mercury was held up by invisible threads fastened 
to the glass of the tube. Boyle in his defence against 
Linus describes the experiments he made which led up to 
the discovery of the great law now known by his name. 

He prepared two series of experiments for testing the 
effects of pressure on air : in the first the air was subjected 
to a greater pressure than that of the atmosphere, and in 
the second to less. 

His apparatus is almost identical with what is now used 
in laboratories, so that it will be of interest to describe his 
experiments in his own words : — 

“We took then a long Glass Tube, which by a dexterous hand and 
the help of Lamp was in such a manner crooked at the bottom, 
that the part turned up was almost parallel to the rest of the Tube, 
and the oritice of this shorter leg of the Siphon (if I may so call the 
whole Instrument) being Hermetically scal’d, the length of it was 
divided into Inches, (each of which was subdivided into eight parts) 
by a straight list of paper, which containing the subdivisions was 
carefully pasted all along it : then pouring in as much Quicksilver 
as served to fill the Arch or bended part of the Siphon, that the 
Mercury standing in a level might reach in the one leg to the 
Ixjttom of the divided paper, and just to the same height or Horizontal 
lino in the other ; wo took care by frequently inclining the Tube, so 
that the Air might freely pass from one leg into the other by the sides 
of the Mercury^ (wo took (I say) care) that the Air at last include 
in the shorter Cylinder should bo of the same laxity with the rest 
of the Air about it. This done we began to pour Quicksilver into 
the longer leg of the Siphon, which by its weight pressing up that 
in the shorter leg, did by degrees streighten the included Air ; and 
continuing this pouring in of Quicksilver till the Air in the shorter 
leg was by condensation reduced to take up but half the space it 
possess’d (I say possess’d, not filed) before ; we cast our eyes upon 
the shorter leg of the Glass, on which was likewise pasted a list of 
Paper carefully divided into Inches and parts, and we observed, 
not without delight and satisfaction, that the Quicksilver in that 
longer part of the Tube was 29 Inches higher than the other. Now 
that this Observation docs both very well agree with and confirm 
our Hypothesis^ will be easily discerned by nim that takes notice 
that wo teach, and Monsieur Paschall and our English friends 
Experiments prove that the greater the weight is that leans upon 
the Air, the more forcible is its endeavour of Dilatation, and con- 
sequently its power of resistance, (as other Springs are stronger 
wlien bent by greater weights) and this being considered it will 



152 


GASSS. 


ap^r to agree rarely-well with the Hypothec, that os according 
to it the Air in that degree of density and correspondent measure 
of resistance to which the weight of the incumbent Atmosphere 
had brought it, was able to counterbalance and resist the pressure 
of a Mercurial Cylinder of about 29 Inches, as we are taught by the 
Torricellian Experiment ; so hero tlio same Air being brought to a 
degree of density about twice as great as tliat it had before, obtains 
a Spring twice as strong as formerly. As may n}>pear by its being 
able to sustain or resist a Cylinder of 29 Inches in tlie longer ^J’ubc, 
together with the weight* of the Atmo.s]>herical Cylinder, that 

leaned upon those 29 
Inches of Mercury ; and 
ius we just now inferred 
from the Torricdliun 
Experiment, was o<|iii va- 
lent to them. 

“Wo were liiiidered 
from prosecuting the 
iryal at that time ny the 
casual breaking of the 
Tube. Hut because an 
accurate Experiment of 
this nature avouM be of 
great irnpoi tance to the 
I>o<*trine of the Spring 
of the Air, and has nut 
yet been made (that I 
know) by any man ; and 
becaus(i also it is more 
uneasy to bo made than 
one would think, in re- 
gard of the dilliculty as 
well of j)rociiring crooked 
Tubes tit for the purpose, 
as of making a just esti- 
mate of the true place 
of the Protuberant J/cr- 
cury's surhwjc ; I suppose 
Fig. 79. it will not be unweloomo 

to the Reader, to be in- 
formed that after some other tryals, one of which we made in a 
Tube whoso longer leg was perpendicular, and the other, tliat con- 
tained the Air, parallel to the Horizon, we at last procured a Tube 
of the Figure exprest in the Scheme ; which Tube, thougli of a pn^tty 
bigness, was so long, that tlic Cylinder whereof the shorter log of it 
consist^ admitted a list of Paper, which had before l>oen divided 
into 12 Inches and their quarters, and the longer leg admitted 
another list of PajHir of divers f<Kit in length, and divided after the 
same manner : then Quicksilver being {Miur^ in to fill up the bended 






{lart of the Glass, 
that the surface 
of it in either leg 
might rest in the 
same Horizontal 
line, as we latclj^ 
taught, there was 
more and more 
Quicksilver poured 
in to the longer 
Tube ; and notice 
being watchfully 
taken how far the 
Mercury was risen 
in that longer Tube, 
when it appeared 
to have ascended to 
any of the divisions 
in the shorter Tube, 
tlie several Observa- 
tions that were thus 
successively made, 
and os they were 
made set down, 
aflorded us the 
ensuing Table.’^ 

Instead of giv- 
ing his actual 
figures we have 
depicted his re- 
sults graphiciillj 
ill Fig. 7t). In 
these the ordi- 
nates denote the 
pressure in inches 
of mercury, while 
the abscissae arc 
proportional to 
the reciprocal of 
the volume in (i), 
and to the vol- 
umes in the rect- 
angular hyper- 
bola (ii). 
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170. Boyle’s Law was rediscovered at a later date by the 
French physicist Mariotte. The law is consequently often 
spoken of as Mariotte’s Law. It may be stated as follows : 
The volume of any quantity of gas varies inversely as the 
pressure to which it is subjected. 

Since the density of any mass is inversely proportional 
to its volume, it follows that the density of a gas is pro- 
portional to its pressure. 

Figure 80 represents a convenient form of apparatus for 
experiments on Boyle’s Law. 

171. The Nature of a Gas : Kinetic Theory.— The me 

chauics of a gas and its nature may now be considered. Is 
a gas a continuous medium or does it consist of small separ- 
ate particles ? Quses mix with one another so freely that 
it is diflicult to conceive the possibility of their l>eing con- 
tinuous media, for how could two continuous media occupy 
the same space at the same time P Could a continuous me- 
dium on reduction of pressure expand indefinitely ? If wo 
assume an atomic stnicture we have to account for the pres- 
sure exerted by a gas, for the fact that light gases will diffuse 
downwards into heavier, that a rise in temperature produces 
an increase of pressure or volume, that in the most ixjrfect 
Viicua we can produce the distribution of the residual gas 
appears to be uniform. The Kinetic Theory of gases ex- 
plains all these phenomena, and has predicted other results 
which, though unexpected, are yet found to bo in agree- 
ment with experiment. Tlie conduction of electricity 
through gases, Avogadro’s Law, the effects of viscosity are 
all consonant with the theory. The theory supposes that 
gases are made up of small particles in rapid motion. 
These fly about in all directions, continually encountering 
one another and so changing their speeds and directions. 
When in a confined space they impinge on. the sides of the 
containing vessel and rebouna again. The particles must 
be very small, their velocities great, and their number per 
cubic centimetre enormous. A gas then cannot be at rest ; 
it is always in violent motion and its equilibrium is dynamic 
equilibrium, not static. 

Another example of similar dynamic (^uilibriiim may l>e found in 
the ease of certain chemical reactions. Thus, when a pio'so of chalk 
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is heated in a closed vessel it suffers a partial decomposition. A 
definite quantity dependent on temperature and pressure breaks up 
into lime and carbon dioxide. Equilibrium when established is, 
however, only apparent ; the chalk continues to break up, but some 
of the lime and carbon dioxide unite again to make up the loss, and 
the two processes exactly counterbalance. 

The gas particles as they rebound from the sides of the 
vessel change their directions and their momenta. This 
bombardment of the walls tends to drive the walls outward 
and so exerts pressure on them. The pressure is in accord- 
ance with Newton’s Second Law, measured by the rate of 
change of momentum. On this supposition it is easy to 
account for Boyle’s Law. For assume that in a closed vessel 
there are n gas particles, and that these exert a pressure p on 
the sides. Now crush into the vessel n other similar particles 
endowed with the same motion as the first set. The effect 
of this is to double the density of the gas ; also the number 
of impacts per second on the sides will Ik) doubled, so that 
the pressure will rise from p to 2p : hence the ratio of pres- 
sure to density is unaltered, and Boyle’s Law is obeyed, 

172. Thermal Effects. — It is well known that when a gas 
is allowed to expand its temperature falls, and that when 
compressed its temperature rises. To account for these 
effects let us consider how gas particles contained in a 
cylinder are affected by the motion of the piston. When 
the piston is at rest a paidicle whflkse velocity is normal to 
the piston rebounds after impact with the same speed. If, 
however, the piston is retreating the particle will return 
with a reduced velocity. The avei'age velocity of the par- 
ticles is thus diminished by increase in volume. Similar 
reasoning shows that the effect of compression must be 
increase of average velocity. It is therefore not unreason- 
iible to suppose that the temperature of a gas is dependent 
on the velocity of its particles. The physical difference be- . 
tween a gas when hot and the same gas when cold is that when 
hot the particles are in more rapid motion and are possessed 
of more energy. This explanation would lead us without 
difficulty to forecast the effects of wanning a gas : the par- 
ticles move faster and so strike their enclosure harder, 
causing a rise in pressure. The reasonableness of these 
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assumptions is increased by a study of the nature of 
heat and the ways in which it is generated. Energy of all 
kinds generates heat : when energy of any motion seems to 
disappear a rise in temperature can nearly always be de- 
tected, so that it is abundantly possible that heat is a mode 
of motion — energy not of visible motion of a body as a 
whole, but of rapid motion and vibration of its constituent 
particles. 

173. Elementary Mathematical Investigation.— Suppose 
a certain mass of gas is kept in a closed space. To make 
our conceptions definite, consider it shut up in a cube of 
one centimetre edge. liet the number of particles be w, 
their average velocity v, and the mass of each m. Now the 
particles fly about in all directions, encountering one 
another and the sides of the vessel, so that no single 
particle keeps its line of flight very long. Its velocity at 
any instant may, however, be resolved into three com- 
ponents parallel to the edges of the culw : the average of 
one of tJiese components, taken over a sufficient interval of 
time, will be equal to the average of either of the other 
two, so that it would seem fair for the purpi)so8 of calcula- 
tion to consider that the particles are not moving haphazard 
in all kinds of directions, but that they are divid(Ml into 
three equal sets with velocities parallel to three adjacent 
edge.s of the cul>e. At any instant wo may assume that Ja 
particles are moving with average velocity v, parallel to a 
particular edge, and therefore perpendicular to two par- 
ticular faces, A and A' say. 

Any one of these particles would pass from face to hico 
in time ~ , so that it would strike the fiw'c A times lyer 

V 2 

second. By impiict its velocity is on the average com- 
pletely reversed, so that its momentum iiinlergoes a change 
on each occasion of 2mt;, i.e, from 7nv to — inv. The total 
change of momentum per second is therefore 

Jn . 2mi; . ^ = \nmv^, 

(U 

This inoastires the force exort«d on the face A, for bj 
Newton’s Second Tiaw of Motion force is measure*! by the 



GASBS. 


157 


change of moinentuju produced per second. Force on unit 
area is the same as pressure, so that we get the relation 

p =: ^nmv^ ( 1 ) 

Now iim is the mass of unit volume of the gas, i.e, the 
density. Call this p, and (1) tecomes 

= ( 2 ) 

SO that p oc p if i; is constant. This expresses Boyle’s Law : 
tlie pressure of a gas varies as its density if the temperature 
is constant. 

The results 1, 2 are not quite accurate. The velocity, v, 
with which we have l)een dealing is the average velocity. 
For this we ought to substitute a velocity termed the mean 
value of the molecular speed or the velocity of mean square. 
Tills is dofmed as square root of the mean of the squares of 
the spc'ods of the molecules in the gas : if we denote it by 
Ut we shall then have it defined by the equation 

where v^y v .^ .... are the actual speeds of the particles 
The velocity U is greater than v, the average velocity 


Tlio two are counected by the relation 

V = ^ = •92131/' = (approx.) (3) 

Equations (1), (2) now become 

p =z \nmV^ ( 4 ) 

P = ( 5 ) 

Wo may got these results in another way. 


Suppose V is the velocity of a molecule : resolve it into its com- 
ponents, tt, V, Wy parallel to the sides of the vessel. Then 

p a tt’ 4- 4- 
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I)eftl with the other molecules ia the siiiiio way. Tlicji, as before, 
we can show that the pressures exerted on the sides are 

Emv^, 


These are all equal, so that 

p = S?nir = 2mr- = Swiia* 
= 

=* inmU\ 


174. Molecular Speed. — Equation (5) of Art. 173 enables 
us to calculate the mean speed of a molecule. 

From it we obtain U = (d) 


All the quantities occurring in this formula are measured 
on the e.G.S. absolute system. Taking the case of 
hydrogen at a temperature of 0^0. and a pressure of 
700 mm. of mereurv, we have 

p = *00009 grm. per e.c. 

pzz 76 X 13*6 X 980 dynes per sq. cm. 

Substituting these values in (6) we got U = 180000 cm. 
per sec. 

Hence the velocity of mean squiire in the case of a 
hydrogen molecule is 1800 metres per second. The mean 
vehxjiiy = x 18000 = 170000 cm. sec.'k 

Lord Rayleigh gives the values 

U=z 183820 ) 
t; = 169360 


The speeds of molecules are by (6) inversely proportional 
to the square roots of their densities, and may therefore 
be easily deduced from that of hydrogen. Thus, referred to 
hydrogen, the specific gravity of oxygen is 16^ and that of 
carlx)aic acid is 44. 

The molecular speeds (U) of these gases (at 0° C.) are 
therefore 


1838 

716 


m. sec. \ and 


1838 

v'44 


m. sec.’*, 


or 460 and 280 metres per second respectively. 
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175. Temperature.— Equation (5) of Art. 173 may be 
written in the form 

(7) 

P 

Now from Charles* Law and Boyle’s Law we know that 
pv = RT, 


where v is the volume of a gas and T its absolute tem- 
perature ; 


.-. 1 oc T 

( 8 ) 

P 

Combining (7) and (8) wo get 


r ot 17 » 

( 9 ) 


The kinetic theory therefore leads us to the conclusion 
that the absolute temperature of a gas is directly pro- 
portional to the square of the speed of its molecules. 


176. Avogadro’s Hypothesis. — Clausius and Maxwell have 
shown that if two gases are mixed together and are in a 
state of equilibriiun, then the average kinetic energy of one 
set of molecules is equal to the average kinetic energy of 
the other set. Assuming this result, consider the case of 
a mixture of equal volumes of two gases, say oxygen and 
nitrogen, at the same temperature and pressure. Denote 
the pressure, volume, etc., of the second gas by dashed 
letters, then 

( 10 ) 

Now as no change can be detected on mixing two gases 
which have no chemical action on one another, we assume 
the velocities to be unaltered. Hence (10) held when the 
gases were still separate, so that we have 

Jnml7»=p=j)'=: JwWH'* (11) 

Hence n = < 

i.6. equal volumes of gases contain the same number of 
molecules. 
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177. Assumptions.— Among other assumptions which 
have been made in the above investigations, the following 
ai'e important : 

(1) There is no loss of kinetic energy at an encounter. 

This is legitimate, for there are thousands of encounters 

per second, so that if energy were lost at any measurable 
rate at an encounter the universe would lose its energy in 
a very short time. 

It is not necessary to suppose that the molecules behave 
extictly like elastic spheres, and bounce back from the 
walls of the containing vessel with unaltered speed: 
as a matter of fact this is not the case. We do, 
however, assume that on the average the speed is just 
reversed. 

(2) The molecules exert no sensible attraction or repul- 
sion on one another except during encounters, (v. Art. 
182). 

(3) The time spent in encounters is enonnously less than 
that spent in the free path between the encounters, and 
this free path is straight. 

178. Despretz. — For a century and a half after the time 
of Boyle very little advance was made in the study of 
gases. In the year 1827 Despretz carried out experiments 
on different gases and compared their behaviour with that 
of air. Equal amounts of gases were admitted to barometer 
tubes placed side by side, the mercury level being initially 
the same in each. Pressure was then applied by putting 
them in a strong glass vessel filled with water and close<l 
by a screw. As the screw was turned the pressure rose, 
and the gases were compressed, but not equally. Gases 
easily liquefied, e.g, carbonic acid, cyanogen, ammonia, 
were compressed more than air and hydrogen. Between 
air and ^drogen no difference could be detected till a 
pressure of some fifteen atmospheres was applied. At 
nigher pressures hydrogen was s%htly but distinctly less 
oompressible than air. 

From these experiments it was evident that all gases 
could not strictly follow Boyle’s Law, but whether air did 
or not was left undeterminM. 
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l79. Begnanlt. — Somewhat later Eegnault made careful 
experiments, taking great care to measure tlie volumes 
accurately. His results showed that for all the gases 
except hydrogen on which he experimented, the product pv 
instead of remaining constant decreased as the pressure 
rose. In hydrogen — gaz plus que parfait ** — however, pv 
increased. His conclusion therefore was that with the 
exception of hydrogen all gases were more compressible 
than would be a perfect gas that obeyed Boyle’s Law. 

1^. Natterer attempted to liquefy the permanent gases. 
In doing this he employed much higher pressures than 
Regnault, and showed that the compressibility of nitrogen 
and air ceased to decrease as the pressure rose, but reached 
a minimum at about 50 atmospheres and then increased 
as in the case of hydrogen. 

1^. Amagat. — Eegnault’s results have now been super- 
seded by the more extensive 
work of Amagat, who employed 
apparatus giving much higher 
pressures. These were measured 
by a nitrogen gauge. To con- 
struct his scale he built up a 
steel tube some thousand feet 
long in the vertical shaft of a 
mine. This could be filled to 
any desired height with mercury, 
so that the resulting pressure at 
the bottom of the mine could 
be easily ascertained. His ap- 
paratus is shown in the diagram, 

Pig, 81. In this A Bin the verti- 
cal pipe ; CD the tube in which 
the nitrogen was contained, S a 
screw to force the mercury con- 
tained in the chamber M up the 
pipe AB. The nitrogen tube was Fig. 81. 

carefully calibrated, though it 

does not appear that its expansion under high pressure 

P.M. 11 
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was determined. It was also water- jacketed, to ensure a 
constant temperature. 


Fig. 82. 


Fig. 83. 

When nitropn manometer had been thus constructed 
it became possible for him to use it to determine the 
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pressures of other gases, employing for their compression 
apparatus similar to that of Reguault. His results were 


/ 00 . 


Fig. 84, 

exhibited in curves connectinjj PV (ordinate) with P (ab- 
scissa). Some of these are given in Figures 82, 83, 84. 
To sum up tile matter it would appear that — 

(1) At low pressures in all gases the product PV do- 
ereases as P increases. 
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(2) At high pressures PV increases with P. 

(3) There is therefoi^e a miuiimmi value of PV, 

(4) The value of P corresponding to this depends on 
the natui'e of the gas and on its temi)erature, the drop in 
tl^e curve being most marked near the critical temperature. 

^82. Van der Waals’ Equation.— Boyle’s Law combined 
with that of Charles gives rise to the equation PF = El\ 
whei-e JB is a constant (i;. Ex. 1, p. 186) and T is the tempera- 
ture measured on the absolute scale. 

The ideal substance that follows this relation is called a 
perfect gas ; as shown above all actual gases deviatt* con- 
siderably. Many attempts have been made to modify the 
equation and formulate one nearer the truth. The e(}ua- 
tion of Van der Waals is the most important. He attempted 
to take into account both the bulk of the molecules and 
their mutual attractions. 

One effect of atti actions between molecules would be to 
make the internal pressure of a gas greater than the 
external, for the molecules on the outside would 1x3 attracted 
inwards so that the pressure on the walls would l)c lessened. 
Denote this additional pressure by w. Then if w is pro- 
portional to the product of the masses of gas attracting 
and attracted, and each of these masses is proportional to 
the density, it follows that their product is proportional to 
the square of the density or the inverse s<|uaro of the 

volume; we may therefore put « = where a is some con- 

stant independent of temperature. 

Hence internal pressure = external pressure + 



The volume in which the molecules are free to move is 
less than the volume occupied by the gas by some fixed 
amount equal or proportional to the bulk of the molecules 
themselves. Call this 6, and we arrive at Van der Waals* 
equation* 
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This equation involves three constants, a, h and R, which 
are to be determined by experiment. This has been done 
for most gases, and the results obtained show fairly 
close agreement. The hiw is therefore nearer truth than 
Boyle’s Law unmodified, but is still not quite correct. 

183. Holeoalar Free Path. — As tho molecules of a gas move 
about they frequently come into collision with one another. The 
averago length of path between consecutive encounters and the 
prokablo number of encounters per second which a single molecule 
undergoes may be calculated. We shall not attempt to solve these 
problems completely, but, to avoid mathematical difficulties, shall 
take a simple case, the solution of which will indicate tho methods 
by which tho general problems have been worked out by Clausius, 
Maxwell, and others. 

Using tho notation of Art. 123 let us divide tho unit cube, in 
which there aro on an average n molecules, into n equal cubes, each 
of edge X : tho volume of each of these is X^, so that wX^ =□ 1, 

At any instant there will be on the average one molecule in each 
of these little cubes. X is termed tho mean distance between the 
molecules. 

Koch molecule occupies a certain space within w^hich no other 
molecule can trespass ; this space might bo the actual volume of the 
material of the molecule, but it is only necessary to consider that 
they have a aphert of action and that no one of these spheres can 
over contain tho centre of another. Let S be the cross-sectional 
area of one of these spheres. 

Consider now a single molecule, A, in motion amid others at rest. 
When A moves forward a distance x, it traces out a volume Sx, 
If there happens to be a molecule with it^ centre inside this volume 
a collision will take place. Now on an average there is one 
molecule per volume of X**, We shall assume that tho chance of 
collision taking place is tho ratio of these volumes ; this assumption 
is legitimate if a; is a very small quantity. Hence chance of collision 

in a distance ® *8 p = (jJfty)* 

Now let us think of a molecules like A, which aro very widely 
separated from one another. These alone aro to bo considered in 
motion. If a is very largo, then pa will collide in a distance a?, 
tt - pa will pass on. Of the a (1 — p) molecules which pass on, 
pa (1 - p) will collide in travelling the next distance x, and the 
remain<ler pa (I - p)* will travel on. 

Hence pa travel a distance between x and o, 
pa(l-p) „ „ „ 2.randx, 

2^(1 -P*) »i »• »i 3xand2x, 

and so on. 
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The total length of jmllis travclleci by all tho a molecules will 
thei'ofore be nearly 

pax 4 j>a(l - />) 2jt* +/)a(l - pf^x -f . . . 
e jyaa:{l + + 

s=^)ax*(l - 
pax p “*• 
ax 

£= , 

P 


This being the total length passed over by tho a molecules before 
collision, the average length of path before collision is obtainwl 
by dividing by a. 


Hence average free path = - 


L (say). 


A . 

p S 

To solve the actual physical problem we should have to consider 
that all the molecules are in motion, and that their velocities arc 
seldom equal to tho average velot ity, 

\3 

All amended formula is Z/ = f 


(e. Moyer’s Kinetic Theory of Gases). 

184. Frequency of ColUsioui.— If the average length of free path 
of a molecule is L and its velocity V, it will travel on an average 

for a time ^ before collision, so that the number of collisions per 


second is 


V 

r 


In Article 11)2 an attempt is made to evaluate numerically Z/, X, S. 


186. Viscosity. — If the faces of two blocks of wood are 
wetted with hot glue and placed in contact, then at first 
they may be easily moved about over one another. As the 
glue cools and dries the effort necessary to produce this 
relative motion grows larger and larger until the two blocks 
stick tightly together. Let us consider the forces which 
are acting in the intennediate stages. 

Call the blocks A and B ; consider fixed, while A moves 
with a velocity F. The glue in immediate contact with 
the faces A B remains there all the time — there is no slip- 
ping between the wood and the glue. The slipping takes 
place in tho liquid. Imagine tho liquid divided up into a 
very large number of excessively thin layers parallel to tho 
faces of A and B. Then the bottom layer is at rest in 
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contact with B while the topmost traTols along with /I at a 
velocity F. The velocity of any intermediate layer will lie 
between these values. The work done bjr the forces which 
must be applied to ^ is expended mainly in producing 
relative motion between successive layers of glue, so that 
as these slip over one another frictional forces come into 
play in the interior of the liquid. 

Internal friction or viscosity exists whenevm* two portions 
of any fluid, liquid or gas, move with different velocities. 
It is this viscosity which renders the fall of a mist drop 
through the air so slow, which causes the waves on the sea 
(o subside when the wind falls, and renders possible the 
formation of eddies and whirlpools. 

186. We shall make the following assumptions: — 

(1) Viscosity depends only on relative motion. 

(2) When a fluid moves over the surface of a solid there 
is no slip between the solid and the fluid. This assump* 
tion is based on experiment and is justifiable except in 
extraordinary cases, e.g. when a body moves in a gas at 
very low pressure. 

(3) That the relative velocity of two parallel layers of a 
fluid is proportional to the distance between them, pro- 
vided this distance is small. This assumption is due to 
Newton. From it, it follows that the velocity of a layer is a 
linear function of its distance fronwa fixed parallel plane — 
in other words, that if v is the velocity of a layer at a 
distance x from a fixed plane, then o a as, so that v=\x 
when \ is a constant quantity independent of x or v. 

187. We are now in a position to define the Coefficient 
of Viscosity. 

Let a layer CD of fluid move 
with velocity V relative to a 
arallel layer AB which is at a 
istance x from it. 

Let the force on an area a 
required to produce this motion 
be F. On CD this force must act in the direction of F ; 
on /IS in the opposite direction. 



Fig. 86. 
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Then JP = 7 , 

05 



7 is termed the Coefficient of Viscosity. Its dimensions 
are 

1 in Mass, —1 in Time, —1 in TiOngth. 

188. Definition of Viscosity . — The viscosity of a fluid is 
therefore lueasui-ed by the tangential force per unit area 
required to maintain a relative velocity of unity between 
two panillel planes in the fluid at unit distance apart. 
This definition applies to liquids and gases. The treat- 
ment of viscosity in liquids is deferred to Chapter XllL 

189. The Viscosity of Oases is easily accounted for by 
the Kinetic Theory as being due to an interchangt^ of 
molecules between different layers of the gas. For con- 
sider a plane CD at a distance x above the fixed plane AB. 



Fig. 86. 


Then the velocity v of the layer CD may bo taken as 
\x (v. Art. 186). Now across unit area of the face CD 
a certain numl)er of molecules are being shot eacli second, 
some passing upwards and some downwards. The number 

nV 

that pass in either direction is (^, Art. 173) The 


numl)er is obtained by assuming that the molecular motion 
produces the same effect as would he produced by dividing 
the particles up into three groups — one moving pc^rpen- 
dicular to the plane CD, and the other two perpendicular 


to one another and in the plane of CD- 


Tlicse mole- 
o 


cules come from different places between AB and CD, but on 
an average the distance tlmt they travel is L, the mean free 
path. Their average translation velocity is therefore that 
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of a layer L below CD, and so is equal to \ (a: — L), 
They pass then carrying with them a momentum 

\(a;— i) -in 
o 

in the direction CD. 

Coming from the other side the same number of mole- 
cules pass, but these pass over with the velocity of a layer 
x + L from AB^ so that the momentum passing downwards 
n V 

is \ (a; + jr Tlie difference between these two 
measures the total momentum lost by the layers above 
CD to those below. This difference ^ . 

o 

This loss of momentum is the cause of the dmg on the 
layer CD. In acconlance with Newton, Law II., the force 
is measured by the rate of change of momentum. 

Hence the force per unit area = ^ LmnV, 


liut 


or 


1 , = * . LmnV 

V o 

= § LmnV, 

^ V 

L=^^^ 

P 


(Art. 173) 


Combining the eqiuitioii 

1 ] = J LinnV 

with those of Art. 183, viz. 
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190. Preasure and Vi8COsity.--The ri^ht hand side of 
this equation involres no term which is dependent on the 
pressure. This indicates — if the theory is right — that the 
viscosity of a gas is independent of its pressure. The 
result is contrary to genei*^ ex^tation ; for it is popu- 
larly supposed that the viscosity or internal frictional 
resistance of a gas decreases as the pressure decreases. 
Maxwell, therefore, who first obtained tne formula, carried 
out experiments to test its truth. Had it proved experi- 
mentally unsound the Kinetic Theory must have been 
abandoned, or at least considerably modified. 

Two important methods have been used to determine 
the viscosity : the disc method employed by Maxwell and 
Meyer, and the transpiration method 
of Poiseuille. In the disc method 
five plane discs are fixed on the same 
vertical axle and so suspended that 
they can make torsional vibrations. 
Between and very close to these discs 
are placed other discs, fixed to the 
vessel containing the gas the viscosity 
of wliich is required. The function 
of the fixed partitions is to prevent 
the gas as a whole from rotating with 
the vibrating system. 

Now if a system which without friction would oscillate 
with simple harmonic motion is subject to a retarding 
force always proportional to its velocity, the logarithm of 
the amplitude of vibration gradually decreases at a rate 
which can be calculated when the retarding force is known. 
In the disc experiment the logarithmic decrement in the 
oscillation can be observed and the retarding force calcu- 
lated. 

The results of experiments by Maxwell, Meyer, and 
deductions from the work of Graham show that the 
results predicted by theory are not contradicted by ex- 
perience : viscosity is independent of the density of a gas 
provided that the pressure is not extremely low. 

In a confined space at a high vacuum, e.g. in the case 
of Crookes’ radiometer, the viscosity effects are much 



Fig. 87. 
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reduced. The method of Poiseuille will be considered in 
Chapter XIII. 

191. Temperature Effects. — The value of given by the 
equations of Art. 189 indicates that the viscosity of a gas 
is dependent on F, and therefore increases with the 
temperature. This result has been verified experimentally. 

192. Nnmerieal Yalnes of the Length of Free Path : Frequency of 
Collision. 

The value of for air is about ‘00018. 

Substitute this value in the above equation rj = ^LmnV. 

The value of V for air is about 48000. 

mn = -0013. 

Henoe -OOOIS = J x L x ‘0013 x 48000. 

.*.// = 8 X 10“® cm. 

y 

The frequency of collision =-y-= 5 x 10^ 

L 

Both these numbers require certain corrections. When these are 
imwie wo find that a particle of air moves with a velocity of some 
480 metres per second, that it collides with other particles about 
five thousand million tiroes per second, and that the distance it 
moves between consecutive collisions is on an average about eight 
ten-thousandths of a millimetre. 

193. Effhsion* — If a gas is contained in a thin-walled 
vessel in which a small hole is made the gas will escape. 
The process is called effusion. ^Many experiments on 
effusion were carried out by Graham. These are de- 
scril)ed in the P/u7. Trans,, 1846. He allowed different 
gases to escape through short glass tubes and small 
holes in thin brass plates, and noted the times of escape 
of equal volumes. He came to the conclusion that all 
gases escaped in such a way that the times for equal 
volumes of different gases were proportional to the square 
roots of their densities. In the case of hydrogen there 
was some little discrepancy, due probably to the wall not 
being sufficiently thin, so that the gas was stopped by 
viscosity effects. 

Bunsen (“ Methodes gasomStriques ”) carried out further 
experiments. His method was practically to use a 
barometer tube on the top of which was s^ed a metal 
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diaphragm pierced with a small hole. When this was 
opened gas entered the tul>o and the rate at which the 
mercury fell was noticed. By this method ho calculatinl 
the densities of different gast's. His results agreed with 
Graham’s Law. 

The explanation on the kinetic thcoi-y is as follows. 
Suppose the area of the hole is a. Then, as miglit 
be expected, the nimiher of molecules that pass into 
the mouth of the opening is (approximately) proportional 
to a, the velocity of the molecules (f*), and the numln'r (/?) 
per unit volume. Not all of these will pass throiigli, for 
they will impinge on mok^cules of gas outside and bounce 
back again into the vessel. If, however, the external s[>ace 
is vacuous (or even if the external pressure is much 1(»S8 
than the interior), there will l)o nothing from whicli the 
molecules can rebound. In this case then we may assume 
that the niunber of molecules passing through the hole 
per second 

= kVua, where k is some coustiint. 

Hence the mass escaping [x»r sei’oiid— or rate of efflux — 
zukVmm, where in is the mass of a molecule, 
^kapV 

kap \J since Y = \/ 

P P 

= ka >/ 

If we wish to compare the rates of efflux of two different 
gases 6r, G' at the same pressures, we have 

Mass per second of (r ^ ka y/ a/p 

Mass |)er second of 6/' kn y/ ^ p" 

• Vohime [)er se cond of 0 ^ p' 

Volume per second of (t ^ p 

In other words, the rates of effusion under similar con- 
ditions of different gases are inversely proportional to the 
square roots of their densities. 
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194. Transpiration. — If the hole through which the gas 
flows is fine but not extremely short, the passage of the 
gas is called transpiration. Some experiments on trans- 
piration are easily performed. Take a dry porous pot such 
as those employed in Daniell cells, fit it with a cork 
through which passes a long glass tube. Hold this up- 
right, the cell uppermost, and let the end of the tube dip 
int-o a beaker of coloured water. No apparent change will 
take place. Now surround the jar with an atmosphei’e 
of hydrogen or any gas lighter than air. This may con- 
veniently Ije done by collecting the hydrogen in a large 
nwiver and lowering the open mouth over the pot. The 
hydrogen at once begins to enter the jar through the pores 
of the cell land the air inside to leave it. But the mole- 
cules of hydrogen move faster than those of air, conse- 
quently the hydrogen is shot in faster than the air escapes. 
Tlie pressure inside the jar rises, gas is expelled and 
bubbles up through the water in the beaker. Now remove 
the jar of hydrogen. The gas in the pot is largely com- 
posed of hydrogen, which begins to escape faster than air 
can enter from outside to take its place, so that the 
prt'ssure falls and the coloured water runs up the glass 
tube. As all the hydrogen escapes the liquid regains its 
original level. 

Similar experiments can be made with carbon dioxide ; 
the effects, however, will be reversed. 

The holes in the walls of the pot approximate to long 
fine tulies. The rate of flow of fluids through such is 
dejxmdent on viscosity. Poiseuille has shown how visco- 
sity of a fluid may be measured by its rate of transpiration, 
llis analysis will ho found in Chapter XIII. The laws 
which gases obey appear from Graham’s experiments to be 
much the same as the laws of Effusion. Thus through 
biscuit- ware and compi-essed graphite gases transpire, ceims 
paribiiSf at rates inversely proportional to the square roots 
of their densities. Thei*e is, however, this important 
difference, tliat whereas in Effusion the percentage com- 
position of a mixture of gases is unaltered, in Trans- 
piration each of the components finds its way through 
independently of the others, at its own pace. As an 
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example suppose equal volumes of hydro^n and oxy^n 
ai'e contained in a thin brass vessel in the top of which 
there is a small hole. Then after any time the volume of 
hydrogen that has escaped will be ecpial to that of the 
oxygen. If, however, the gases are in an imglazed pot 
and surroundal by the atmosphere, then more hydrogen 
will pass out in a second than oxygi^n, so that the com- 
position is changed, the gas that lias esca{>i»d being richer 
in hydrogen, that which is left riclier in oxygen, while 
some air will enter. This partial separation of mix(‘d 
gases is sometimes useful. To separate them they may 
be passed through the stem of a long chiirchwanlen pipe. 
If the gas at first contains equal })arts of hydrogen and 
oxygen, then the composition of the gas that trans- 
pires will be four of hvdrogen to one of oxygen, the ratio 

* I 

4; 1 being that of 1 : i.c. tliut of the stjuare roots of 

V lb 


the densities. The gas might then Ik^ collected and again 
Trussed through a pi})e to obtain a mixture still richer in 
hydrogen. The method might be profitably employed to 
extract oxygen from the air, were it not that the density 
of oxygen in practically the same as that of nitrogen. 

[Note. — Some writers restrict the use of the word 
transpiration to the case of a fluid passing through a tuls} 
which is not extremely fine. Such a tul)e does not 
separate the components of a mixture of gjises. These 
writers speak of the passage of a gas tlirougli a porous pot 
as diffusion.] 

Graham defines effusion as the passage of a gas through 
an aperture in a thin plate: transpiration as the passage 
through a tube. Some of his ex jieri mental results are 
given in the following form: — 

Different gases pass through minute apertures into 
vacuum in times which are as the square roots of their 
respective specific gravities— or with velocities which are 
inversely as the square roots of their specific gravities ; 
that is according to the same law as gases diffuse into each 
other. 

For equal volumes of air of different densities the times 
of transpiration are inversely as the densities. This 
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distinguishes effusion from transpiration, for air of all 
densities passes into a vacuum by effusion with equal 
velocity. 

The time for the effusion of air of different temperatures 
is proportional to the square root of its density at each 
temperature. 

196. Diffusion. — If a little bromine is dropped into a 
tall glass cylinder it will evaporate and form a deep brown 
vapour whieh occupies llie bottom of the cylinder. If it 
be left for a little time undi.sturbed, the vapour will 
gradually spread out and .rise higher and higher in the 
cylinder, while at the same time air will descend to the 
bottom, mixing with and diluting the bromine vapour. 

These effects can be detect^ by the colour of the 
contents of the cylinder. If the cylinder is closed at the 
top and left a long time, the two gases interpenetrate so 
intimately that the mixture becomes homogeneous: no 
difference can be delected between the top portion and the 
bottom. The process by which this mixing is accomplished 
is termed diffusion. It will be noticed that in the instance 
we have cited the heavier gas (bromine vapour) rises up 
against gravity, while the lighter air descends. 

If the cylinder originally contained hydrogen instead of 
air, similar effects would be observed, but the diffusion 
would be seen to be more rapid. TCJie velocity of diffusion 
is therefore dependent on the nature of the gases. The 
kinetic theory explains readily the interdiffusion of two 
gases. The extreme slowness is due to the shortness of the 
free path of the molecules. If the pressure be diminished 
tlio length of free path is increased, and diffusion takes place 
more rapidly. Further treatment of diffusion is deferred 
to Chapter XlII., where the phenomenon of liquid diffusion 
is discussed. 

196. Solution of Gases in Liquids.— It is generally 
known that gases are soluble in liquids. The air is dis* 
solved by water, and in this form is breathed by fish. 

When water after being shaken up with air is heated in 
a glass vessel small bubble of gas make their appearance 
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on the sides of the vessel. If this be collected in a test 
tube in sufficient quantity, it will be found that it is 
capable of rekindling a glowing match. This shows that 
the gas is richer in oxygen than air. 

Two conclusions can 1)0 drawn from this ex|>eriment: 
(1) oxygen and nitrogen have different solubilities in 
water, (2) air is less soluble in hot water than in cold. 
From (2) it again follows, in accordance with thenno- 
dynamic principles, that when air is dissolved in water the 
solution is accompanied by a rise in temjHTature. 

Gaseous solutions are divisible into two classes* the 
first in which the gas may be entirely removed by rejieat^'d 
distillation (e.g solution of air in water) ; the sei'ond in 
which some kind of chemical ludion seems to take plime 
which prevents such separation. This class of solution is 
well illustrated by solutions of hydroc'hloric acid. 

If a very weak solution of hydrochloric acid is boiled, 
water at first passes over in relatively larger quantities 
than the gas, so that the concentnition of the remainder 
increases until it has reached a certain fixed value (20 pr 
cent.), when the two components liegin to pass over together 
without alteration. As concentration increases the lioiling 
point gradually rises from a little al)ove 100^ C. to a final 
value of 110^ C. 

A strong solution of acid behaves in a similar way. 
The gas passes over at first in large (juantities, the solution 
becomes weaker, the boiling point rises till the solution 
attains the same final state as that of the weak solution 
already considered. The final composition of the solution 
and its boiling point depend on the height of the barometer. 

197. Henry’s Law.— The solubility of gases in liquids 
has been carefully studied by Henry (1803). His expri- 
ments, subsequently confirmed by Bunsen, led to the 
conclusion that the volume of a gas which can be absorbed 
by any liquid is indepndent of the pressure : or, in other 
words, the mass of a gas which will dissolve in a definite 
quantity of liquid is directly proprtional to the pressure. 

The law does not hold even approximately with active 
gases such as hydrochloric acid, or with others at high 
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pressure. The solubility of a gas varies greatly with its 
nature. Thus the solubility of carbonic acid at 0°C. is 
nearly 100 times that of hydrogen. By the solubility of a 
gas is meant the ratio of the volume of gas dissolved to 
the volume of the solvent. 

Unless chemical actions take place the addition of a 
soluble solid to a liquid decreases its power of solution. 
Thus if sugar is added to a glass of soda water carbonic 
acid is thrown out of solution, a copious stream of gas 
being evolved. 

In the case of a mivfure of gases {e,g. ordinaiy air) each 
constituent dissolves independently of the others, the mass 
dissolved being proportional to the pressure itself exerts. 
Thus in the case of air the pi*essure of the nitrogen is four 
times that of the oxygen, and the solubility is about half. 
Hence for every two litres of nitrogen absorbed by water 
from the air one litre of oxygen is absorbed. 

198. Passage of Gases through Solids. — Many solids 
have the power of absorbing gases on their surfaces. In 
making a barometer it is necessary to carefully free the 
glass tube from air which condenses on its side's. Cliarcoal 
readily absorbs many gases, which can be expelled by 
heating. The effects of palladium and spongy platinum on 
hydrogen are well known. In some cases the absorption 
appears to be of a chemical nature :^it has been supposed 
that hydrogen fonns an alloy or loose compound with 
palhulium. 

Sheet rubber has this power of absorption. If it is used 
t(^ separate air from hydrogen, the hydrogen on one side 
of the sheet is absorbed, pisses through, and is given up 
on the other. It may be that the rubber forms a kind of 
chemical compound with the hydrogen, stable only where 
the pressure of the gas is comparatively great. In this 
case the compound would be formed on the one side and 
decomposed on the other. This passage of gas accounts 
for the fact that rubber balloous filled with hydrogen 
quickly collapse. A soap bubble filled with a gas fairly 
soluble in water (e.gr. carbonic acid) behaves in the same 
way. 

P.M. 
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Iron at high temperature is fairly penneable to carbon 
monoxide. Hence coke stoves at a red heat 
discharge this gas into tlie air of a room 
in which they burn. In this case a definite 
compound is probably formed. 

199. Measuring Instruments. — The Si- 
phon Barometer is essentially a one 

limb of which (EC) is open to the atmo- 
sphere, and the other (C^), which is much 
longer, is sealed at the top. 

The part BOD contains mercury. The 
space >1 is a viiciuun except for the una- 
voidable merciuy vapour. 

The pressure at D is atmospheric, that at 
F on the same horizontal line must l)o the 
same. 

But the pressure at F is that due to the 
mercury column, BF. 

Hence the pressure of the atmosphere is 
measured by the difference in level between 
the two free surfaces at B and D. 

Scales are either engraved on the glass or are phiecd 
behind the parts of the tul)e near 
B and /?. These scales, reading ^ 
to fractions of inch or centimetre, \ 
are generally so placed that their \h^ 
zeros are on the same level. 

That for the part near D reads 
downwards, while that for B 
reads upwards. The difference 
in level is easily found by adding 
together the two numbers opp)- 
site to D, B- Thus in Fig. 88 
the height of the barometer is 
26 + 4, i.e, 30 inches of mercury. 

A modification of this instru- 
ment is in frequent use (Fig. 89). 

The limb DE is fairly wide, and a 
heavy iron qrlinder {K) floats in the mercury. This is 



u 
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Fig. 88. 



OASES. 


179 


attached to a string which passes over a pulley, L , is wrapped 

round and fastened to a wheel, IV, and supports a uttle 

weight, m. On the axle of the wheel W is fixed a long 

pointer, P, which moves over a scale on the face of the 

barometer. If the 

pressure of the 

atmosphere falls, the 

mercury at D rises T 

pressures are some- 
by flu^ and we^ 


200. Fortin’s 1 I _ 

Barometer. — On the V * 

siphon barometer , — P , 

two readings are Fig. go. 

required before the 

pressure of the atmosphere can be determined. Neither of 
these is susceptible of great accuracy. Instruments for 
scientific work are usually made from a straight glass tube 
sealed at the top ; its lower end is immersed in a bowl 
of mercury. If this bowl or reservoir is fairly large, 
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Fig. 9L 


alterations in tlie height of the column 
will make little difference in the level of the 
mercury in the bowl. One reading, there- 
fore, is alone required. 

In Fortin’s barometer (Figs. 90, 91) the 
mercury reservoir is a short glass cylinder, 
CCCG- This is closed at the bottom with 
a piece of chamois leather, LL, ][)ermeable 
to air but not to mercury. 

The leather is secured to the glass, but 
is supported by a screw, 5. This screw 
should be so adjusted that the surface of 
the mercury is just pushed up to meet a 
spike, Pt which is fixed to the top or lid of 
the reservoir. The level of the mercury in 
the reservoir is thus always brought to a 
definite point before the reading is taken. 
The lid does not fit tightly, but is open to 
the air. Should the instrument be deranged 
the mercimy is kept from escaping by a 
piece of leather, ZZ. The tul^e dips deep 
into the reservoir and the part alove is 
cased in by a brass tul)e, TT* At the top 
are two glass win<lows opposite to one 
another, through which the level of the 
mercury can he examined. 

One of the edges of the front window 
is graduated (inches or centimcti-es), and 
in the window slides a brass vernier the 
height of which can be regulated by the 
screw /?. In the window at fhe back there 
is another slide which moves up and down 
with the one in front, their lower edges 
being always in the same horizontal plane. 
To take a reading the observer always Keeps 
his eye in this plane, i.e. he puta his eye in 
such a position that he can just, and only 
just, see the two edges. Ho then turns the 
screw near the top and lowers the vernier 
till the plane of the edges is tangential 
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to the protuberant surface of the mercury. A piece of 
white glass is usually placed behind the barometer to enable 
this position to 1x5 clearly seen. Tlie reading of the baro- 
metric height is given by the scale and vernier. This 
instrument is usually supported by gimbals, so that it may 
swing with its axis vertical. 

In a properly ma<le instrument the mercury cannot 
escape however it is tilted, for the main tube dips deep into 
the reservoir, while the leather at the top and bottom pre- 
vents any overflow. 

The pressure at a depth ^ in a liquid of density p is 
given by the relation p = gph. 

If h is measured in centimetres, p in grammes per c.c., 
then p is expressed in dynes per square centimetre. Now 
as jf, p are almost constant, it follows that peek. Hence 
it is usual to speak of the pressure as being equivalent to 
some number of inches or centimetres of mercury. When 
great accuracy is required this number must be reduced to 
the number that the barometer would indicate were the 
density of the mercury equal to that of pure mercury at 
standard temperature, and the acceleration due to gravity 
equal to that at some fixed place. 

Mercury is easily obtained pure, so that its density is 
dependent solely on its temperatirre. The temperature 
affects the reading in another way^for the brass scale ex- 
pands when heated. Another source of error is due to 
capillarity. This is explained in Chapter XV., where it is 
pointed out that the mercury surface is depressed by a 
calculable amount. 

201. Correction of Barometric Reading*. —To show how corrections 
are applied we will solve the following problem : — 

A Wometer at X reads 760 0 mm. when the temperature is 25® C. 

The barometer is correct at 0®C. The scale is of brass. The 
diameter of the glass tube is *6 cm. Find what the pressure would 
bo in inches of mercury at Kew at a temperature 15‘^C. 

Coefficient of linear expansion of brass == a. Coefficient of cubical 
expansion of mercury = p. Density of mercury at 0®C. « p. 

( I ) CoiTCction for scale — 

A length I at 0®O. becomes f(l + a^) at <®C., 

/. a length 76 cm. at 0®C. becomes 75(1 -f- 26a) cm. at ^®C., 
height of mercury column at 0®C. =» 75(1 -f 25a). 
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(2) Correction for density of mercury — 

If a niiiss M of mercury has a volume and density />„ at 0®C« 
and v^^ at then 

V» == = *'iPt 


Vu = + fif)Pn 


Hence density of mercury at 25° C. is p(l ~ 25p), 

(3) Capillarity correction — 

The ix'ason for the depression of the mercury is explained in 
Chapter XV. The amount of the depre.ssion is dependent on the 
width of the tiilx; and the nature of the ^hias. 

For a tube *6 cm. diameter the depression is about OJl em. 

(4) Correction for gravity — 

At Kow acceleration due to gravity = g. 

At X acceleration due to gravity ~ rf. 

At X pressure is /.p(l - 2r>p) (75*00 + 00) (1 +• 2r>a\ 

If X cms. is true barometric height on the Kow barometer, then 


gxp{l - 15/^) - f/p(l - 25/3) (75 (H) -f 01)) (1 + 25a), 


■ (1 - 10^ + 2f.o) 76-09. 


Fran 
gas supply 


202. Pressure Gauges.— (1) To measure pressures nearly 
atmospheric it is generally sufficient 
to use a glass tul )0 as shown in 
Fig. 92. The bend in this U tul)e 
may be filled with any convenient 
liquid. For an ordinary gas supply 
water can be used. The height A 
above 5( = A) measures the pres- 
sure above atmospheric. Thus, if 
h=z5 cm. and the barometer stands 
at 760, the pi essure of the supply 

^^^* is ^760 + mercury. 

If the tube is filled with mercury the gauge may be used 
to measure between, say, ^ and 1 J atmospheres. 
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203. (2) For high pressures a convenient instrument is 
an air manometer (Pig. 93). This is a U tube with the 
bend filled with some liquid. The limb A contains air, and 
is graduated so that the pressure, which is inversely pro- 
portional to the volume of the air in A, can be calculated or 
i*ead off from a scale. 



204. (3) The Bourdon Gauge can be used for pressures 
above and below atmospheric. It consists of a tube ABC, 
elliptiail in section, closed at C, and opening at 4 to the 
supply (Fig. 94). 

If the pressure of the supply is increased the tube tends 
to become moi’e circular in section. To do this the end C 
must be forced away from A, so that the pointer P to wdiich 
it is connected moves over the scale. The instrument is 
graduated by comparing its indications wdth a standard 
gauge. The aneroid barometer is a modification of this 
instrument. 

206. (4) McLeod Vacuum Gauge. — For measuring very 
low pressures, e.g. that of the residual gas in an electric 
incandescent lamp, a McLeod gauge, shown in the diagram, 
Fig. 95, may l>e used. >45 is a narrow tube joined to the 
vessel BC> Into this vessel are led two pipes, one BE from 
the supply, the other FQ from a well of mercury (?. To 
use the instrument, G is lowered till BG md DE are both 
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empty. The tube AB then communicates directly with the 
supply, and so contains the same gas as the supply and at 

the same pressure. The well G 
is then raised, mercury enters, 
closes the lx)t tom of tlie tul)e DEf 
and drives the gas from BC into 
the narrow tube AB^ The pres- 
sure of the gas in this tube is 
read off as the barometric height, 
less the depth of G below 
From a knowledge of Ibis pressure 
and the volumes ot A B and BCf 
the pressure of tlie gas wliich 
originally occupied the whole of 
AB and BC can l)e (‘alculated, if 
we assume IJoyl<*/s liaw^ <o hold, 
(tases, however, are apt to con- 
dmise on tlie glass. In such cases 
the law cannot be applied, ami 
the instruTnent fails to give con- 
cordant results. 

206. Eelations between Pres- 
sure and Height.-'Take two 
points P and Q near one another 
m |th<' atmosphere, Q being ver- 
tically above P. Call the lieights of P and Q above the 
ground x and x + and let tlie pressures at these points 
be p, p + rf;>, and the density of the air p and p + dp. 

Let a small cylinder he descril>ed about the vertical line 
PQ as an axis of unit sectional area. 

Eesolve vertically for the equilibrium of this cylinder 

{p + dp)a, -f gpdxn. =: pa, 
dp + gpdx = 0. 

If the air is at constant temperature 

peep 
= Aj) say, 

^ + g . kdz = 0 . 

P 

Integrate ; log, p + = constant. 
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Hence if be the pressures at heights then 

P\ + — l«t? i’s + 


t.e. 


=5rX(/i^-A,). 

P2 


In this equation X = ^ 

P 

_ -0013 

76 X 13-6 X 980' 

Also log =r /ilog where ti = 2'302. 
Pi pi 


Hence log,,,^* = ? X(Xj - X,). 

Pi P 

Tlie above relation has been obtained on the supposition 
that temperature throughout is constant. In actual 
prardco this is not usually the case. The result is, how* 
evrr, accurate enough for determining small heights. 

A nearer approximation is obtained by the formula 

(X,-X,) = 1840000 (l + log & , 

where t is tlie mean of the temperatures (C.) of the two 
places, and are supposed expressed in centimetres. 


Examples XL 


1. What 18 meant by the equation PV ^ RTJ Find a numerical 
value h)r Ji in the case of aii}^ gas. 

2. A closed porous pot filled with air is provided with a mano- 
meter. Describe what arc the indications of the manometer if the 
pot is suddenly surrounded by and kept in (a) coal gas, (t) carbonic 
acid. 

(live some explanation of the Kinetic Theory. 

3. Show that if a series of heights be taken in A.P, the baro- 
metric pressures are in G,P, 

4. Gas burners are sometimes made with cotton- wool stuffed into 
the passage, thus reducing the flow of gas post the burner ; in 
others the flow is determine by the passage of the gas through a 
small circular hole. How will the uniformity of consumption of 
gas in the two oases oomi)are with the variation of gas pressure ? 
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6. The tube of a barometer hi\s an iulernal area of cross section 
of *3 sq. cms. and a height above the surface of the mon^ury in the 
reservoir of 8*6 cnia. A bubble of air, the volume of winch at the 
bottom of the column is 5 cubic millimetres, is allowed to escape up 
the tube. Calculate the crn>r it will cause in the rea<ling of the 
barometer at the normal atmospheric pressurt*. 

6. Explain the construction and theory of a mercury haroinctcr. 
Show how a knowledge of the distribution of harometrio prossun> 
over a given area gives a means of approximately estimating the 
direction and strength of the wind. 

7. Will the upward force on a balloon cliange as tlio balloon 
rises, (a) if it do initially only partially iiillatcd, {h) if it be 
fully inflated, but with an ai>erturo below through which the gas 
c<in escape ? 

8. It is siiid lliat a heavy giis like carl)onic acud can bo poured 
like water from one vessel to another, the air being <lisplaeed. It 
is also said that, left t(j itself, a mixtures of gases such as air and 
carlx>nio acid will by diffusion become of uniforu\ composition 
throughout its volume. Show how far these two statements can he 
reconciled. 

9. I)c8cril>e the Ixirometer and explain what is meant by its 
Temperature Correction, A syphon barometer is so constrmded 
that the long closed tul)o has an internal sectional area equal to i of 
an inch, while the short o[)cn tube lias an internal sectional area 
equal to h an inch. Find what will take place in the long tul^o of 
this Ijarometor when the true pressure of the air falls one inch. 

10. DcscriUs a form of Uammeter suitable for accurately measur- 
ing the atmospheric pressure. Find the height of the barormder 
reduced to zero when the reading at t' C. is A, the scale being of hra.s.s. 
(C<»efficient of absolute expansion of mercury is 0*(KX)18 ; cixjfficient 
of linear exfwinsion of lirass is O'OtMMdS.) 

11. Describe an experiment to verify 13oyle’s r.rfiw for pressures 
less than the atmospheric pressure. 

12. Some air is in the space above the mereury in a Iwirometer of 
which the tulw^ is uniform. When the mercury staiuls at 2t) inches 
in the tube the space al)ove the mercury is 4 inches long. The tube 
is then pu.shed down into the cistern so that the space alK>ve the 
mercury is only 2 inches long, and nciw the mercury stands at 28 
inches. At what height would it stand in a perf(‘ot haromettT? 

13. State the laws of diffusion of gtises through a plug of porous 
material. A mixture of hydrogen and oxygen in e(|iial parts by 
volume is containcxi (1) in a vessel in which there is a porous plug, 
(2) in a vessel in w'hich there is a hole, say 1 mm. in diameter; the 
mixture of hydrogen and oxvgen is allow^od toescano into a vacuum. 
How will the pmportion of hydrogen and oxygen lie affected, if at 
all, when the escape has been going on for a short time ? 

14. Determine the height of the barometer when a milligramme 
of air at 27** 0. occupies a volume of 20 cub. cm. in a tune over 
mercury, the mercury standing 73 cm. higher inside the tube than 
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outside. (1 gramme of air at 0®C. under pressure of 76 cm, of 
mercury measures 773*4 cub. cm.) 

1»5. State the law of diffusion of gases through a porous partition. 
Sketch carefully an apparatus by which it can be shown experi- 
mentally that (liffercnt gases diffuse at different rates, and describe 
how it is to he used. 

16. Prove the following rule for correcting the barometer for 
temperature : 

Height at (f C. « observed height at C. X (1 -j- fe), 

OOin) "f" t 

where i ia the coefficient of linear expansion of the scale* 

(For further examines m this chapter see MisceUaneous Examples^ 
p. ^68.) 



CHAPTER XII. 

HYDROSTATICS. 


207. Thrust and Pressure. — A fluid has Ix^n Jofiiied in 
Art. 27 as being matter in such a state tliat it is incapable 
of resisting jHU'uianently a shearing stress. Hence in 
hydrostatics, i.e. the mechanics of fluids at rest, the only 
forces in existence between two portions of a fluid are 
forces everywhere normal to their inter-surface. To make 
matters deiinite consider two portions A and B of a fluid at 
rest; let these portions touch one another over a plane 
area 5. Then A will exert some force F on i?, B w ill exert 
on A an exactly equal opposite force. This force F must, 
from what we have said above, be normal to the area S. 
It is called the Thrust on the area 5. Hence thrust is 
force and must have the same dimensions, M^L^T 

Now let us divide the area S into a largo numlier, n, of 
small areas each equal to a. On each of tlu'se areas a a 
thrust is exerted. Tliese different thrusts imiy or may 
not be eijual. 

Let us first suppose that thev are, and that ejich isecpial 
to T. 

Thou nT-P, 

T 

I^et — = 

a 


Then 


F_nT_T 

S na a 


The quantity p is termed the pressure at any point of 
the plane S. 

If the thrusts on the areas a are not all equal, let us 
consider a particular area (a) which surrounds any selected 
point Q. Call the thrust on this area t. Then 2 t = P, 
^ m 
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The value of r will depend on the size and position of the 
area a. If, however, n is very large and consequently a 

very small, the quantity ^ will not be dependent on the 

shape of the area, or its size, for r and a diminish together. 

The quantity is called the pressure at the point Q. If 

wo denote this by j), then t = op. So that 2a = FJp. 
Hence pressure at any point (1 in a fluid may be defined as 
follows : — Surroxmd ^ by a small area o ; suppose T is the 

T 

thrust on a. Then the limiting value of the quantity - 

a 

when a is made indefinitely small is termed the pressure 
at the point Q (cf . definition of surface density in Static 
Electricity), Since jp = force -f- area, its dimensions are 
ML-\ T-\ 

The terms voholt res^UtarU presmre^ are sometimes used. 

The whole pressure (or thrust) on a surface is the sum total of all 
the thrusts which act on the small elements into which we may 
suppose the surface to be divided ; these thrusts are added together 
without consideration of the direction in which they act. Thus we 
may write whole pressure where j? is the pressure on an element 

(is of the surface. The term whole pressure, however, is useless. 

In the rf^ttltant pressure the direotion of the pressure is taken 
into account. It is a single force, the resultant of all the thrusts on 
the several elements. Thus, in the case of a floating body, the 
resultant pressure is equal to the weight^!>^ the body, but is directed 
in the opposite sense. 

208. The pressure at a point is the same in all directions. 
Take any point 0 in the fluid. 

Take any three directions OX, OY, OZ at right angles. 
Mark ol! on the lines OX, OY, OZ short lengths Ox, Oy, Os 
each equal to a. Join u. 

Complete the prism Oxyzz'ii. 

Call the pressures in the directions OX, OY, OZ, and per- 
{Hsudicular to the face ss'x'z,pg^py,pg and p respectively. 
The forces acting on the prisms are the thruste on the five 
faces and the weight. Now the weight is proportional to 
the volume, i.e. is proportional to a?. The thrusts are 
proportional to the areas of the faces, i.«. to c?. If then 
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a is a very small quantity, «* can be neglected compared 
with o*, i.t. the weight (or other forces dependent on the 

volume) can be neglected 
oompar^ with the thrusts. 
The thrusts on the face 
laaV = p X area 
= p X X a* 

= po*V^2. 

It is inclined at 45° to 
OX. Hence its compoueut 
along OX 

= pa’ 2 cos 46° = pa’. 

The thnist on the fstco 
yz is equal to px.a‘‘, and 
is p.irallel to OX. These two thrusts are tlie only forces 
which have components along OX, hence equating them 

we have p^a- = pa’, 

••• Px = Pi 

similarly p^ = p, 

Px-Pi- 

Now OX, Oy were any two directions at right angles, 
hence the pressures at a point in any two directions at right 
angles are the same. 

Now take Oa, OP any two directions. Draw Oy per- 
pendicular to both. Then the pressures in the dirc'ctious 
Oa, Ofi are both ecjual to the pressures along Oy, and there- 
fore equal to one another. Hence the pressure is the same 
in all directions. 

209. The pressure is the same at all points in a hori- 
lontal plane which can be joined by horizontal lines in the 
fluid. 

Suppose A and B are such points. 

Join AB. About AB describe a very thin cylinder of 
sectional area a. Call the pressure at A and B p„ and p^ 
respectively. 
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The (^linder is in equiUbrium and the forces acting on 
it are 

(1) Its weight. 

A 

Kg. 97. 

(2) The thrusts on the curved surface : these are every- 
where perpendicular to the surface, and therefore to the 
axis AB. 

(3) The thrusts Pa-^> 
on the ends. 

Kcsolve parallel to ,45 and 
we get 

i.e, the pressures at A and B 
are equal. 

If A and 5 cannot he joined Fig. 98. 

by a straight lino lying in the 

liquid, join them by a zigzag line AL,LM, KB^ 

horizontal and lying entirely in the fluid. 

Then p^=pf=p^=z 

210. The difference between the- pressures at the points 
in a liquid is proportional to the vertical distance 
y, between them, provided that the parts can be 
ca joined by a line lying wholly in the liquid, 

j Let ^ be a point vertically above 5. 

1 Surround AB with a cylinder as in Art. 209, 
i Resolve vertically. 

j Then i>a • « + w ~ Pi,^ — 0, 

I where w — weight of cylinder 

jJ = gp<^h, 

B h Iwing the height of A above 5 and p (he density 
Fig. 99. of the fluid. 

•’’Pt-Pa = 9P^> 

i.e. difference in pressure oc h. 
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If 4 is not vertically above B join A and B by a zigzag 
line. 

AK,KL ... NB. (Fig. 100.) 

Then 

— Pi —gp^K 

=Pm-gp (^1^ + 

= Pk-gp UK + LM... - BN) 

—ph—gp^- 

This assumes that the points A and 
B can be joined by a line lyinj^ wholly 
in the fluid. Otherwise the proposition 
is not necessarily true. Thus the pres- 
sure at C (Fig. 101) is not equal to that 
Fig. 100. at Z). 

211. P = gph. — If .4 is a point in the 
surface of a liquid not subject to external 
pressure* then p,, =: 0. Hence the pressure 
at a depth A in a liquid of unifonn density 
p is given by the relation p :=^(jph. q 

On the C.O.S. system p is mea^sured in 
dynes per square centimetre, g in cm. sec.^*, 
p in grm. per c.c., A in cm. ^ 

If we measure p in grammes weight ^ 
per sq. cm., as is more usual, the relation R 
is p = ph. 

Hence the pressure at a depth A in 
water is given by the relation p = A. 

We may therefore speak of a pressure 
of the atmosphere as being equal to that 
of 76 cm. of mercury, or 76 x 13 6 cm. of Fig. 101. 
water. 

The above results are only true for liquids at rest. In the case of 
liquids in motion the pressure is, cetens parihm^ ^atest at points 
where the velocity is least, and least where the velocity is greatest, 
lima suppose water flows aloii2 a horizontal pipe ABO which has a 
constriction at B, Then at B the velocity of the water is greater than 
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ftt A or G. Tho pressure at B is therefore less than at A or (7. The 
pressui’tjs can be registered by manometers. Such a device is often 
ised to measure the rate of flow of water from a reservoir. 



212. The surface of a liquid at rest is horizontal ; for if 
not suppose /Ifl is a surface- exposed to a uniform pressure 
P. Then (Fig. 103) 

P =.pa — 'Pc—ph + gpBC—P + gpBCf 
,\BC = 0, i.e. the surface AB must be horizontal. 


213. Thrust on a Plane Surface. — If a surface is im- 
mersed in a huid a thrust is exerted on it. If the surface 
is plane the thrust may be calculated as follows : — Let 8 
be tho area of the surface. Divide it up into very small 
portions. Consider one of these portions, call its area a 
and its depth h. The thrust exerted on this portion is 
a<jf}h, f) being the density of the fluid. 

Tho thrust is perpendicular to the area. The thrust on 
every other element of area is in the same direction. The 
thrusts may therefore be added together. 

Hence tohil thrust = sum of thrusts on areas like a 


= gp Sa/i. 

Suppose hf is the depth of the centre of gravity of the 
plane area. 

Then A' = 


Hence thrust = gp 

= gph' 2a 

= gph’ X total area of surface. 
The thrust is tlierefore equal to the pressure at the centre 
of gravity of the area multiplied by tlie area. 

P.M. 
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214. Upthrust on a Surface. — The vertical component of 
the thrust on a plane area is equal to the weight of the 
iluid that could be enclosed between the area and its 
projection on the free siuiace. This may be proved by 
considering the equilibrium of such a volume of tliiid. 
The only forces acting on it are (1) its weight, (2) liorizoiital 
thrusts on the vertical sides, (3) the thrust on the bottom. 
The vertical component of (3' must therefore be equal to 
the weight. This result may be extended to a surface of 
any shape if w^e define the total upthrust on the surface as 
the sum of the vertical components of the thrusts exerted 
on elements which make up the surface. 

215. Floating Bodies. Archimedes* Principle.— A float- 
ing body is acted on by two sets of forces. The one set 
makes up its weight, the other the thrust of the fluid on 
it. These two sets of forces must be in equilibrium. 

From the last article we can see that the uptlirust on the 
body must be equal to the weight of the fluid displaced by 
the body; or the argument may bo stated thiig: suppose 
the body could be removed without disturbing the fluid in 
any way, and the hole left filled up with fluid. There 
would now be equilibrium. The forces actiug on the new 
fluid filling up the hole are (1) the weight, (2) the result- 
ant thrust of the old fluid. These are equal. The thrust 
of the fluid must be the same whatever it bo that fills up 
the hole. Hence the thrust exerted on the floating body 
must be equal to the weight of fluid filling up the hole. In 
other words, if a body floats in a fluid its weight is equal 
to the weight of fluid it displaces. 

The same line of reasoning shows that if a body is totally 
immersed in fluid, the upthrust of the fluid on the body is 
equal to the weight of the fluid displaced. 

216. Conditions for the Equilibrium of a Floating Body. 

— ^The necessary conditions are : 

(1) The weight of fluid displaced must be equal to the 
weight of the floating body. 

(2) The centre of gi*avity of the fluid displaced must be 
in the same vertical line as the centre of gravity of the 
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floating body. These two conditions follow directly from 
the previous articles. Though necessary for equilibrium 
they are not sufficient for stability. For stable equilibrium 
wc must have 

(3) Tlie metacentre must be above the centre of gravity 
of the body. 

217. The Metacentre. — If a body floats in equilibrium 
in a fluid the centres of gravity of the fluid and body are 
in the same vertical line. Call these points //, {?. Let the 
line HG be considered fixed in the body. Displace the body 
slightly by turning it through a small angle, but in such a 
way that the mass of the fluid displaced remains constant. 
Then if the vertical through the centre of gravity (//') of 
the new fluid displaced intersect HG in its new position, the 
point of intersection is called the metacentre {M) for the 
displacement that has taken place. 



The lines actually intersect if the body is symmetrical 
about the plane of displacement, 0^“ a, vertical plane perpen- 
dicular to it, and in certain other cases. Equilibrium is 
only stable if M is above G. 

The point H is called the centre of buoyancy , 

The plane PF in which the fluid meets the surface of the 
floating body is called the plane of flotation. 

The two planes of flotation — the old PF and the dis- 
placed P'F meet in a line which we shall call the axis. 
Then it can be shown that 



where Ah^ is the moment of inertia of the plane of flota- 
tion about the axis. The fluid is in this case supposed 
homogeneous. 
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218. Centre of Pressure. — When a plane area is immersed 
in fluid the thrust on it is equal to the pressure at tlie 
centre of gravity multiplied by the area, but the point of 
application of the force re(piired to balance the thrust is 
generally not the centre of gravity of the area. The point 
is called the centre of pressure. It is defined thus : Divide 
the area up into a large number of small elements : thrusts 
are exerted on all these elements — constituting a system 
of parallel forces. The resultant of these forces is the 
thrust on the surface and the point in which its line of 
action meets the area is the centre of pressure. 

219. Position of the Centre of Pressure,— Suppose is 
any plane surface of area S immersed vertically in a fluid 
of density p. Divide up into small parts, t^all one of 
these a and its depth h. 

If P is a point in this area, the pressure at P is gph, and 
the thrust on the area « is gpha. 



Fig. 105. 


liCt the plane intersect the surbice in the line CD. 
The moment of the thrust on tlm area round P about this 
line is gpha . h. The sum of the moments of all the thrusts 
on all the areas like that round P is ^gph’a, i,e. gp^h^a. 
This must be equal to the moment of the resultant thrust 
about CD. Let the depth of the centre of pressure be h\ 
Then h* x tohal thrust 

z= gp^h\ 

gp^ha ^ha 

( moment of inertia of area round 
intersection of plane with surface ( 
moment of area ^ 
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220. Centre of Pressure in particular cases. 

(1) Parallelogram with one side in the surface. ver- 
tical breadth. 

(2) Triangle with one side in the surface. The centre 
of pressure is half way down the median. 

(3) Triangle with its base parallel to the surface and its 
vertex in the surface. The centre pressure is three-quarters 
way down the median. 

(4) Circular disc. The depth of the centre of pressure 

• r^ 

below the centre of the circle = — when r is the radius 

4a 

and d the depth of the centre. 

All these results can be obtained from the relation 

y_fh^dS 

fhdS^ 

They may also be obtained without the use of the calculus. 
(See Greaves’ llgdrostatics.) In all of them the surface is 
supposed to be free, i.e. not exposed to external pressure. 

The results are also true if the planes are not vertical, 
but in such cases height, or depth must be taken to mean 
the slant distance from the surface measured in the plane 
of the figure, 

221. Transmissibility of Fluid Pressure.— If in a fluid 
at rest an external thrust be applied at any place causing 
the pressure at any point to change, then an exactly equal 
change in pressure is brought about at every other point 
in the fluid. The principle is known as Pascal's Theorem^ 
or the principle of the transmissibility of fluid pressure. 

222. The Siphon. — A siphon is a bent tube used for 
emptying vessels which it is inconvenient to tilt. 

Suppose V is a vessel containing a liquid of density />. 

Let ABO be a siphon filled with the same liquid. 

Suppose the height of B above the liquid is Ap that of 
B above 0 is A 2 . Imagine the end C to be closed with a 
cork. We shall find the difference in pressure on the two 
sides of the cork. 
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The pressure at the surface of the liquid is atmospheric 

pressure at 5 = P — h^p, 

pressure at C inside the tube = P — + Ti^p* 

Hence the pressure at one side of the cork would be 
p and the pressure at the other side would 

be P. 

If lh>h^ there is a greater 
pressure outwards from the tube 
on the cork than inwards. There 
would then l>e a tendency for 
the cork to be thrust outwards 
and for the liquid to follow. 

Hence if a siphon works the 
lower end of the tube must be 
l>elow the level of the liquid in 
the reservoir. 

Compare the motion of the 
fluid with that of a rope coiled 
over a pulley with the other end 
The longer piece will pull the other 
will pass from table to floor. The 



Fig. lOli. 


on a table passing 
resting on the floor, 
over so that the rojx) 
rope of liquid is kept from parting by the pressure of the 
atmospliere. 

The pressure at- B is P — ; this cannot be less than 

P 

zero : hence < — . The greatest height of a siphon is, 
P 

therefore, that of a barometer filled with the fluid. Thus 
if the water liarometer stands at 30 feet, water cannot 
possibly pass a height of more than 30 feet. 


223. Velocity of Efflux : Torricelli's Theorem.— Suppose 
a mobile liquid (s.g. = p) is contained in a wide tank and 
that a small hole is made in the side. The liquid will 
squirt out and fall in a parabola. The problem is to find 
the velocity of efflux. Let us supi)Ose the motion is steady : 
for this to be the case imagine a steady supply of liquid 
enters at the top of the vessel so that the height (h) of the 
free surface above the hole is always the same. 
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Let a = sectional area of the jet supposed constant near 
the orifice, 

V = velocity of efflux. 

Then every second a volume, va, 
of liquid leaves the tank. 

The kinetic energy of this 
= ^ . pva, v^. 

This energy is supplied by the 
fall of the liquid through a height h. 

The work done per second by 
gravity = p . va . hg. 

Hence since work done is equal to 
energy acquired Fig. 107. 

pvahg = ^pvav^ 

i.e. V = \^2gk. 

This result is known as Torricelli’s Theorem. 

The volume issuing per second is a 

224, Vena Contracta. — ^The liquid issuing from the hole 
lK)gins to trace a parabola. By measurement of the para- 
bola it is possible to test the truth of Torricelli’s Theorem. 

The simplest plan is perhaps to direct the jet vertically 
upwards: then if the theorem holds the jet 
should rise to a height, h—i.e, up to the level of 
the liquid in the tank-Jor that is the height 
which a body projected vertically with velocity 
\^2gh attains. The actual height reached is 
slightly less owing to the resistance of the air. 

The theorem ^so in<licates that the volume 
issuing per second is av, i.e, ay/2gh. 

Experiment shows that this result is much 
too great. The deviation cannot be sufficiently 
explained by friction— internal or external. 
The real reason appears to be that the liquid on 
entering the orifice is not all moving perpen- 
* dicular to the side of tlie vessel (Fig. 108), but has 
different directions. This obUquity of the motion causes 
the jet to contract to a neck after leaving the orifice. 
This neck is called the vena contracta. At this place the 






200 


HYDROSTATICS. 


motion at all parts is nCtarly parallel to the axis of the jet. 
The actual area of the vena C/Ontracta is about *6 times 
that of the orifice in the case of a small jet in a thin 
walled tank, so that Torricelli’s Theorem indicates that the 
volume of liquid issuini: per second is iia^2gh. 

The ratio of the vena eontracta to that of the orifice is 
called the coefficient of contraction; it may l)e found 
experimentally by weighing the liquid which issues in any 
interval of time. 


Examples XIL 

1. Water flows from a hole (efk'ctive area, *1 sq. in.) in tho 
side of a reservoir. If the hole is 12 fet t htdow the surface, find 
how many cubic feet of water will escape in an hour. 

2. A cubical Umk of 1 metre edge is half filled with water and 
half with oil (s.g. — *8). Find the tlinist on (1) the upper half, 
(2) tlic lower half of one of the vertical sides. 

What are tho conditions for the stable equilibrium of a floating 
body? 

A cylindrical cork ilotUs with its axis vortical. If its axis is 
5 cm. long, what is the loa.st possible diameter? (S.g. =- *25.) 

4. A hollow sphere, radius 10 cm,, is tilled up to a height of 
15 cm. with mercury. Find the resultant thrust on a hoiizontal 
surface through the centre of the spliere. 

5. A h(dlow cone of semi vertical angle 30° and height 20 cm. is 
filled with water. Find the thrust on the base when the axis of 
tho cone is (1) vertical, (2) horizontal. 

0. A siphon is filled with water and inverted* into a vessel of 
liquid of specific gravity Id). What is the condition that tho 
liquid may flow tlirough the siphon? 

7. Distinguish between tho whole pressure and tho resultant 
pressure on a solid immersed in water, 

8. A cubic foot of water weighs lOTK) oz. A man weighing 
160 lbs. floats W’i til 4 cubic inches of his body above the surface. 
What is his volume in cubic feet? 

9. Explain the hydroatat ic principle known as that of A rehimedos. 
The specific gravity of gf)ld is 19*3; that of silver is 1()’4. What 
is the composition of an alloy of gold and silver whose specific 
gravity is 17*6, no change of volume being supposed to accompany 
the admixture of the metals ? 

10. A sphere, radius 10 cm., is just wliolly immersed in water. 
Find (1) the whole pressure, (2) the resultant thrust on the surfaca 

{Fcr further examplts on this cha/pUr su Miscdktneous Examples^ 
p. m.) 



CHAPTER Xm. 

LIQUIDS. 

225. Molecular structure of a Liquid. — In Chapter XI. 
we dealt with gases and imagined them composed of many 
particles very small, far removed from one another and in 
rapid motion. The effect of cooling is to diminish the 
motion, the effect of increasing the pressure is to diminish 
the distance lx3tween the particles. Now cooling and 
pressure produce a visible effect in many cases — either 
separately or together they change matter from a gaseous 
to a liquid state. It is therefore not unreasonable to 
regard a liquid as being composed of many particles in 
motion and separated far from one anotlier, but this 
motion must generally be less vig<#ous and the free paths 
shorter than in gases. 

The kinetic theory of liquids is perhaps not of the same 
importance as the kinetic theory of gases, nor is it as 
simple. Still it is useful to imagine an atomic (or mole- 
cular) structure. We picture the process of evaporation 
as the escape of the molecules through the surface of the 
liquid. It will be only those molecules which have rapid 
motion which are shot through the enclosing skin. The 
slower molecules are left behind. This motion explains 
the cold produced by evaporation. If evaporation takes 
place into a closed space, then after a time the space be- 
comes saturated : this means that as many molecules are 
sliot into the liquid from the vapour as pass in the 
contrary direction. 

^ OiM 
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226. Internal Forces. — ^To account for the fact that gases 
*do not strictly ol)ey Boyle’s law, we assumed that the 
particles of a gas attracted (or repelled) one another ; an 
assumption justified by the Porous Plug experiment. 
These forces become greater and more appreciable as a 
gtis is compressed. We may expect then that internal 
forces act in a liquid, which are much more intense than 
in the case of gases. Tliese forces are not very reiidily 
detected, but their existence is indicated by the surface 
tension of liquids. In Chapter XV. we shall brieliy 
explain Laplace's theory of capillarity. Accoiding to this 
theory the attractive force tetween the molecules in a 
liquid is only appreciable when the distance between the 
molecules is very small. On the surface of a liquid there 
are molecules within range in the inner side and none on 
the outside. Such molecules would therefore be pulled 
inwards and produce the same effect as a tight skin — 
i.e. produce surface tension. 

In the middle of the liquid a pres&ui*e will be producetl, 
but this pressure even if intense would not bo easily 
detected, for it must be remembered that we have no 
means of measuring the pressure of one portion of a liquid 
on another: all pressure gauges measure the pressure of a 
liquid on another subslance. 

It is not commonly known that a li(}uid can support a 
tension without parting. The following ex})eriraent, de- 
vised by Berthelot, shows however that such is the case. 
He tooK a glass tube— sealed one end and drew the 
other out to a fine nozzle. This he fille<l almost to the 
nozzle with water and then sealed the vessel, leaving just 
a tiny bubble of vapour. By gently Avarming the tube 
water was made to expand and the bubble disappeared. 
The tube was thus quite full of liquid. On cooling no 
bubble reappeared, as must have happened had the water 
contracted to its old volume. Hence the water was in a 
state of tension. It was calculated that this tension must 
have amoimted to 200 atmospheres. 

This experiment is of considerable importance. It shows 
among other things that glass and water adhere together 
with considerable force. 
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227. Elasticity and Compressibility.— If matter of any 
kind is subjected to pressure its volume changes ; or in 
other words matter is compressible. The compressibility 
of a fluid is generally defined as follows: Suppose a 
volume V of fluid is subjected to a pressure P. Let the 
pressure be increased by a small amount p : the volume 
will diminish by some small amount, v say. Then the 

ratio ^ is termed the compression. 

Hence compression 

__ decrease in volume 
original volume 

= decrease in volume per unit volume. 

The ratio of the compression to the extra pressure pro- 
ducing it is the compressibility. Hence in the case 
considered the compressibility 

V 

p vp 

Volume elasticity is the reciprocal of compressibility. 

Hence elasticity = ^ = P. 

It must be noticed that the quai^tities just defined are 
not constants : they depend on the original pressure (P) 
and volume (F). 

228. Elasticity of Oases. — ^In the case of a gas which 
obeys Boyle’s law, we have 

PF — constant = (P + p) (F — v), 

PV= PV— Pv +pY- vp, 

Pv=pV, 

since tp, the product of two small quantities, is negligible, 


i.c. if a gas obeys Boyle’s law its elasticity is equal to its 
pressure. 
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If a gas is subject to adiabatic changes, thou its 
behaviour is given by the relation 

= constant, 

where y = P^esmte _ 

specific heat at constant volume 

In this case then 

PV^ = (P+p)i7-v)\ 




^P^)(^F^ 


r 


= (l f — y ^ + negligible ter 

= 1 4- - V :?L 

^ P ^ F’ 

■ P ^ V’ 

.■.E=lP = yP. 


Aliter, (1) pv ^ constant, 

+ logv = constant 

Differentiate and we get 

-* dp + i-dt> = 0. 

p V 

... 

- dv 

(2) = constant, 

logP + 7 logt? = constant, 
/, ^ dp -f- ^ dv = 0, 

p V 




vdp 
— dv 


yp 
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229. Compressibility of Water.— The experiment de- 
scribed in Art. 226 indicates that water is elastic, for it 
can be stretched by applying force in a suitable way. 
To determine the elasticity of water is, however, a difficidt 
problem. Experiments were made at Florence about 1660 
with a view to test whether water was at all compress- 
ible. Globes made of silver were filled with water and 
subsequently deformed, but instead of this compressing 
the water it forced the water to exude through the pores 
of the metal. This negative result might have been 
taken to show that liquids are absolutely incompressible 
were it not that they are known to be media capable of con- 
veying sound with finite velocity. The known velocity of 
sound in water enables us to form an estimate of the 
elasticity of water. 

We have the relation given by Newton, 



where V = velocity of soimd in a medium, 

E = elasticity of the medium, 

D zz: density. 

In the case of water, the velocity of sound at 8^0. 
was found by Colladon to be about 1430 metres per 
second. 

Hence E = V^D 

= (1-43 X 10^* X 1 
=:204x 10^ 

Compressibility = A z= -49 X lO-'^. 

JU 

This ia expressed in dynes per sq. cm. 

To express it in atmospheres we must multiply by 
981 X 13-6 X 76. 

The result, *000050, is not discordant with that obtained 
by other methods. 

The first successful attempt to show compression in 
water was made by John Canton, 1762. His method 
was to take a vessel like a tliermometer with a large 
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bulb and stem of fine bore. This was partly filled with 
mercury and then wannod till the mercury expanded to 
fill the whole when the stem was sealed off. After the 
instrument was cooled the mercury sank some distance 
on the stem. The mercury was thus subject to its own 
pressure only. When the extreme end of the tube was 

broken off, the pressure of the 
atmosphere caused the mercury 
to retrejit up the stem. This in- 
dicated that either the mercury 
contracted under the extra pres- 
sure or that the volume of the 
bulb increased when pressure 
was admitted into the interior. 
If the ex|xu‘iment w^as carried out 
with water instead of mercury, 
the chan^ of the length of the 
column in the stein was different. 
The effects were therefore not 
entirely due to expansion in the 
volume of the bulb. Canton’s 
attempts to evaluate the com- 
pressil)ility were less successful, as 
he failed to perceive the nature 
of the contraction of the glass. 

After Canton the problem was 
attacked with some success by 
Orsted, by Colladon and Sturm, and by Kegnault. We 
can here only briefly describe the work of Regnault. His 
apparatus — a piezometer — is shown in the form adopted 
by Grassi in Pig. 109. 

It consisted of a case C with strong glass sides. In 
this was a vessel A with a fine stem oi. A was filled 
writh the liquid and its height in the stem was measured 
by a mercury index. The pipe hg was connected to an air 

S 80 that any desired pressure could be applied. The 
ing is the order in which operations were con- 
ducted : — 

1. The taps /?, /?"' shut; R' /?" open. The liquids inside 
and outside were then at atmospheric pressure. 
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2. was then shut and R opened : pressure is now applied 

on the outside only. 

3. /?', shut; Ry /?'" open : pressure is exerted on outside 

and inside of the vessel. 

4. Close Ry open R ^ : pressure on the inside only. 

After each of these operations tlie reading of the index 
in the tube was taken. 

The calculation of the result was dependent on the 
shape of the vessel A. When pressure was applied 
equally inside and out, the quantity measured is the 
difference of compressibility of liquid and glass. 

230. Viscosity. — In the treatment of gases in Chapter 
XI. we have already considered viscosity and defined the 
coefficient of viscosity for fluids of all kinds. It will be 
remembered tliat in the case of a fluid flowing past a solid 
we assumed that any slipping that took place was in the 
fluid itself, that there was no slip between the fluid and 
the solid. Thus in the case of a river the water in imme- 
diate contact with the bank or bottom is at rest. The 
water near to the banks has a smaller velocity than in mid 
stream. Were this assumption not true the wear of the 
banks would probably be much greater than it actually is. 

231. Poiseuille’s method of measuring viscosity. — We 

shall now investigate the behaviour of a liquid flowing 
through a long straight tulie. 

We shall find that the quantity 
of water F which flows out per 
second is given by the relation 

8^r 

where p = pressure difference be- 
tween the ends of the tube, 
a := radius of the tube, 

I = length of the tube, Fig. 110. 

•q = coefficient of viscosity. 

The problem was first solved by Poiseuille, who used 
it to detennme the viscosity of fluids. 
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Consider the motion of a thin shell of the fluid contained 
between cylinders of radii r, r + dr (Fig. 109). Call the 
velocities of the fluid on these surfaces u, du. In tlie 
case considered du is negative. Now referring hack to 
Art. 187, where viscosity is defined, we see tliat llie drag 
back on the inner cylinder j^er unit area 

_ (w + dll) — u 
(r + rfr) — r 


n 


du 

dr 


Now the area of the cylinder = 2;rr/, for it is of length 
/, and radius r. 

.-. total drag hack = — 2ir/>y . ^ i\ say. 

dr 


Now if the motion is steady, the cylinder radius r of 
fluid neither gains nor loses momentum. 

F = difference of thrusts between the ends of the 
cylinder. 

If the pressure difference is p, then 
F = 7rr>, 


n 7 du 

--ZJrhjr znirry, 
dr 




Irfdu ■ 


PUr. 

2 


Integrate ; 


— It^u — + k. 

4 


Now the velocity of the fluid in contact with the tube is 
zero, since we suppose no slipping to take place, 
i.e. tt = 0 when r = a 


«- P-. 


Hence m 


-JL 
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This equation gives us the velocity of the fluid at any 
point in the tube. 

To find the quantity of the fluid which passes through 
the tube per second we again consider the thin shell. The 
velocity of the liquid in tliis shell is 


4 

The cross-sectional area is 27rr dr. 

Hence total volume issuing ~ 1 (a* — r*) 2Trrdr 

J 4/7/ . 


II 


pir\ 


'Mrf 1 


pTT 

a* 

2lr) 

’ 4 

. irp 

a* 

Hrjl 


• 1 ^) dr 


r^‘\a 

Tjo 


The above investigation is not quite complete. We have 
omitted to take any account of the kinetic energy of the 
issuing liquid. In the case of long tubes of fine bore, how- 
ever, tiie results are practically true. 


232. To find the Viscosity of Water.— A simple appa- 
ratus for the determination of the value of rj for water is 
sliown in Figure 111. AB is the capillary tube. Tube D 
is adjustable in position, and when once fixed keeps the 
pressure head constant during the experiment. With this 
apparatus experiments can easily be made with various 
heads, and tubes of different lengths and radii. 

233. Temperature Effects.— The viscosity of a liquid 
decreases as the temperature rises. In the case of gases 
the viscosity increases as the temperature rises. 

P.M. ' 


14 
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234. Dififusion. — If a stronjjj solution of any salt is placed 
at the bottom of a deep vessel 
which is Iheu filled up carefully 
with water, the solution does 
not remain at the bottom but 
gradually works up and spreads 
through the whole A^eswsol. The 
process of mixing is well shown 
when the solution is highly 
coloured. For instance, a solu- 
tion of i)ermanganate of potash 
or chromic acid displays the 
phenomenon wcfil. The process 
IS called dilTusion. We have 
already referred to the work 
of Graham on the diffusion of 
gases. He did much work on 
the diffusion of liquids, and dis- 

Fig, 111, covered many facts and relations. 

235. Oraham’s Experiments. — One of his methods was 
briefly as follows: He took a wide-necked bottle filled with 
the solution on which he wdshed to experiment and placed 
it in a larger vessel This was filled with water above the 
level of the top of the open bottle. A fter the lapse of some 
days the solution was examined to find out how much of 
the salt had diffused away out of the bottle into the larger 
vessel. 

By use of this simple arrangement he found out that 

(1) Solutions of different salts diffuse at different rates. 

(2) Solutions may be divided into two classes, crystal- 
loids and colloids. The former, embracing salts, sugar, 
mineml acids, etc., diffused very much faster than colloids. 
Colloids include substances such as albumen, glue, and 
gelatine. 

(3) The quantity of a solute (i.e. substance dissolved) 
which passes in unit time from one layer to the next is pro- 
portional to the difference in strength between the layers. 

(4) The rate of diffusion increases with the temperature. 
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236. Hethods of estimating Conoentration.— Experimental 
work on diffusion is greatly hampered by the difficulty of 
estimating the strength of a solution at any given point. 
To withdraw a portion of the solution by means of a pipette 
sets up currents and is therefore impossible in accurate 
work. A simple method has been proposed by Lord 
Kelvin. This method consists in making a series of little 
beads of different densities. At the beginning of an ex- 
periment all these beads float at the surface of separation 
of the water and solution. As diffusion goes on some of 
the beads rise higher than others, so indicating at any time 
the densities at different places. The method is practically 
not very efficient, as bubbles of air and crystals of salt 
always form on the beads. In the case of sugars the con- 
centration is estimated by a saccharimeter, an instrument 
which measures the angle through which the plane of polar- 
ization of light is twisted. This angle is proportional to 
the strength and thickness of the solution. Other possible 
methods depend on the absorption of light by coloured 
solution and the changes in the refractive index. 

If two plates of amalgamated zinc are placed in a 
solution of zinc sulphate which is more concentrated near 
one than the other, then these plates are at different 
potentials and the electromotive force between them is 
proportional to the difference in concentration. This leads 
to an easy method of finding the rate at which diffusion 
is taking place. Weber makes use of it to determine the 
diffusivity and to verify Kick’s laws. These will be 
explained in the next article. 

237. Fick’s law.— The laws of diffusion were shown by 
Fick to be exactly analogous to the laws of conduction of 
heat through a solid. Conductivity (K) is defined by the 
relation 

( 1 ) 

X 

where B is the quantity of heat which passes in time t 
between two parallel plane surfaces each of area at a 
distance x from one another when these surfaces are main* 
tained at temperatures 6^, Oy 
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Q Q 

The ratio ^ — - may l^etenned the tomperaturo gradient. 

Simplify the relation (1) by considering a plane of unit 
area and taking the time as unity. Then the quantity of 
heat which passes across a plane of unit area in unit 
time is equal to the product of conductivity and the 
temperature gradient. 

The temperature gradient may or may not be constant 
throughout the substance. If it is not constant then to 
get the flow of heat across a plane we must take the 
distance, very small, so that the gradient really is 

u -* — -- 

•^=« * ds 

if we adopt the notation of the c<alculu8 and denote by 0 
the temiK^rature at a plane distant, s, from soim* fixed 
plane. 

Hence the flow of heat across unit area in unit time 



Turning now to the diffusion of, say, salt through a salt 
solution, we must replace K, the conduct ivily, by the 
diffusivity, and the temperature by the concentration, and 
we get the relation : — 

‘‘ The quantity of salt which passes across unit area in 
unit time is equal to the product of the diffusivity and the 
concentration gradients The law introduw's the Avord con- 
centration, which is taken to mean the quantity of salt 
(measured in, say, grammes) in unit volume (one cubic 
centimetre) of solution. 

Consider then two parallel planes at a small distance x 
from one another. I^t the concentration at these bo c,, Ca, 
i.e. let the strengths at points in them be equal to the 
strengths of solutions which contain Cp Ca grammes of 
salt per c.c. Then if JB is the diffusivity, the quantity of 
salt Q which passes in unit time across unit area is given 


by 


the relation Q = JB 




— Ca 


z 
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If we use the notation of the calculus, then 

X da X ds 


This relation is of great importance. It shows us that 
any result which holds for conduction of heat necessitates 
a similar result in diffusion. 




Fig. 112. 


^2 




■/? 


238. Eelatlon between Concentration) TimO) Distance. 

Take two planes at a distance ds apart. 

dc 

The flow across tlio first is R-f— 

ds 

The flow across the second is 

ds ds\ ds/ 

The difference between the two is R — ds, 

ds- 

Dividing this by the volume between the planes we got 


d£ 

ds 


R 


ds^' 


This gives us the rate of change in concentration. But the rate 
• » dc 

of change in concentration is also 


, dc D<Pc 

This differential equation is one which must always be satisfied. 
Solutions of the problem have been found in certain cases. 



214 


LIQUIDS. 


239. Osmose. — When two liquids which diffuse into one 
another are initiallj separated by a membrane, the process 
of mixing is usually called osmose. Abb^ Nollet records an 
experiment in which he took a jar filled with alcohol. The 
mouth of this he covered with a bladder. The whole was 
then immersed in water. The water found its way into the 
jar faster than the alcohol escaped, with the result that the 
bladder was made to swell out. In a similar fashion, if a 
bladder be filled with water and then immersed in alcohol, 
the water escapes and the bladder shrivels up. Inter- 
change the water and alcohol and the bladder may burst. 

240. Dialysis. — Solution of ciystalloids can pass through 
a bladder or parchment membrane much faster than col- 
loids such as gum or albumen. Graham made use of this 
to separate colloids and crystalloids from one another. Tlie 
process he termed dialysis. The mixture of crystalloids 
and colloids is placed in a tray, the bottom of which is 
made of parchment. This is floated in a vessel of water. 
The crystalloids pass through the parchment, while most of 
the colloids remain behind. 

This method is employed to detect poisons in the viscera 
of poisoned animals. It is also used in chemistry to 
separate salt from silicic acid when the latter is formed by 
the action of hydrochloric acid on sodium silicate. 

241. Osmotic Pressure. — A membrane of copper ferro- 
cyanidc, supported by stronger material, is 
what is usually employed in experimental 
work. This is formed by placing a porous 
pot filled with a solution of copper sulphate 
in a vessel containing a solution of potassium 
ferrocyanide. The two solutions meet in the 
walls of the pot, and the precipitate formed 
makes a membrane which is firmly supported. 
The pot is then well washed. 

Fig. 113 represents such a vessel. The 
mouth is firmly closed. The pot is filled 

Fig. 113. with a solution and sealed up. The pressure 
of the solution is indicated by a mercury 
gauge. If the pot be left exposed to the air, some of 
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the contents will gradually exude and the pressure indi- 
cated by the gauge will fall. If, however, the pot is placed 
in water, the water will gradually find its way in, and the 
mercury will rise in the gauge till a certain definite pressure 
is reached. There is then equilibrium, i.e. water passes 
out at just the rate at which it enters. 

The amount of the final pressure is dependent on the 
nature of the solution, its strength, and its temperature. 
It is termed the osmotic pressure. 

The student may, if he likes, imagine this pressure to be 
due to bombardments of the sides of the vessel by particles 
of the solute, that the water can enter or leave freely, but 
that the membrane acts as a sieve through which the par- 
ticles of solute oiiiinot pass. 

242. Laws relating to Osmotic Pressure.— It is very re- 
markable tliat dilute solutions appear to obey laws exactly 
analogous te the laws of gases. 

(1) Boyle’s Law in a modified form holds for solutions, 
for the osmotic pressure of a dilute solution is directly 
proportional to its concentration, i,e, to the amount of 
solute per c.c. 

(Pressure a Density,) 

Some of the experimental results of Pfeffer are as 
follows : 

(1) Percentage of sugar.. 12 4 6 

(2) Osmotic pressure 535 1016 2082 3075 mm. of 

mercury. 

Eatio of (2) : (1) ... 535 508 521 513 

(2) The osmotic pressure of a solution increases with 
rise in temperature. Jfo very complete experiments in this 
direction seem to have been made, but it would appear that 
the pressure is nearly proportional to the absolute tempera- 
ture. (Charles’ Law, P oc T.) 

(3) Solutions of non-electrolytes which have equal 
osmotic pressures contain the same number of gramme- 
molecules per c.c., or in other words are of concentrations 
proportional to the molecular weights of the solute. Com- 
pare this with Avogadro’s Law, which states that gases at 



216 


LIQUIDS. 


the same pressure contain the same number of molecules 
per c.c. Solutions exerting the same osmotic pressure are 
termed isotonic. 

(4) The osmotic pressure of the solution of a non- 
electroljrte is equal to the pressure that would be exerted 
by the solute were it capable of existing as a gas at the tem- 
perature and volume of the solution. Thus Pfeffer found 
that at 6*8*^ C. a 1 per cent, solution of sugar had an osmotic 
pressure of 505 mm. of mercury. The molecular weight of 
sugar (Cjo H 22 0„) is 342. Now if a gas had a molecular 
weight of 342, its volume at a pressure of 505 and tempera- 


ture 6*8° C. would be 


2 X 11160 
342 


760 279*8 

505 m 


c.c., 


i.c. 100*7 c.c. 

(5) Solutions of electrolytes exert a greater osmotic pres- 
sure than solutions of noii-olectrulytes. This is probably 
due to the fact that electrolytes in solution split up into 
ions. Compare with the (so-called) abnormal vapour den- 
sities of substances such as calomel and sal ammoniac. 


243. Isotonic Solutions. — Direct experiments in osmotic 
pressure are cumbrous and not susceptible of groat accuracy. 
Hence many results have teen obtained by somewhat indi- 
rect methods. De Vries experimented on the cells of certain 
plants. These cells are lined with a semi-permeable mem- 
brane through which water can pass, but which docs not 
allow the passage of solutions. Hence if such a cell is 
placed in water, the water enters — as in the case of Nollet’s 
bottle — and the membrane presses up against the walls of 
the cell : but if pliiced in a strong solution of salt, water 
passes out and the membrane shrinks away from the walls. 

The strength of a solution can tluircforo bo varied till 
the cell neitW shrinks nor swells. The solution is then 
isotonic with the contents of the cell, i,e. the two exert 
equal osmotic pressures. De Vries used these cells to find 
out what strength solutions of diflerent substances must 
have to be isotonic with one another. It was by this 
means that Law (‘3) of Art. 242 was confirmed, and also 
the molecular weight of raffinose. 
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244, Vapour Pressures of Solutions.— It is well known 
that the boiling point of water is lower than that of a salt 
solution ; as liquids boil when their vapour pressures are 
equal to the pressure of the atmosphere, it follows that 
the vapour pressure of a salt solution is lower than that of 
pure water. This lowering of the vapour pressure is con- 
nected with the osmotic pressure. 

Imagine a tube kB (Fig. 114) closed at the bottom with 
a permeable membrane M, Let this be filled with a solu- 
tion and placed with the 
bottom just touching the sur- 
face SF of water in another 
vessel. It will simplify mat- 
ters if we suppose the ^vhole 
to be placed in the exhausted 
receiver of an air pump. 

If the solution in >45 is 
strong and the length of the 
column of solution is not too 
great, water will pass through 
M into the tul)e, and the 
solution will climb up higher 
and higher till the hydrostatic 
pressure at the bottom of the 
tube is equal to the osmotic Fig. 114. 

pressure of the solution in its 

then state of dilution. There will then be equilibrium. 

Now the whole of the space under the receiver is filled 
with wat(»r vapour. This vapour is saturated throughout, 
both above the solution and above the water surface. 
But the vapour pressure at k , t.c. the saturation vapour 
pressure of the solution, is less than the vapour pressure 
of pure water just above SF by an amount equal to the 
weight of a column of vapour on base of unit area and 
height equal to the difference in level between the free 
surfaces. Hence vapour pressure of water (pir) 

— vapour pressure of solution (p,) = gerh (1) 

where o- denotes the average density of the vapour and h 
the difference in level. 
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The osmotic pressure P = hydrostatic pressure at Af in 
the solution^ 

ie, P = gph (2) 

when p is the density of the solution. 

Divide (1) by (2) and we get 

Vapour pressure of water — Vapour pre ssure of solution 
Osmotic pressure 
_ Pw —p» _ (T 

245. Lowering of the Vapour Pressure.— Now the vapour 
pressure of a soliitiou is not a very easy thing to measure. 
As a rule it is simpler to measure the difference in tempe- 
rature between the l>oiling points of solution and solvent. 
If the solution is dilute, then the fraction 
Difference in pressure Iwtween vapours of solvent and solution 
Ditlerence in boiling point 

is almost equal to the rale at which the pressure of the 
vapour of the pure solvent rises with the temperature, i.e. 



to the rise in pressure per decree rise in temj)erature. 
Call this V) and the difference in lx)i]ing points r, 


then 
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Thus in Pig. 115 the upper curve shows the relation 
between the vapour pressure of a solvent (water in this 
case) and its temperature : the lower curve exhibits the 
relation for a solution. 

Now at 100° C. the difference in the two vapour pres- 
sures is represented by the difference in boiling point 


4 D 4 D 

by BO. The fraction ^ is nearly equal ^ 


the tangent of the angle which the tangent to the upper 
curve makes with the line of temperatures. The tangent 
of this angle measures the rate at which the vapour 
pressure of the solvent varies with the temperature. 


246. Lowering of Freezing Point.— A relation exists 
l)etween the osmotic pressure of a solution and the 
difference in temperature between the freezing points of 
the solution and the solvent. Take a simple case : let a 
dilute solution of salt at its freezing point, 273 — t 
absolute, be separated by a semi-permeable membrane 
from the solvent, water, at its freezing point 273. 

Let one gramme of water pass through the membrane 
in the solution : the work done is P, when P is the 
osmotic pressure of the solution. Freeze out the water 
that has passed through, place it in the pure water and 
melt it. The heat suppli^ is that required for melting 
one gramme of ice : call this L. The system has not 
been in any way altered by this cycle of operations ; also 
the cycle is reversible, so that 

Work done _ Difference in temperature 
Heat supplied High temperature 

P_ t 
L 273* 

Hence ^ = ^ 3 *’ 

i.e. the lowering of freezing point is proportional to the 
osmotic pressure. 
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Examim.ks XIII. 

1. Define va])our tension, vapour density, surface tension, and 
viscosity. How do all or any of these atrect the draining and 
drying of a long vortical tube open at both ends and wetted inside 
with the liquid? If any other physical properties of the liquid 
aftect the draining or the drying, mention them. Consider cold 
water, water near the boiling point, and cold ether or benzine in 
your answer. 

2. Describe the phenomenon of tensile strengtli in liquids. How 
has it been measured ? 

3. Show how the viscosity of a liquid can be calculated from its 
rate of flow thn)ugh a narrow tube. 

4. Use the method of dimensional equations t(^ show that the 
terminal velocity of a drop of rain varies as the sejuare of the 
diameter of the drop. 

[Lamb, Hydrodyiuimics^ gives the formula w =» f 

’Z 

for a sphere of nidius a, density po, falling through a medium of 
density p. The relation is only true for small drops.] 

5. A ball of iron, of density 7, is allowed to fall freely through 
water. Neglecting the mass of any water carried down by the 
ball, find the initial acceleration, and explain in general terms w'hy 
the acceleration changes (1) with the time of fall, and (2) with the 
size of the ball. 

6. Trace the connection between the osmotic pressure of a 
solution and its solvent. Describe any experiments you know on 
the vapour pressures of solutions and discuss the general results 
obtained. 

7. If P is the asniotic pressure of a solution, D the density, L the 
latent heat of the solvent, prove that the freezing point of the 

PT 

solution is lower than that of the solvent by an amount — , where T 

uD 

is the freezing point (absolute) of the solvent. 

[For further examples m this cho/ptcr see Mmitllaneous PJxamplest 
p. 258.) 



CHAPTER XIV. 

FRICTION. 

247. If a book is lying on a table it is necessary to apply 
force of a certain definite amount before it can be made to 
slide along the surface. A force of less magnitude will 
produce no visible effect. It will only deform the book 
and bend the table to an inappreciable extent. The 
smoother the table and the lighter the book the less is 
the minimum force that must be applied to produce motion. 
Further, when the book has been set in motion its accelera- 
tion is not equal to the force applied divided by the mass : 
it is considerably less. These facts indicate that resistance 
of some sort is offered to the motion of one body over 
another with which it is in contact. The resistance is 
called friction. 

248. Statical Friction. — Consider two bodies in con- 
tact with one another. Let forces act tending to make 
one move over the surface of the other. Let these 
forces be very small at first and then gradually increase 
till slipping is just about to take place. Frictional forces 
act during the whole period. They obey certain impor- 
tant laws : — 

Law I The direction and magnitude of frictional forces 

are such as just to preserve equilibrium ; provided that at no 

E [)int the amount necessary exceeds a certain amount called 
imiting Friction. 
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249. Limiting Friction can be investigated easily by the 
arrangement sliown in Fig. 11(5. 

In this >lfl is a horizontal slide of wood, iron, or other 
material. C is a sledge that can be drawn over the slide 

by the string DE, which passes 
over the pulley P and sup- 
ports a scale pan Q, C may 
be loaded as required. 

To experiment, plac^e a load 
M on the sledge : add weights 
to the scale pan Q till motion 
is just on the point of taking 
place. The friction which prevents motion is now limiting 
friction. Its magnitude is practically equal to weight of 
the scale pan and its load. 

The forces acting on the loaded sledge are : — 

(1) Its weight, Wy vertically down. 

(2) The normal reaction, jB, of the slide. This is equal 
and opposite to W, 

(3) The pull of the string, horizontal. 

(4) The friction, Fy equal and opposite to T, 

Now if experiments are made with different loads, it wdll 
be found that W : T is a constant. 

Hence F is proportional to JB; or 
F = Here /x is constant ; it is 
termed the Coefficient of Limiting 
Friction. Its value differs consider- 
ably in different materials, though it 
would appear to be always less than 
unity. If the sledge C is replaced by 
another of the same material but of different area, the same 
relations will still hold ; the friction is independent of the 
areas in contact. 

250. We may now state the next two laws of friction 

Law II. — The limiting friction between two surfaces is 

proportional to the normal reaction between them. From 
this it follows that 

Law III. — Friction is independent of the area of the 
surfaces in contact. 



w 

Fig. 117. 
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251. It will be noticed that when motion once takes place 
the sledge has a considerable acceleration. This points to 
the fact that resistance to motion is less just after slipping 
than it was before. Experiments have been made which 
indicate that the friction between moving bodies is inde- 
pendent of their relative velocity. This point will be dis- 
cussed later. 

Law IV, — ^Where motion takes place the frictional 
resistance is less than limiting friction, and is 
(nearly) independent of velocity and area of surfaces in 
contact. 


252. Angle of Friction.— Refer back to Pig. 117, The 
forces J2, F may be compounded by the parallelogram law : 
their resultant makes an angle, 0 say, with the direction 
of U, such that its tangent is equal 



i,e. 


^ = tan 0. 
H 


If motion is just on the point of taking 
F 

place, ^ = 



Fig. 118. 


In this case the angle 0 is generally denoted by X, and 
is termed the angle of friction. 


/. n = tan A.. 


Now if motion is not on the point of taking place the 
friction F must be less than limiting friction : 

i.e. F < fiB, 

/. tan 0 < /i, 

tan 0 < tan A, 

or 0 < k, 

so that the total reaction makes with the normal 
an angle (&) which is never greater than the angle of 
friction (A). 
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253. Bough Inclined Plane.— Suppose a body rests on 
a plane inclined at an angle d to the horizon The forces 

acting on it are 

(1) Its weight W, acting 
vertically down. 

(2) The normal reaction, 
22, at right angles to the 
plane. 

(3) The friction F, acting 
in the direction opposite to 

that in which the body tends to move, Le. up the slope of 
the plane. 

Ecsolve horizontally and we get 

jPcos 0 =: jKsin 0, 

F 

Le. = Un d. 

Iv 



Now let the plane be tilted up until the body is on the 
point of slipping. In this case 
F 

tan 6/ = - = /X = tan A, 

i.e. the lx)dy is on the point of 
slipping when the plane is in- 
clined to the horizon at the 
angle of fru‘tion. This method 
is sometimes a convenient one 
for finding A and /x, 

254. Work done by Friction ; 

Hope Brake. — Suppose a wheel, 

IV, such as the fly-wheel of a 
steam engine, rotates at n revo- 
lutions per minute. Let a loop 
of rope ABODE be passed round 
it. The friction of this rope will 
act as a brake on the wheel. The tension of the rope will 
be greater at E than at A* Call the tension at these two 
places Tj and T, pounds weight. The effect of the rope is 
therefore to apply a tangential force Ti — T\ tending to 
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stop the wheel, so that the work done by the wheel is 
exactly the same as it would be were the wheel to draw 
up a load of weight hung from a rope fastened 

on the circumference. 

Hence the work done per revolution 

= (Tg —jPj) . ^ira foot pounds, 
a being the radius of the wheel in feet. (For simplicity 
we have neglected the effect of the thickness of the rope.) 

Hence work per minute = ^Tua (Tg — I^i). 
horse-power of engine driving the wheel 
_ 2irna 

"“'spoo * 

This is the usual method employed to find the brake 
horse power of an engine. 

It is important to notice that the frictional forces do not 
depend on the radius of the wheel : the work done against 
them per revolution is proportional to the radius. Hence 
we see that the less the diameter of the axle on which a 
wheel turns the less the losses due to friction. 


255. String on a Bough Surface. —Suppose a rope lies on 
a curved surface and is just on the point of slipping. Let 
JTj be the tensions at the free ends, ^ the angle between 
the directions. 

Then 

This may be shown as follows. The forces acting on an 
element PQ = ds are indi- 
cated in Figure 121. Re- >T*dT 

solve along the tangent and 
normal at P. We get 
i fiBds = dT 
I Td =z Rds, 
jjiTd^fr = dT, 
dT 


/. fid^ = 


T 



.-. log T=zfiylr + const., ^ig, 121. 

or Pi = P, 

Tlie result may be examined by passing a string round a 

P.M. 16 
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horizontal cylinder (Pig. 122) and attaching scale pans to 
the free ends. The string may have 
1|, 2|, etc., laps ; so that ^ can be 
J made to have values tt, Sir, 5 t, etc. 

256. Change of Friction with Velo- 
city. — The apparatus shown in Figure 
123, which is taken from Prof. Perry’s 
Applied Mechanics, was designed to 
show how the friction between the disc D and the brake ^ 
changed with tlie relative velocity of the surfaces in contact. 
The disc could l)e driven by an engine at any speed desired : 



Fig. 12.^. 


the weight supported by the brake could bo varied. As the 
disc revolved in the direction shown by the arrow friction 
tended to pull the brake round too. It could be prevented 
from doing so by adding weights in the scale pan ¥. 
The results obtained indicated that the friction was not 



fig. 1-22. 
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quite constant but greatest at slow speed. The effect of 
the wheel, however, is to carry air in under the slide : 
this would appear to act as a sort of lubricant. 



Fig. 124. 


257. Bolling Friction.— When one body rolls over 
another the resistance called into 
play is termed rolling fric- 
tion. This resistance is partly 
due to the crushing and bending 
of the material. The stresses and 
strains which are brought into 
play as an elastic body rolls along 
an elastic surface are, needless to 
say, of a very complicated nature. 

Under ordinary circumstances there 
will be temporary alterations in 
the shape both of the rolling body 
and of the surface on which it 
rolls. There may also be a certain definite tendency to 
adhesion. 

Consider the case of a bicycle tyre (Fig. 124). The 
part kBO in contact with the road is flattened out. The 
tyre is bulged just in front of C and the road slightly 
humped up. These strains absorb energy, which is not 
wholly restored to the wheel by the reaction of the road on 
the tyre at ^ . Hence force is required to make a wheel 
roll along a flat road. The rolling friction is less the 
greater the diameter of the wheel. In any case it is of 
much less importance than the sliding friction at the axle 
of the wheel. Hence the value of ball bearings. 


268 . Fluid Friction.— This subject has been already 
studied under the chapters dealing with liquids and gases 
(see Arts. 185, 230). It must be remembered that the 
motion of a solid through a liquid is not hampered by 
frictional forces alone. Thus when a ship moves through 
water it creates a train of waves at the bow and another 
at the stem. The energy required to maintain these is 
supplied by the engines. 

Skin resistance is due to the water slipping past the 
sides of the vessel. It appears to vary approximately as 
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the square of the speed. Lord Kelvin’s Popular Lectures 
contain an interesting account of the resistance offered to 
the motion of ships. 


Exampi^s XI7. 

1. A cube rests with one edge on a rough horizontal plane, and a 
parallel edge on a smooth piano inclined at 45° to tho horizon. If 9 
IS the inclination of the upper face of the cube when just about to 
slip, prove that (1 -m) cot ^ = (1 +3/4). 

2. A body will just rest on a plane inclined to the horizon at 20°. 
Find its acceleration when the plane is inclined at 40°. 

3. The fly-wheel of a 20 h.p. engine revolves 250 times per 
minute. If the brake wheel is 4 ft. diameter, find what the load on 
the rope brake must bo when all the power is being absorbed. 

4. A string jmsses over a rough horizontal oylincler. It carries at 
its ends nuwses of 15 lbs., 5 lbs., and is just on the point of slip{)ing. 
What is tho coefficient of friction ? 

If the string be wrapped round the cylinder for an extra turn, 
wdmt is the least load that would be required to support tho 15 lbs.? 

5. A 2 h.p. motor bicycle can go at 15 miles per hour on a level, 
exerting only 1 h.p. What is tho steepest hill it can climb at tho 
same rate when working full power? Wciglit of bicycle and nder 
equals 3(X) lbs. 

6. State sliortly what you know alx)ut the action between two 
rough surfaces in conUct. 

A heavy uniform rod lies on a rough horizontal plane and is acted 
on at one end by a force in the plane at right angles to its length. 
Show that as tho force increases the nxl w ill begin to rotate alx)ut a 
point dividing the rod approximately in the ratio 29 : 70. 

{For further examples on (his chapter see Miscellaneous Examples^ 
p. 25S.) 



CHAPTER XV. 

CAPILLARITY. 

259. Behaviour of Small Quantities of liquids.— If a 

small quantity of a liquid is placed on a smooth horizontal 
surface, we might expect it to spread out in a thin film of 
unifoi’m thichness ; this result would seem to be a direct 
and necessary consequence of gravitation. If experiments 
are actually carried out the results will he found to 
differ with the nature of the surface and the liquid. Thus 
a little drop of paraffin oil allowed to fall on the surface 
of still water spreads out in a film which may be suffici- 
ently thin to show interference colours. Water on polished 
glass l)ehaves in a similar way. With mercury on glass, 
however, we obtain different results, for the mercury, 
instead of spreading out gathers up into a pool which is 
circular and several millimetres deep. If it is divided up 
into separate parts it will he noticed that each is circular 
in outline and that if two of them come into contact they 
unite together and again form a circular pool. Instead of 
glass we may use almost any non-metallic surface — wood, 
paper, etc.— and obtain similar results. This is not an 
effect peculiar to mercuiy ; a drop of water will not spread 
over a greasy plate, but gathers up like mercury on glass. 

It is well to notice here that the liquids only spread out 
indefinitely provided that they are capable of wetting the 
surface on which they are spread. In otlier cases the 
liquids collect in drops or pools. A study of these results 
suggests that the behaviour of a liquid is not wholly con- 

22 ^ 
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trolled hy its weight or forces we have hitherto considered, 
but that there are other forces in action which are de- 
pendent on the natures of the surfaces in contact. These 
forces are c-allcd surface tensions, but l)efore discussing 
them it will be well to call to mind a few familiar facts 
and describe some simple experiments. 

260. Shape of Liquids Unacted on by External Forces.— 

A di'op of liquid is perfectly spherical provided it is not 
forced to take up any other shape by exUu-nal forces. This 
property is utilised in the manufacture of shot. Molten 
lead is poured down in a fine stream from the top of a high 
tower. The stream breaks up into a succession of small 
drops which cool and solidify as they fall through tlu^ air. 
To prevent them from being knocked out of shape when 
they reach the ground their fall is broken Ijy a deep batli 
of water in which they are caught. 

The rainbow affords proof that water loft to itself takes 
up the form of a sphere. The explanation of tlie sliape 
and colouring of rainbows and lialoes is based on the 
assumption that raindrops are spherical. Any slight 
deviiition from this sha{)e would lx? sufficient to completely 
change the character of the phenomena. 

The effects of gravity on the shape of the liquids in the 
above illustrations is almost absent ])ecause the drops fall 
freely. If the drops fell through a viscous or dense 
medium their forms would be altered. 

Plateau’! Experiments. — Another method of eliminating tho 
effects of gravity is described by riatcau in his Stutir/ue €,rj)^ri- 
menlale et ihiorique dea liquidea aoumia aux aeulcs forcca moW 
cidaireay He prepared first a mixture of alooliol and water of 
specific gravity as nearly as possible equal to that of oil. This was 
placed in a glass ve.ssel and a quantity of oil poured in. A.s tho 
bottom of the mixture was slightly more dense tliaii tho oil and tho 
top slightly less so, the oil sank halfway and floated in tho middle 
as a round ball. By means of a disc attached to a wiro Plateau 
made the ball revolve round a vertical axis. The effect of this 
rotation was to cause a flatten inw of tlie poles which increased with 
the speed. Tho oil eventually formed a ring, which broke up into 
separate spheres. This experiment is interesting as suggesting tho 
explanation of the flattening of tho earth at the poles and or tho 
stability of Saturn’s rings. 
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361. Liquid Skins: Comparison with Sheet Rubber.— 
If an elastic bag— a child’s balloon or a football bladder — 
is inflated with air the shape that it takes up is always 
that of a sphere, provided that the material of which it is 
composed is uniform" in quality and thickness. Here we 
have two opposing sets of forces to be considered, the one 
the tensions in the material of the bag, the other the 
thrusts exerted by the compressed air. In accordance 
with the former the bag assumes the least possible surface, 
and in accordance with the latter its volume is as large as 
possible. Since the shape assumed is spherical we are led 
to the conclusion that the sphere is the figure which for a 
given volume has the minimum surface area. This con- 
clusion is capable of rigid mathematical proof. 

We may now consider the case of the same elastic bag 
filled with a heavy liquid and resting on a table. If the 
liquid is under pressure the forces acting are similar to 
those indicated above, but a thkd force, gravity, now comes 
into operation and produces important effects. The bag 
is no longer spherical : the portion resting on the table is 
flat and the curvature of tlie top decreased : a horizontal 
section through any point is circular, so that the figure is 
a solid of revolution. 

Its shape is so similar to that of a drop of mercury 
(Fig. 125) resting on a horizontal plate of glass that it is 
reasonable to assume as a working hypothesis that the 
forces which mould the drop are the same as, or at least 
similar to, the forces regulating the shape of the liquid in 


Fig. 125. 

the bag. In other words the behaviour of a drop of liquid 
is explicable if we regard it as being covered with a thin 
tightly stretched elastic skin. The tension of this skin or 
film is called the surface tension of the liquid. It is due 
to the tension of this skin that the hairs of a wetted paint- 
brush hold together. 
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262. Ponnation of Drops.— The following eiperiments 
can easily be performed and sIjow the effects of surface 
tension. 

Make an arrangement by wliieli water may be made to 
flow very slowly from the nozzle of a vertical pipe or tulx). 
The diameter may be anj tiling less than half a centimetre. 
The flow of the water may be regulated by connecting the 
pipe to the reservoir by means of rubber tubing, which 
can be squeezed together by a screw pinch-cuck. Observe 
very carefully the shape of the drops as they are formed. 
Drops formed in this way are very small, for tlie skin is 
not strong enough to bear the weiglit of the drop when it 
gets large. We can produce larger drops by overcoming 
the effects of gmvity in tlie way adopted by Plateau in his 
experiments. To do this make a solution of zinc sulphate 
of such strength that its den.sitv is just less than that of 
carbon disulphide. To dilTorentiate the two liquids colour 
the carbon disulphide with a little iodine. Now take a 
wide glass cylinder, half fill with the disulphide and pour 
in the zinc sulphate solution nearly to the top. Take a 
piece of large bore glass tubing, close one end with the 
hand, and holding it vertical lower the other end to the 
bottom of the cylinder. 0})en the upper end to allow the 
carbon disulphide to enter the tube and close it up again. 
Eaise the tube till the lower end is well above the surface 
of sepnration of the two liquids, and then allow drops to 
form by admitting air very gradually at tlie uppu' end. 
Notice how a narrow neck is formed just before the 
drop breaks off. This neck goes to form the little 
subsidiary drop which falls directly after the main drop is 
detached. 

These effects may be imitated by m(*aiis of sheet rublier. 
To do this the rubber must Ije stretched evenly across a 
ring or the bottom of a wide pipe and water poured in at 
the top. The rubber stretches and the appearance is at 
first almost identical with that of a drop in the early 
stages of its formation : but when the neck is formed the 
resemblance ceases ; the reason being that whilst in rubber 
the tension increases with the stretching, in water the 
tension of the skin always remains the same. 
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263. Oscillations of a Drop. — A drop just before it leaves 
the nozzle on which it is formed is not spherical, but is 
pulled out with the vertical diameter longer than 
the horizontal. At the moment of separation its 
outline is something like that of a lemon. While 
falling freely the influence of gravity on the shape 
is negligible, so that the surface tension alone 
need be considered. This would cause the drop 
to become a perfect spliere, and for an instant 
the drop has this appearance. The particles, how- 
ever, of which the drop is composed, have acquired 
energy and momentum from tlie action of the 
surface forces, and they cannot instantly come to 
rest relative to one anotlier. Hence the drop 
dues not remain splierical, but becomes flattened 
like an orange. The drop therefore vibrates and 
passes tlirough different shapes, prolate, spherical, 
oblate. These vibrations gradually get less and 
less till they are finally quenched by internal 
friction. 

It is owing to these alterations in shape that a 
stream of falling drops of water flowing from a 
tap or jet lias a twisted or screwed appearance. 

Such a stream often seems to be continuous, but 
this is an optical illusion, due to 
the persistence of vision. An in- 
stantaneous pliotograph taken by 
the spark of a Leyden jar shows 
the stream broken up into its 
component drops (Fig. 126). • 

A stream of water often has a twisted ^ Ig* ^26. 
appearance before it breaks up into 
(li’ops. This is cau.sed by “ oseillations of a 
cy linder.” While tlio portion (Fig. 127) is 
travelling to CD it is in a state of oscillation. 
The section at may be elliptical with the long 
axis in the plane of the figure at ? and the short 
atO. Ot her kinds of oscillation can bo observed. 


1 /? 


# 


? 

f 

« 


Fig. 127. 


Lord Kelvin has calculated the period of oscillation of a 
drop of water through the fonns described above and finds 

that it is about where a is the radius measured in 
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centimetres ; thus for a drop J cm. in diameter the period 
is second. (Pojyular Lectures ; cf. also Oliap. I., Ex. 4.) 

264. Plane Soap Film. —Make a piano rin*^ of wire ; take 
a thin cotton thread and tie it loosely aciuss it. If the ring 
is now dipped into a soap solution and removed a thin 
plane film will be obtained divided irregularly into two 
parts by the cotton. Break one portion of tho film — this 
can be done successfully by touching it with a hot wire — 
and the cotton will be pulled out into the form of an arc 
of a cii'cle. 




Again take a fibre of cotton and tie tho ends together. 
Dip the ring of wire into tho soap solution and lay tho 
loop of cotton on the film obtained. Break the film inside 
the loop. The cotton will be pulled out into the shape of 
a circle. 

A circle is the plane figure which for a given perimeter 
has the maximum area ; the soap film takes the form which 
has the least possible area; the space unoccupied must 
therefore be a maximum, and the cotton must therefore be 
pulled out into a circle. 
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265. Surface Tensions in different Liquids. Tears in 
Wine. — Pour into a flat disli just suffi(‘ient water to cover 
the bottom. Let a drop of ether or alcohol fall into the 
middle. The water will retreat from the ether and heap 
itself up round the edges of the dish, leaving the ether in 
the middle. The motion* of the water may be rendered 
more conspicuous by colouring it or sprinkling a little 
dust — lycopodium powder — over tlie surface. The reason 
for this, motion is that the surface tension of ether is much 
less than that of water : the water skin is stronger 
than the ether skin. Hence the ether surface is stretched 
out while that of the water contracts. It is well known 
that if port or other strong wine is standing in a glass the 
sides of which are wetted with the wine, it gathers itself 
together in little streams and runs domi the glass in 
iears. The explanation of this is usually given as follows. 
The surface tension of alcohol is much less than that of 
water, so that as the alcohol in the wixie on the sides of 
the glass vessel evaporates leaving the less volatile \vater 
behind, the surface tension above is greater than tliat of 
tlie unaltered wine below. This causes more wine to be 
pulled up on the sides, from which the alcohol again 
evaporates, leaving water which accumulates till a drop is 
formed sufficiently heavy to break away and fall as a tear. 

The motion of camphor on water is due to this cause. If a piece 
of it is fastened to the stern of a small wooden boat, the boat will 
move, for the bows are pulled forward with a force due to the sur- 
face tension of pure water, while the drag back on the stem is due 
to a surface contaminated by camphor. As the surface tension of 
water is greater than that of a camphor solution the boat travels 
forward. 

266. Definition of Surface Tension.— Consider any small 
rectangular clement of a surface tliat is in equilibriiun. 
Call it A BCD. The surface forces acting on the edge AB 
may be resolved into two — one acting on the edge, the 
tangential force, and one in the surface at right angles to 
AB. Now if A BCD is the surface of a liquid the former of 
these components cannot exist. This is due to the fact that 
a liquid surface, unlike a sheet of paper or piece of cloth, 
cannot withstand peimianently any shearing stress, however 
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small. Hence the forces actiu^^ on the odpfe of any element 
taken in the surfiu*.o of a liqiii<l at rest arc everywliom in 

the piano of the smffice at ri|^^ht 
angles to the etl^os. The total 
force acting on the element of 
tlie e<lge ilivided by the length of 
the element — or in other wonls 
the force per unit lengtli — is 
termed the surface tension. The 
dimensions of surface tension are 
therefore 1 in IMass, — 2 in Time. 
(Force -r- Length.) 



267. Surface Energy: S=:T . — In dealing with capil- 
larity it is often more convenient to consider not the actual 
surface tensions or the forces acting on the liquid, but the 
energy associated with the surface. The surface of a liquid 
tends, as we have seen, to become as small as possible. 
Now a system is in stable equilibrium when its potential 
energy is a minimum. Hence we may regard the surface of 
a liquid as being possessed of potential ejiergy, each square 
centimetre having a certain amount which is independent 
of the configuration. 

Let us consider a plane liquid film — say a lilm of soapy 
water. 

Suppose that 

T = surface tension of each side of the film, 

S = energy associated with each square centimetre. 


Let the film be held in a rectangular wire frarrui ABCDy 
so arranged that the cross wire 
BC can slide along the sides 
AB, DC* Let the wire be 
pulled along to the position 
BX' through a distance sr. 

Then if a is tlie length of BGf 
the work done in stretching 
the film = 2Tax.^ 

The potential energy of the film has therefore been in- 
creased by an amount 2Tax. Each side of the film has 
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increased by an area m. Hence increase of energy per 

unit area = = T. 

2az 

If we call 8 the surface energy per unit area this gives us 
8 = T. The dimensions of 8 ai-e 1 in Mass and — 2 in 
Time. (Work Area.) 

268. Surface Tension is the same in all dir.'octions and at all 
points. — Consider the equi- 
librium gf the surface of a 
liquid. Take a small dement 
in the surface in the shape of 
a right-angled triangle ABO, 

Let the surface tensitins in the 
edges BC, CA, AB bo 7^, T,, 
rcspectivel 3 \ Tho forces act- 
ing are . BCy 7\ . CAyT^, AB^ 
perpendicular to these three 
edges respectively. 

Resolve in the direction at 
right angles to AB, and we get 
. AB - . BG . cos ABC^ 

Hence tho eurfaco tension is tlie same in any two directions, is 
tliu same in all directions. 

Ooirsider next tlio equilibrium of a small rectangular portion 
A BCD. If wo denote tho tensions in AD, BC by T, T respectively, 
and resolve parallel to AB, we get T . AD = T' . BO, i.e. T = j?'. 

Hence the surface tension is constant at all parts. 

268. To find a Belation be- 
tween the Badins of a Spherical 
Drop of a Liquid, the Surface 
Tension, and the Pressure.— 
Imagine the drop to be divided 
into two hemispheres and con- 
sider the equilibrium of one of 
them /I BCD. 

Let r = radius of the drop, 
p — pressure at any point 
inside, 

t — the surface tension. 
The only forces acting on the 
hemisphere are (1) the thrust 
on the piano face ABO due to the pressure of the liquid 


A 
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in the other half, (2) the tension of the surface acting 
round the edge of tlie circle ABC^ 

These forces are in equilibrium. Eipiating them we get 
p X area ot ABC X perimeter of ABC^ 
p . irr =: t . 27rr 
pr = 2/. 

The pressure p is the pressure due to the surface tcmsion 
only, and is the excess of the internal pressing over the 
external. 

270. To find a relation between the radius of a Cylin* 
der of Liquid, the Surface Tension and the Pressure.— 

Consider the equilibrium of the fluid contained between 

two planes at right angles to 
the axis. Call the circles in 
which the surface is cut ABCt 
A 'B'C'» Divide the portion into 
tw^o halves by a plane BB'C'C 
passing through the axis of the 
cylinder. Consider the equi- 
librium of the half ABCC'A'B'. 
Tx*t r = radius of the cylinder, 
p rz pressure inside, 
t surface tension, 
h =: distance bctwxH}n the 
planes of the two circles. 

The external forces acting are (1) the thrust on the bice 
BB'C'C = p . 2 rh, (2) the surface forces on the edges 
BB\ CC ; each of these is equal to th, (3) forces on the 
edges ABCt A'B'C' and thrusts on the faces ABCf A'BV*. 
These thrusts are all parallel to the axis of the cylinder. 
Resolving in the direction perpendicular to the face BB'CX 
we get 

p X 2rh= 2tht 
pr = t. 

271. Curvature of Surfaces.— Articles 269, 270 are par- 
ticular cases of- a general theorem. Before this can be 
enunciated it will be necessary to draw attention to one 
or two geometrical results. "*Any two points P, Q on a 
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curve may be joined a straight line (Pig 134). The 
position PT which the line PQ tekes up when the points 
P, Q are indefinitely close to one another is that of a 
tangent to the curve. 




Now a ch’cle can be made to pass through any three 
points. liet us suppose that P, Q, R (Pig. 135) are 
three points on a plane curve ; draw a circle PQR 
through them. If P and Q approach one another inde- 
finitely, the tangent to the curve at P and the tangent to 
the circle will be the same line. The circle will in this 
case touch the curve at P and cut it at R. Next let R 



approach P (Pig. 136) ; then the circle PQR in its ultimate 
position when all three points are indefinitely close to- 
gether is called the circle of curvature at P. It is a circle 
which, in the general case, not only touches the curve at P, 
but also crosses it at P. 
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Consider next the surface of a solid at any point P 
(Pig. 137), draw a normal at this point and let any plane 
LPSf/ be drawn tlirough the normal to out the surface. 
The section will be a plane curve. The length of the 
radius of curvature at P of the section will depend on 
the direction in which the cutting jdauc LPSN is taken. 
If the direction is such that this length is either a maximum 
or a minimum the section is ciilled a principal section, and 
the radius of curvature of the section is called the prin- 
cipal radius of curvature of the surface. These two 
ipal sections are ahsays at ritdit an<rh‘s to one another. 


For the proof of this consult 



radius of curvature. Let a plane 
bo drawn to cut tlie surface in 
drawn in a similar way though < 
element A BCD on the surface. 


Smith's Solid Geometry. 
The relation connecting 
the curvature of a sur- 
face', the pres.^uro and 
the surface t(‘nsion is 


wliere ?*, r' are the radii 
of curvatiire, / tlu* surface 
tension, and p the differ- 
ence of pressure betwt'en 
the two sides of the sur- 
face. This result may be 
obtained as follows: 

Jx*t PN (Fig. 138) he nor- 
mal to the surface and QPq 
be a prineipal section. Wlum 
P, q move up to P then the 
circle of cnr\aturo, centre /V, 
will pass through qPQ. 

T^t (j[P<{ he the other 
principal section, PN' its 
through Q perpendicular to PQ 
the lino.^pfi. TjcI planes be 
(j Qi q : these will out out an 


Let , 

angle 


OAPILLARITT. 


241 


Consider the equilibrium of the surface A BCD, The forces acting 
on it are (1) the thrust due to the liquid =» p X si', (2) the surface 
forces on the edges AB, CD, each of which is equal to f.s', (3) the 
surface forces in the edges BC, AD; each of these is equal to t.s» 
Resolve in the direction Pf^ and we get 

pss —2ts sin sin 

2 2 


But when P, Q arc indefinitely close together 

2$ sin = 25. 3 

• 2 2 ^ r 


and 


sin 


2 ~ 7 



> e. 



(1) 


272. Particular Cases.— The relation 

1 ■ /> 

r /•' < 

is general and lioMs for all surfaces. A few particular 
cases are of impoidanco. 

(1 ) If the surface under oonsiihu’ation is that of a sphere, 
then tlie two radii of curvature are ecpial and we get 



(cf. Art. 2()9). 

(2) If tlie surface is tliat of a cvliiidor, one radius of 
curvature is equal to that of tlie evlinder and the other is 
infinite, one of tlio sections of a cylinder being a straight 
line. The equation tlieu becomes 



(cf. Art. 270). 

(3) If the surfiice is one of I'evolution and there is no 
difference of pressure the surface is a catenoid. 

This is the case in which a soap film is supported 
between two parallel rings, the line joining the centres of 

P.M, 16 
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which is perpendicular to the planes of both. The relation 
governing the form is 

i + i = 0 (4). 

r r ^ 

Consider anv piano ourve LPR. Lot it revolve about a 
line AB in its plane as axis and so tratu' out a surface of 
revolution. Let N Ik^ the centre of curvature for the curve 
at P, Let NP produced nie(‘t the axis AB in N'. Then 

M and /V' are the two principal 
centres of curvature for tlie 
surface of revolution. If the 
surface is one tliat satislit»s the 
relation (4) then PR — R'P. 
Now the only curve which 
n satisfies this n^lation, i.e. is 
sucii that its nnlius of curva- 
ture at every point is equal to 
the inter(‘ept on the normal 
l)ctween the curve and a tixed 
straight lino, is a catenary ; 
''W the cabmary being the curve 
in which a Innivy Hexii>le string 
liangs when supported at its 
emls. The surface of revolu- 
Fig. 130. tion is tlu.Tefore a^catenoid. 

Hence if a soap Film is sym- 
metrical about an axis ami has the same pressure on either 
side, its shape is that of the figure formed by the revo- 
lution of a catenary. 

273. Possible Forms. — Surfaces other than catenoids are 
of course possible, but these are not symmetrical about an 
axis. These may be studied experimentally by dipping 
wires bent to different shapes in a soap solution. Tlie 
resulting films thus obtained must always satisfy the 

relation -i- + i = 0 at every point. In other words the 

T T 

total curvature must everywhere be zero. A plane film is 
the simplest example. 
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If the surface is one of revolution, then in all cases, what- 
ever the pressure difference, the generating curve is the 
path tiuced by the focus of a conic rolling on a straight 
line. If the conic is a parabola the path traced by its focus 
is a catenary. This, as we have seen above, gives rise to a 
cateiioid, a form possible only when there is no pressui'e 
difference between the two sides of the film. 

The curve traced by the motion of the centre of a circle 
rolling on a straiglit line is another straight line. As the 
centre of a circle is also its focus, it follows that the straight 
line is a possilde fonii for the generating curve. The 
surface of revolution is then a right cylinder. 


274. Stability. — It is important to note that though 

many surfaces satisfy the relation A -f ]L — constant, yet 

V r 

all are not really possible forms for the stable equilibrium 
of a film. The cylinder affords a good illustration of tjds 
point, for its equilibrium is only stable provided that its 
length is not greater than its circumference. To show this 
experimentally take two funnels equal in size, close the 
tube of one and connect that of the other to a inibber pipe; 
bring the edges together after dipping them in soap solution. 
When they are separated again there should be a film con- 
necting the two rims. If the funnels are kept close together 
this film may Ixi made to bulge outwards or inwards by 
blowing through the rubber 
tube, or the pressure may be 
so adjusted that the film is 
cylindrical. Separate the 
funnels and find the greatest 
possible length of the cylin- 
drical film. This length can 
never exceed the circumference 
of the rim. 

A pretty experiment due to 
Professor Riicker ^ explains the instability of the cylinder. 
The two films A and B (Pig. 140) are governed by 
the taps at PQR. If the tap Q is opened when the length 



Fig. 140. 


^ See Soap Bubbles (by Professor C. V. Boys), published by S.P.O.K. 
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spanned bj the film is less than the seuii-circumferonce 
of the rings the air is squeezed out from B into A, so that 
both films become more cylindrical ; when, however, the 
length spanned is greater than the semi-circumfereiice, the 
air passes in the other direction, the neck in A gets narrower 
while B bulges out £iu*ther. If we imagine that the film 
in A is connected to the end of B it is easy to see that A 
will expand while B contracts, so that they together form a 
cylinder, provided that the total length between the rings 
is less than the circumference. If the length is greater 
than this tlio figure departs further from the cylindrical 
sha|3e and finally bursts. 


275. Liquid Jets. — A jet of water falling from a circular 
orifice is at first cylindrical, but since this form is not 
stable it soon breaks up into separate drops. These drops 

have be^ illustrated and 



their forms explained in 
Art. 263. The length of 
the continuous portion 
of any liquid jet depends 
on the surface tension, 
the viscosity of the 
liquid, the velocity with 
wliich it issues, and the 


^ iliameter of the orifice, 

m If the velocity is great 

1 tlie length is also great, 

I as in the case of the 

® water in a fountain or 


from the nozzle in a fire 


0 engine. Viscosity also 
increases the possible 


length of the cylinder, 
^ and hence we can draw 
® out very narrow threads 
Fig- 141. of half-molten glass or 

quartz. The greater the 
surface tension the sooner does it cause the jet to 
break up. A jet of water escaping from a nozzle does not 
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generally break up regularly and evenly. The drops are of 
different sizes, move with different velocities, and sometimes 
bounce up against one another (Fig. 141). This is due to 
slight accidental tremors to which the nozzle is subjected. 
These tremors impress necks on a cylindrical jet. They 
are irregular and at different distances from one another. 
Some of them disappear while others develop very rapidly, 
and break the jot up into drops. If, however, a regular 
disturb 5 i,nce is impressed on the nozzle the necks may be 
more evenly distributed, the drops will then form at the 
same place and be of the same size. A tuning fork placed 
on the stand which supports the jet produces this effect. 
To show it, a tube of glass may be drawn out and cut off 
square at the fine end. If this is connected to a reservoir 
some few feet above, a fountain can be obtained on a tray. 
The timing fork makes the jet cease from scattering, and 
drops fall with a regular patter on the tray. 

276. Three Separating Surfaces.— Two media in contact 
are separated by a single surface. With three media there 
are three different surfaces of separation, the tensions and 
energies of which have to be considered. Take the case of 
a drop of mercury resting on a horizonfal plate of glass. 
Tlie three media^ane glass, air, mercury; three surfaces, 
^ass-air, ^ir-mercury, inercury-glass. The shape of the 
orop depends on the intensity of gravity, the amoimt of 
mercury, and the values of the tensions of these three sur- 
faces. The form ultimately adopted will be such as to 
make the potential energy a minimum. We shall prove 
first that the angle at which the mercury meets the glass is 
constant. 


277, Angle of Contact. — Suppose PQ is a glass plate with a 
drop of mercury resting on it (Pig. 142). Let 0 be a point 
at the junction of the three surfaces. 


Since the glass is solid the point 0 
must be somewhere in its fixed sur- 
face PQ, so that for equilibrium it is 
only necessary that the sum of the 



Fig. 142. 


components parallel to PQ of the thi-ee 

surface forces be zero. If 0 is the angle at which the 
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mercury meets the f^lass, and the surface tensions are 
called T,,, then (Pig. 143) 



Fig. 143. 


^!/a = ^m;,- 

Hence 6 is constant for the same 
throe media. 

The supplement if/ of this an^le 
is usually called the aiif^le of coiitiiot 
for mercury and glass. 


278. No fluid media have been found which are such that three of 
tliem can be in contact along a line If three such media existed 
and 0 were a point in the line of intersection of tlie three snifacos 
we should have (Fig. 144) 



sin a 


7 ’ 

^ li 

Qinp 


T , 

, and , 
sin y ^ 



would be proportional to the sides of a triangle of angles 7r-a, 
r-f-if T-y: so that any two of the surface tensions must he together 
greater than the third. The condition is not satisfied hv any 
known fluids. If oil, air, water satisfied, a droj> of oil wrmld float 



as a lenticular mass on the surface of water. As a matter of fact 
the oil spread^out in a thin film, the reason being that the water- 
air surface is stronger than the other two together. 

279. Method of finding Angle of Contact.— The angle 
of contact may be found by taking a spherical flask and 
pouring in mercury (Fig. 145). When the depth is small 
the surface of the mercury is convex at the edges. This 
convexity decreases as the depth is increased until the sur- 
face liecomes quite flat. If more mercury is added the 
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surface becomes concave. The obtuse angle made by the 
surface of the mercury when quite plane with the glass is 
the angle of contact. An- 
other simple method is to 
take a sheet of glass partly 
immersed in a trough of mer- 
cury (Fig. 146). This must 
be tilted at such an angle 
that the under surface of the 
mercury is plane. The obtuse 
angle made by the glass with 

the horizontal surface of the mercury is the angle of contact. 



280. Rise of a Liquid in a Narrow Tube. — In a round 
very narrow tube (Fig. 147) the surface of the liquid is 
nearly spherical ; call its radius JB. Let the pressure at a 
point A just below the flat surface bo called po : then that 
at Bf just below the curved surface, is 


Now if h is the height to which the liquid rises the 
pressure difference must be gph, if p is the density of tlie 

liquid. 



Fig. 147 . Hence the rise VX lAVJ^UJlU. 

is inversely proportional to the 


diameter of the tube. In the case of a glass tube and 
water, the water wets the glass and we have 


a = 0, 1, 



so that 
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With mercury and glass the angle a is obtuse, so that 
cos a is negative. Hence h is negative, i.e. the mercury in 
the tube is depressed below the general level (Fig. 148). 
This explains why it is diliicult to make mercury enter a 
fine thermometer tube. 


281. Eise of a Liquid between two Parallel Plates.— 

Exactly the same method may be applied as in the pre- 
ceding arthde, but in this case the 
I I curved surface is cylindrical : hence 



and 2B cos a = d, 






,//// 


wliere d is the distance between the 
plates. 

This gives us 


Fig. 148. 


7 _ 2^ cos a 


so that the ris<' of tlui liquid is proportional to the distance 
between the plates. 


282 . The results of Arts. 280, 281 may also be deduced as 
follows : — 

(a) Uist in a cajnllay'y tube. 

Let tt = angle at which tlie liquid meets the tube, 
t = suifa(e tension of thud, 
p — density of fluid, 

h = height of liquid in the tube above llio normal level, 
d = diameter of the tube. 

The weight of the licpiid supported = hgp. Tlio junction 

of the liquid with the glass is a ring of circumforenoc wd : tlic 
vertical component of tiicbuifacc tension Mill thcioforobo ird. /cosa. 

. *. Tdt cos a — IT - fjphf 

4 


i.e. 


. 4^ cos a 


(b) Rise between parallel 2)latc8, 

Use the same notation, but l<*t d denote distance between the 
plates. 
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Consider the equilibrium of a portion of tlie liquid bet^veon the 
plates, the horizontal length of which is one centimetre. The 
weight of this portion = tjkdp. It is supported by the surface 
tensions : i.e. by two forces equal to t and inclined at an angle a to 
the vertical. 

. 2^ cos a = (jMp. 


283. Else of a Liquid between two Vertical Plates 
inclined at a Small Angle.— Con- 
sider two vertical glass plates 
wliicli meet along the common 
vertical edge AB. The height at 
any point P will be given by the 
relation of Art. 281 so that hd = 
constant. But the distance between 
the plates is proportional to the 
distance, I say, of P^ from the edge 
AB. Therefore AZ = constant. P 
must therefore lie on a rectangular 
hy 2 )erbolaof which AByAX are axes. 



284. Attraction or Bepulsion between Parallel Plates. — 
In the case of the plates in Art. 281 the pressure in the 
liquid between the plates just below the concave surface is 
less than that of the surrounding atmosphere. This may 
be deduced as follows: 


Prosbure at B = pressure at C on the same level 
= atmospheric pressure. 

Also pressure at = pressure at A + pressure due to 

depth AB of liquid, there- 
fore pressure at A is less 
than atmospheric. 

It follows from this that 
the pressure of the atmo- 
sphere tends to thrust the 
two plates together. 

Fig. 150. (If there were no external 

pressure due to the atmo- 
sphere the plates would still be pulled towards one another, 
for tlie liquid between the plates would exert a negative 
pressure, i.e. a tension. Of. Art. 226.) 


B 
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If the liquid is one wliicli does not wot the plates the 
result is still the same, for the level of the liquid is de- 
pressed and the sign of the curvature of the surface is 
changed. On the other hand if the })la,tes are of different 
materials such that one only is wetted by the liquid the 
two plates are pushed away from one another. The reason 
for this is that the height to which the liquid rises on the 
inside of the wetted plate is less than that to which it 

rises on the outer side, 
and the depth to which 
it is depressed by the 
other plate on the inside 
- is less than on the outside 
(Fig. 161) . A considera- 
tion of the forces acting 
will show that the ten- 
dency is for the plates to 
separate. These results 
Fig. 151. account for the way in 

which bubbles in a cup 
of tea gather round the edges, or group themselves up 
in little bunches. In the same way straw and sticks float 
together on the surface of a pond. It is wx*ll known that 
the skin of water is sufficiently strong to support a dry 
needle laid gently on the surface. The water in this case 
does not wet the needle. We may therefore expect a needle 
floated near the edge of a bowl of winter to find its way 
gradually towards the centre. This actually occurs. A 
wetted chip of wood behaves in exa(*fiy the oj)p()site way. 
If the two are floated near one another they will gradually 
separate: the needle finding its w^ay towards the centre, 
and the chip moving to th(5 edge. 

285. To find the Surface Tension of a Liquid.— A capil- 
lary tube may bo used to find the surface tension of a 
liquid. To do this it is necessary to use a clean tube of 
fine and uniform bore. This is h(ild vertical and dipped 
into the liquid. * The height to wliich the liquid rises is 
measured, and the diameter of the tube is carefully 
measured by a microscope or by a threa«l of mercury. The 
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result is then obtained from equation of Art. 280. The 
tube may be used to compare the tensions of two liquids, 
e.g. water and alcohol. In this case it is not necessary to 
laiow tlie bore of the tube. 

The niaxinumi depth of a pool of iiierciiry resting on glass 

= 2 cos A\/ A. 

^ ^ UP 

Tliis relation may be used to find an appi’oximate value of L Other 
methods arc indicated later. 


286. Evaporation at Curved Surfaces. Formation of 
Clouds. — Consider the case of a vertical capillary tube 
placed in a liquid. In order 
tliat we may neglect the effect 
of the atniospliere let us 
imagine the wliolo to bo 
placed ill an oxliausted re- 
ceiver. When equilibrium is 
estiil dished tliis receiver will 
be filled witli vapour. 

Let h = height to which 
the liquid rises in tlie tube. 

Let (r, p be the densities of 
vapour and liquid respectively. 

Let P = the vapour pressure 
just above the liorizontal sur- 
face of the liquid. Fig. ]r>2. 

Tlien the pressure duo to 

the vapour just above the concave surface in tlie tube will 
b(i P — ga-h = j) (say). 

The jiressure in the liquid just below the meniscus is 
P — gph. 

If wo can regard the meniscus as a portion of a spliere of 
radius r, then (Art . 2G9) tlie difference in pi*essure between 

2t 

the two sides of the surface is equal to , wliere t is the 

r 

surface tension. 
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Now the vapour both above the curved surface and 
above the plane surface is saturated : it follows then that 
the saturation pressure for a vapour in contact with a concave 
liquid surface is less than that of a vapour in contact with 
a plane surface, and, further, that vapour will condense 
more readily on a concave surface than on a plane surface. 
This result might be verified by closing the bottom of the 
tube and removing some of the liquid from it. Condensa- 
tion would then begin on the liquid inside the tube and 
continue till the liquid reached its fonner level. 

Carrying the argument one step further leads to the con- 
clusion that condensation on the surface of a liquid is more 
rapid the less the convexity of the surface. Hence in a 
cloud the tendency is for the vapour from little drops of 
water to condense on larger drops, so that big drops form 
at the expense of little ones. 

Further, hike the case of a very tiny drop of water in a 
space filled with moisture at the dew point. The moisture 
will not condense on this because the pressure necessary 
for condensation on a veiy convex surface is great. On the 
contrary the drop would evaporate. Hence it is possible 
to have vapour cooled below tlie saturation point, for the 
fine drops cannot fora. If, however, dust is present, this 
offers a Hatter surface, and condensation is more easily 
brought about. In towns particles of smoke form suitable 
nuclei for the deposition of moisture, and fogs are the 
result. If there were no smoke, the moisture would still con- 
dense, as dust in sufficient quantity would always be present. 

Electrons serve as mist nuclei. Professor Sir J. J. 
Tliomsou made use of this property to count the number 
of them in a given charge. 

The effect of dust may be shown experimentally as follows : — 
Smear a little glycerine on the plate of an air pUmp and place there 
a small vessel containing a little water. Cover up with a glass bell 
jar. This must be left for a considerable time, say a day, for the 
dust in the jar to settle on the glycerine. The air in the bell jar will 
be saturated with moisture, so that a slight lowering of temperature 
might be expected to produce condensation. To bring about the fall 
in temperature giver a few stroke.*} with the pump. The air inside 
the jar will expand and cool, but no fog will be seen. Now readmit 
air and introduce a little dust into the receiver by biiniing a match 
under the glass. A stroke or two of the pump now produces the fog 
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287. Bipples . — If two fluids in contact move with different 
velocities the surface of separation becomes puckered up into 
undulations. These undulations are governed partly by 
gravity and partly by surface tension. Waves and ripples 
arc also formed when the surface of water is disturbed in 
any way, as for instance by a boat or by the fall of a stone. 
The velocity with which a wave travels in a liquid of great 
depth depends on the wave length, and it may be shown 


that 


2 Xq , 27rT 

27r^ Ap 


when V = velocity of propagation, 
X = wave length, 

T surface tension, 
p — density of the liquid. 


The equation is a quadratic in A. Solving it we get 






A.= 








From this we see that v* cannot be less than 


471 , 


Hence the least possible value of v is given by the 
relation 


V = 


p i 


111 tlie case of waves on the surface of water, the value 
of T is about 74 dynes per cm. This gives 23 cm. per 
second as the minimum velocity corresponding to a wave 
length of about 17 cm. Waves of length less than this 
critical value are termed ripples. 

Eipples are therefore mainly dependent on surface 
tension, waves on gravity. The longer a wave is the 
greater its velocity, the less the wave length of a ripple the 
greater its velocity. 

The above equation gives us a means of finding T, 
provided that A, v are known. By means of a vibrating 
tuning-fork a regular train of ripples can be generated. 
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and the iuiinl)er of those in a ^iveii leii^^th can be ascer- 
tained. Tliis ^ivos the value of A.. Also v zr \ti, where n 
is the frequency of the fork. Hence 7' can be found. 

288. Temperature. — Tlie value of the surface tension of 
any liquid is dependent on the temperature, and decreases 
as the temperature rises. At the critical point the surface 
tension vanishes, so that there is no definite line of separa- 
tion between gas and liquid. 

289. Electrical Condition. — Electrical polarisation of a 
surface alters its tension. To show this pour a little 
mercury into a beaker containing a solution of salt or 
acid. Let a glass tube, liaving one end drawn out to a 
very fine point, be held vertical with the fine end dipping 
into the solution, and let mercury be poured into the other 
end. It will be prevented from running out by the sur- 
face tension. Now join these portions of mercury to places 
of dififerent potential, the first being, say, lialf a volt 
higher than the second. The effect of this will be to make 
the mercury in the capillary tube rise, showing that its 
surface tension has increased. 

290. Laplace's Theory. — The exact nature of the forces 
which give rise to the phenomena of surface tension is not 
fully understood, but it is possible that the forces acting 
between neighbouring particles (or molecules) near the 
surface of a liquid are not essentially different from the 
forces between particles in the interior. Laplace’s theory 
of capillary attraction assumes that forces exist between 
molecules which are near one anotlujr, but that these 
forces are insensible Ixjtween particles separated by a 
sensible dista/^ce. A particle of water at or very near to 
the surface ol separation from air would in this case bo 
acted on mainly by forces from the lower side, there lieing 
very few or no particles above it. Since tlie forces are 
supposed sensible only at insensible distance, this want of 
symmetry can only exist extremely close to the surface. 
At points in the interior of the water the forces are 
symmetrical and 'so less easily detected. Their existence, 
however, must be postulated to account for the phenomena 
of cohesion in liquids (v. Art. 226). 
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Examples XV. 

1. Find pressure in the interior of a raindrop of which the radius 
is one niillijnetre, 

2. Show that the vapour pressure of a liquid in the form of a 
drop of radius r exceeds the vapour pressure over a flat surface of 

• (T 2*7* 

the same liquid by . where a- is the density of the vapour, 
p r 

p that of the liquid, and r is the surface tension. 

What do you suppose to be the function of dust nuclei in the 
formation of a cloud ? 

(Jive some account of the determination of surface tension of 
liquids by the method of ripples, 

4. A capillary glass tube with eonical bore is dipped with its 
apex upwards into a liquid. Explain how you would determine the 
height to which the liquid rises in the tube. 

5. Explain what is meant by the surface tension of a liquid, and 
describe some method of finding its value for a soap film. 

(5. 'Lhvo 0 {(ual bubbles coalesce. Show how to determine the 
radius of the resulting bubble in terms of those of the original 
bubbles, and of the surface tension of the film. 

7. Investigate why a long cylinder of liquid is unstable from the 
eflecits of surface tension, and give some instances of the etreots of 
this instability. 

8. A fl(‘xible membrane is exposed to hydrostatic pressure. 
What is the relation between the pressures on its two sides, its 
principal tcMisioiis, and its principal curvatures ? 

!). A small quantity of a certain fluid which is lighter than water 
is ])la(*ed on the surface of water in the ])rescnco of air. What 
coiulition determines whether the liquid will spread out into a thin 
fllm or form a lenticular drop, and in the latter case what condition 
determines the angle of the lens ? 

10. (live any explanation which you can of surface tension in 
accordance with the molecular theory of the constitution of bodies 
and the princijile of tlic conservation of energy* 

11. How does the normal jiressurc due to a stretched film depend 
on the curvature of the film and its tension ? 

12. A soap bubble is formed between two equal wire rings and the 
rings are tlien separated, their axes being kept coincident so as to 
draw the bubble out to form a cylinder, the ends of which are 
closed by spherical films. What is the ratio of the radii of the two 
portions ? 

1 3. Prove the relation of Art. 268 by taking a triangle of any shape, 

14. A sphere of water of radius 1 mm. is sprayed into a million 
drops all of the same size. Find the work expended in doing this. 

15. (live some account of the determination of the surface tension 
of liquids by the method of ripples. 
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16. IX‘fino tlio surface tension of a and sliow that it is 

equal to the oncrg^v ppr unit area of the surface. Calculate the 
work (lone on tlu^ lihu in blowing a soap bubble from a (lianietcu* of 
3 cm. to one of 30 cm. if its surface tension bo 4o in C.C.iS. units. 

17. Explain the conditions that determine the shape of a ([uiescent 
drop pendant from the end of a vertical tube of circular ero.ss 
section. 

18. Tlie surface tension of water is 72 dynes per cm. Calculate 
how far water will rise up a circular tube 2 cm. in diameter. 

19. A snap bubble is sj)herical in shape, and lias a diameter of 
10 cm. ; if the surface toiusionof the surface separating soap solution 
and air is '0 C.C.S., what is the pressure of the air in the bubble? 

20. A cylindrical boiler is built with spherical ends. If the 
diameter of the cylinder is 5 feet, find the tensions in the different 
parts of the boiler when the pressure of the steam is 200 lb. to 
the scpiaro inch. 

21. A metal har can stand a tension of 12,000 per scpiarc inch. 
Find what pressure a hollow sphere, radius 1 ft., thujkiie.ss | inch, 
can support without bursting. 

22. Prove the theorem of Art. 278 by considering the energy spent 
in displacing the line in which three fluids meet. Supp(xsc tlie 
plane. (3f the ])apcr meet this line at right angles at 0, and the 
surfaces in lines OA^ 00. 

Denote the surface energy of the three surfaces by iSa, Sbf Sr. 

Let a SMALL displacement be made in wdiich the point 0 moves 
to O', the angle AGO' being right ; the new sections of the surfaces 
are called A O, C(J. 



The increase in the first surface is zero, for AO - AO if we 
neglect small quantities of the second order. 

Draw O^ perpendicular to BO. 

The increase iir BO = BO — BO = ON = OO sin A OB. 

The increase in CO = - OO sin CO A . 
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Henoe 82 sin AOB-Ss sin CO A = 0 , 

Since the total increase in energy due to any small displacement 
must be zero, 

• §2 ^3 

sin (703 Bin AOB 

by symmetry. 


ie 


^ A ^ 

sin a sin fi sin y* 


1\M. 
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Chapter I. 

1. A force acting on a mass of 10 pounds produces in it a velocity 
of fret per second in one minute. Express the force in dynes. 

2. Find the number of watts in one horse-power, giv(‘n 

1 ft. = 30*48 cm., 1 lb. = 4o3*6 gm., q = 981 cm./sec.'**. 

3. Tf the fundamental units are the velocity of light in air, the 
acceleration of gravity at Greenwich and the (density of in(*i‘c;iiry at 
0®C., find the units of length, mass, and time. (Take velocity of 

light = 3 X 10'^' ???-* , acceleration of granty = 9*81 x 10* * 

see. o ^ 2 

density of mercury =* 13*6 

4. Show that when bodies of geometrically similar form and of 
the same material differing only in dimensions vibrate in the same 
manner, the vibrations being due to the elasti(‘ity of the material, 
their periods are proportioual to their linear dinioiKsions. 


Chapter II. 

1. A gpherometer reads •460 mm. when its logs are on a plane 
surface and 2*735 mm, when on a spherical surface. The distance 
from leg to leg is 43*56 mm. Find the radius of the surface. 

2. A circular scale reads to 10 minutes of aro. It is required to 
read to 10 seconds of arc. How must the vernier be constructed ? 

3. Show how to find the area of an irregular plane figure, and 
taking a semicircle of 6 cm. radius, find tht^ area between the 
curve and the diameter by the usual formula and by Simpson’s two 
rules. (Draw ordinates at every cm. along the diameter*) 


Chapter III. 

1, Masses of 10 gm. and 1 gm. are connected by a stretched 
elastic string and placed on a smooth horizontal table. If they are 
released simultaneously, compare their velocities at any instant 
before collision occurs. 
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2. A oolumn of water 10 metres long is moving along a pipe 
behind and in oontaot with a piston of 15 om. diameter moving 
with a velocity of 450 om. per sec. A block in the pipe causes the 
piston to stop dead in 0*1 sec. Find the time average of the force 
due to the stoppage. 

3. A ball of mass 4 lbs, is moving northwards on a smooth level 
table with a velocity of 6 ft. per sec. It collides with a stationary 
ball and after the collision moves eastwards with a velocity of 6 ft. 
per see. Find the impulse given, and assuming that the collision 
lasted 0*002 sec., find the average force of the blow. 


Chapter IV. 


1. How would you proceed to find the density of dry air at 0® C. 
and 760 mm. pressure ? 

2. If a body weighs mj gm. in air of density d and gni. in a 
liquid of density i>, show that its density 

( m,D mod \ ^ ^ 

- ■ ^ ^ - -- I gnJ* per c.c. 

mi — m2 mi — m^/ 


3. The specific gravity of sea water is 1 *028 and of ice *918. Find 
what fraction of an iceberg is above water. 

4. An exhausted glass tube was weighed at a time when the 
barometer stood at 72| om. ; and 100 gm. exactly balanced it. On 
the next day when the barometer had risen to 78 cm. the globe was 
filled with hydrogen at atmospheric pressure, and 100 gm. again 
balanced it. Neglecting the volume of the ^lass and weights, find 
the specific gravity of hydrogen referred to air. 

5. A glass fiask weighing 20 gm. and holding 100 c.c. is to be 
sunk in water with mouth downwards and open by means of a lead 
weight tied by a string to the neck. What mass of lead will be 
necessary? If at a depth of 100 metres the lead becomes untied, 
will the flask come up again? (Sp. gr. of glass = 2*5, sp. gr. of 
lead = 11*0, atmos. press. = 10® dynes/cm.^.) 


Chapter V. 

1. Trace as far back as you can through its various transforma- 
tions the energy obtained from the water in a water-wheel. 

2. A bullet weighing 25 gm., and moving with a velocity of 
300 metres per sec., is stopped by impact against a bone, being 
brought to rest within a distance of 3 om. from first striking. 
Calculate the average force exerted by the bullet on the bone. 

3. Show that if a piston moves along a cylinder against a constant 
pressure the work done in a stroke is equal to the pressure multi- 
plied by the volume swept out by the piston. 

4. What horse- power is required to raise enough water to cover 
100 acres of land a day to the depth of one inch, u the land is 60 feet 
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above the river? If a steam-engine is employed whose efiioienoy is 
and the energy of 1 lb. of coal is 12 x 10® foot pounds, how much 
coal will be oonsumed per day ? 

5. When a wheel is being turned around on an axle, show that 
work d(uic in turning it can be determined by measuring the moment 
M of tJie tinning effort requit ed to prevent the axle from rotating 
and then calculating the work W done in n revolutions by the 
formula W «= 2imM. How would you measure M experimentally 7 
In what units must M be expressed if W is to be expressed in foot- 
pounds ? 

6. Electrical energy is sold at 4d. per kilowatt-hour. The 
mechanical equivalent of the heat given out by the burning of 
coal worth 4d. is 10^ foot-pds. Compare the prices of the two 
forms of energy. Why is electrical energy so much dearer than 
coal energy 7 


Ohaptek VL 

1. A railway curve of 800 yards radius is traversed by a train 
going at a speed of 20 miles an hour. If the distance be{ween the 
rails is 6 feet, how much should the outer rail be raised in order to 
avoid the risk of the train leaving the rails ? 

2. A certain string will break under a load of 50 kilogni. A mass 
of 1 kilogm. is attached to the end of a piece of this string 10 metres 
long and is rotated in a horizontal plane. Eind the greatest numWr 
of revolutions per minute which the weight can make without break- 
ing the string. 

3. A stone of mass 10 lbs. is revolving in a vertical circle at the 
end of a string 8 ft. long., the other end of which is fixed. When 
the stone is at the top of its circle, its velocity is 16 ft. per sec. 
Assuming g ^ 32, find the stretching foice in the string when the 
stone is at the top and bottom of its circle, and also when it is at a 
level with the centre. 

4. A rope whose mass is J lb. per foot is made into a ring 3 ft. in 
diameter and caused to rotate in a horizontal plane about tlie centre 
of the circle. If the greatest load the string can bear is 8(X) lbs. 
wt., find the maximum number of revolutions the string can make 
per minute. 

5. A sphere of mass m rolls with a velocity v along a plane ; find 
the total Kinetic energy. If a sphere rolls (starting from rest) in 
5*3 seconds along a p£ane 1 metre in length, of which the upper end 
is raised 1 cm. awve the lower, find the acceleration of gravity. 


Chapter VII. 

1. A heavy ball of mass M and radius r is suspended by a light 
string of mass m and length L Find the time of swing of the 
pendulum ti^us formed. 
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2. A circular hoop is hung on a nail and left swinring in its own 
plane. Show that it would keep time with a simple pendulum of 
length approximately equal to its diameter. 

3. Show how the moment of inertia of a bar may be found by 
observation of its period of vibration when supported by a bifilar 
suspension* 

4. A rod of mass m and of len^h a is suspended by two vertical 
strings of length I attached to its ends. It is ^ven a slight dis- 
placement from its position of rest and released. Find its period of 
oscillation. 

5. Show how to find the value of g by the method of oscillation of 
a suspended spiral spring loaded with a mass which when at rest 
pulls the spring down a distance a, 

6. A ball of known radius r rolls to and fro without slipping 
inside a spherical surface. From the periodic time T show how to 
calculate the radius of the surface. 

7. Kxplain wh}’ the cushion of a billiard table is made to receive 
the impact of the ball at a height -j^ths of the diameter of the 
billiard ball. 

8. it a body execute a simple harmonic vibration in time under 
one constraining force, and in time under another, what will be 
its time under both forces together? 


Chapter VIIL 

1. Define the dynamical mean sun and the mean sun, stating at 
what points they have the same celestial latitude and when the 
former coinoides with the true sun. Show that the mean sun has a 
uniform diurnal motion and state how it measures mean time. 

2. Define the equation of time. Of what two parts is it generally 
taken to consist? State when each of these parts vanishes, is 
positive, or negative. Give roughly their maximum values, and 
sketch curves showing their variations graphically, 

3. If on a certain day the sun-dial be 10 minutes before the clock, 
what is the value of the equation of time on that day? Will the 
forenoon of that day or the afternoon be longer and by how much ? 


Chapter IX, 

1. Explain the terms Young’s modulus, rigidity, oompressibilitjr. 
Explain how the ooeffioient of rigidity may be determined experi- 
mentally. 

2. Find the greatest leimth of steel wire that can hang verti- 
cally without breaking, (The breaking stress of steel « 7*9 X 10* 
dynes/om.* ; the density of steel is 7*9 gm./o.o.] 
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3. Explain what is meant by Poisson’s ratio. How can it be 
found experimentally for a body like imn ? If its value for a body 
is found to be what does this show ? 

4. A uniform glass tube is hung from a support and stretched by 
a weight. It is found that 1 metre of tube stretches by *06 cm., 
but that a column of water 1 metre long contained within the 
tube lengthens by only *04 cm. Find Poisson’s ratio for the 
glass. 

6, If the equation i *= Jr 4* is used to find k for a metal of 

which Y is about 2 x 10^^ and n is about 10'*, these quantities 
being determined with errors of the order of 1 per cent, what may 
be the error in k ? 

6. How can the variation in length of short thick steel bars with 
tension and compression be found experimentallv f 

7. Explain how the value of the Young’s modulus of a substance 
may be found by observations on the depressions of the middle point 
of a rod of this substance when supported at the ends and loaded in 
the middle. 

8. A brass bar 1 metre long and 5 mm. square in section is sup- 
ported horizontally at its ends. A load of 100 gms. is hung on the 
middle of the bar and the depression is observea to be *41 cm. Find 
Young’s modulus for brass. 

9. Describe one method of finding experimentally the modulus of 
rigidity of a solid, and give the thet)ry of the method. 

Make a rough estimate of the maximum prol)able percenbige error 
in the modulus deduced from a single set of observations with the 
apparatus you describe, 

10. Calculate the time of vertical oscillation of a mass of I kilogm. 
hanging by a steel wire 3 metres long and *5 mm. in diameter. 
(Y for steel = 2 x 10** C.G.8. units.) 

11. The balance w heel of a watch may be considered to be a heavy 
rim of 1 cm. radius. Its mass is 1*2 gm. Find the couple of lesti- 
tution per unit angular displacement which the spring must exert in 
order that the period of complete rotation must bo 1 sec. 

12. A steel spring 300 cms. long is wound on a cylinder 2*8 cm. in 
diameter, the aiameter of the wire being *2 cm. It is loaded with a 
kilogramme. Find the depression pnSuced. (Take n = 8 x 10" 
dynes per sq. cm. ) 

13. Explain what is meant by the conservation of momentum. 

Two equal masses are attached to the ends of a string passing 

over a light frictionless pulley. One of the weights is supported on 
a small table while the other is raised 10 cm. and let fall freely 
through that distance. Find the velocity of the two weights after 
the string becomes tight. 

14. An ivory ball oiopped from a height of 100 cm. ujjon a cast- 
iron surface rebounds to a height of ^ cm. Find the coefficient 
of restitution between these two materials. 
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Chapter X. 

1. Give an aocouMt of some method by which the mean density 
of the earth lias been found accurately. Give an account of 
one method of finding the constant of gravitation Q, Given 

^ 6*7 X 10 the radius of the earth = 6*4 X 10® cm,, and 
its mean density - 5*5 gm. per o.o. : calculate the acceleration 
of gravity at the earth’s surface. 

2. Explain how to find the value of g by observations on a 
pendulum ’which swings in nearly, but not exactly, equal times 
from t^yo points of suspension. Deduce your formulae from first 
principles. 

3. How has the pendulum been used to find the form of the 
earth ? 

4. Gravity at the poles exceeds gravity at the equator in the ratio 
301 : 300. A pendulum regulated for the poles is taken to the 
equator. Calculate how many seconds a day it will gain or lose. 

5. How many times faster than the present speed would the 
earth have to rotate on its axis in order that the apparent weight 
of bodies at the equator should be zero? 

6. Describe the methods adopted and the precautions necessary 
in making an accurate gravittitional survey of a country with 
pendulums or other apparatus. 

A simple pendulum whose bob has a specific gravity of 8*5 has a 
period O oOoO sec. in vacuo. When swung in air it behaves as 
thougli each element of volume had its mass increased by twice the 
mass of the air displaced. Find the ohange of perioa when the 
pendulum is swung in air of specific gravity 0’0012. 


Chapter XL 

1. If a medium of density at a pressure p is moWng with velocity 
± ??, allow that the momentum transferred per see. per sq. cm. across 
a sui face perpendicular to v is p + pv^, 

A circular cylinder of length 100 cm. and diameter 10 cm. is 
moving parallel to its axis under the action of a force of 10® dynes 
applied at one end. Calculate the pressure at a point 75 cm. from 
the end at which the force is applied. 

2. Neglecting effects due to the motion of the moleoules show 

that the mean free path of a molecule of a gas is equal to — — 

4imr* 

where n is the number of moleoules per o.o. and r the radius of each 
molecule. Show also that the mean free path of a particle of negli- 
gible dimensions is 

3. Show from the kinetic theory of gases that the number of 
molecules per unit volume is the same for all gases at Hie same 
temperature and pressure. 
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4. How has the visoosity of air and other gases been determined T 
How is visoosity explained on the kinetic theory of gases ? Show 
how the mean free moleoular path may be obtained when the 
visoosity is known, and find the mean free path in air, taken as a 
uniform gas ; given that the density of air « 1*2 x 10“* gm./om.® at 
0®C. and a pressure of 10® dynes/cm.*, and the coefficient of visoosity 

1*7 X 10“®dyne/om.* wr unit velocity gradient. 

5. What is meant by tlie charaoteristio ^nation of a perfect gas ? 

Explain, giving a sketch, the variations in the behaviour of, say, 
carbonic acid (gas) from the ideal so expressed. ] 

6. Describe any experiments which have been made to determine 
the variation of gases from Boyle’s Law. 

7. One hundred cubic centimetres of air at a pressure of 10® 
dynes/cm.'* is compressed isotherraally to half its volume. Assum- 
ing that air obeys Boyle’s Law find the work done. 

8. A closed porous pot filled with air is provided with a mano- 
meter. Descrilbe the indications of the manometer if the pot is 
suddenly surrounded by and kept in (a) coal gas, (6) carbon dioxide. 
Give some explanation on the kinetic theory. 

9. A bottle containing 1 litre of hydrogen at atmospheric pressure 
is closed by a plate of graphite cemented over the mouth, and is 
placed in a very large vessel filled with oxygen also at atmospheric 
pressure. What is the pressure, sp. relative to hydrogen, and 
percentage composition by weight of Uie gas in the bottle when 

of the hydrogen has diffused out? 

10. A bicycle tyre leaks at the valve, where it is found that if 
wetted a bubble one quarter of an inch in diameter is blown in about 
60 seconds when the excess pressure is two atmospheres. How long 
will it take the excess pressure to drop to one atmosphere? The 
inner diameter of the air tube may be taken as 1^ inch and the 
diameter of the axis of the air tube as 26| inches. 

11. The mercury in a l)arometer containing some air stood at a 
height of 70 cm., and the volume of the tube above the mercury 
was 20 O.C. The tube was then lowered into the mercury reservoir 
until the volume above the mercury was 10 o.c., when the barometer 
indicated 65 cm. only. Calculate (1) the true barometric height 
and (2) what the reaaing of the barometer in question would be 
if its tube were raised until the volume above the mercury became 
IOO0.C. 

12. A vertical tube is placed with its lower end under mercury. 
The upper end is closed. When the barometer stands at 30 inches 
the mercu^ is at the same level inside and out, and the tube which 
contains air rises 60 inches above the merctuy* What is the height 
of the barometer (to the nearest tenth of an inch) if, when at the 
same temperature, the mercury has risen one inch inside the tube, 
the level outside ^ing maintained the same as before ? 

13* Give an account of any method available for the measurement 
of small gaseous pressures below 0*1 mm. of mercury. What limits 
the accuracy of the method you describe ? 
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Chapter Xn. 

1. A man 1*7 metre high changes from the vertical to the hori- 
zontal position. If the density of the blood is 1*03 gm. per o.o. 
calculate the change in blood-pressure at his head) assuming that it 
stays constant at his feet. 

2. A tank full of water is bounded by rectangular sides. Find 
the depth of the centre of pressure of any one side. 

3. A U-shaped tube has one arm open to the earth and the other 
connected to a gaa receiver. Show that the difference of pressure in 
the receiver and the atmosphere can be read by the difference of 
levels in the two arms. Why should the tube have uniform radius? 

4. A fixed vertical glass U-tube of uniform section contains a 
licpiid which can move in it without friction. If the levels of the 
liquid be disturbed show tliat the period of the swings is the same 
as that of a simple pendulum whose length is half the total length of 
liquid in the tube, and that it is independent of the density of the 
liquid. 


Chapter XUL 

1. How has the bulk modulus for liquids been determined experi- 
mentally) and what do you know of the results obtained ? 

2. Describe the way in which the different parts of a viscous 
liquid move when flowing slowing through a fine tube. What 
change in the motion takes place if the motion is rapid? How 
would you propose to study these motions experimentally ? 

3. In an experiment with Poiseuille’s apparatus the following 
figures were obtained: — Volume of water issuing per minute 
= 7*08 c.o. Head of water = 34*1 cm. Length of tube 56*45 cm. 
Radius of tube = *0514 cm. Find the coefficient of viscosity. 

4. The space between two parallel discs is filled with a liquid of 
viscosity /*. Find the couple on a circular area at the centre of one 
of the discs when the other is kept rotating with uniform angular 
velocity w. 

5. I>efine the (dynamical) viscosity of a substance and find its 
dimensions. 

There are two concentric (coaxal) cylinders) A and B, each 10 cm. 
long. The inner one, is 10 cm. in diameter and there is a space 
of *5 mm. between the outside of A and the inside of B, B is nxed 
and a continuous couple of 2490 dyne-ems. applied to A keeps A 
rotating 15 times per second. Calculate the viscosity of air. 

6. Describe some experiments to illustrate the diffusion of liquids. 
How can diffusion be explained on the molecular theory, and how 
would vou expect the rate of diffusion to vary with the temperature ? 

7. Ii a lump of sugar be held just below the surface of tea in a 
cup, it dissolves much more rapidly than it does if it is allowed to 
drop to the bottom of the cup, out not so fast as it does if it is well 
stirred. How do you account for this ? 
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8. Define the coetiioient of diffusion of a salt in a solution and 
explain how it can be found experimentally. 

9. Explain how the osmotio pressure of a substance in solution 
may be determined, and give a short description of the theory of 
the phenomenon. 

10. Find the depression of the freezing point of a water solution 
of strength 1 gin.-nioleoule per litre of a substance which does not 
dissociate. (Assume atmospheric pressure - 1014 x 10® dynes per 
sq. cm., L = 80 calories per gra. of water, and J = 4*2 X 10^ ergs 
per gm. calorie.) 


Chapter XIV. 

1. A train, of which the mass is 200 tons, can be drawn by an 
engine at the uniform speed of 30 miles an hour up an incline of 
1 in 200, or at 40 miles an hour up an incline of 1 in 400. Assiiming 
the frictional resistances to be independent of the velocity, calculate 
the frictional resisUnce in lbs. per ton, and the horse-power exerted 
by the engine, which is to be taken as the same in both cases. 

2. Two unequal masses, M and m gm. respectively, are connected 
by a belt whicn passes around a pulley one and a half times, the 
masses hanging down one each side of the pulley. The pulley is 
made to rotate at such a speed that the masses hang motionless. 
Find the work done when the pulley makes n revolutions, the pulley 
being of radius r oms. If if — 4000 gm., w = 232 gm., circum- 
ference of pulley = 47*65 cm., n = 552, find the work done. Where 
does the energy go ? 

3. A billiard ball struck on a level with the centre has an impulse 
which makes it slide ; friction with the table cau.ses it to roll. How 
far will it move before the motion becomes pure rolling without any 
slip ? As.sume its mass = m, its initial velocity = m, and force of 
friction = F, 

4. A cord is wrapped one and a half times around a horizontal 
rod of circular cro.ss section and a mass of 60 grn, is hung from one 
end. What mass is required at the other end of the cord to keep 
the 60 gm. from slipping down? (Take /4 = *3.) What is the least 
loud required to pull the 60 gm. up ? 


Chapter XV, 

1. If a liquid trickle gently over a polished metal sphere, and 
collecting at the lower surface fall off arop by drop, what are the 
conditions which determine the size of the drops ? 

2. Explain why oil forms a film l>etwe6u water and air, and 
from this foot show that water will gather into drops upon a greasy 
surface. 
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3. The pressure of the air in a soap bubble of diameter 7*0 mm. 
is 8 mm. of water above atmospheric. Calculate the surface tension 
of the soap solution. 

4. A capillary g^lass tube with slightly conical bore is dipped with 
its apex upwards into a liquid which wets it. If a very small hole 
is leh at the apex so that the air can escape, find an expression in 
terms of the length I of the tube, its radius r at the lower end, the 
surface tension T, the density d of the liquid, and the local value 
of y, for the height h to which the liquid will rise, and for the 
smallest value of the surfakoe tension which will make it rise to 
the top«» 

5. A conical glass tube, 20 cm. long, 0*3 cm. in diameter at one 
end, and 0*1 cm. in diameter at the other end, is fixed vertically 
with its larger end just touching the surface of some water whose 
surface tension is 80 dynes per cm. Calculate the height to which 
the water will rise in the tube. 

6. Two vessels are in communication by a small conical tube 
whose axis is horizontal and the diameters of whose ends are one 


and two mm. respectively. A drop of water condenses in the tube 
and obstructs it. Calculate the difference in pressure in the vessels 
compatible with the equilibrium of the drop, the angle of the cone 
being 15®. (Take T - 80 C.G.S. units.) 

7. Show how the surface tension of mercury may be obtained by 
observation on a large drop of mercury resting on a horizontal 
ghivss plate. 

8. A large drop of mercury is placed upon a horizontal solid 
plate. The depth of the longest diameter below the highest point 


of the drop is of the height of the drop. Show that the angle 


of contact of the drop with the plate is cos”^ 1. 

9. A drop of water is placed between two glass plates which are 
pressed together so that the drop is squeezed into a film whose area 
IS A , and whose thickness is t. The plates will now stick together. 
Explain this, and, supposing one of the plates fixed, find the force 
which must now be applied to the other to pull it away. 

10. Give an account of the formation of drops by the breaking up 
of a jet of liquid. 



TABLES. 


(1) Units and CJonveesion Factors. 

1 inch =s 2*540 centimetres , 1 centimetre - *3937 inch 

1 mile =3 I ‘609 kilometre 1 kilometre = ‘6214 mile 

1 cubic foot - 28*32 litres 1 litre - *03531 cubic foot 
I gallon - 4*636 litres =3 *2200 gallon 

C pound = 463 ‘6 grams 1 gram « *002205 pound 

1 ton = 1016 kilograms 1 tonne = *9842 ton 

1 pound-wt. - 445000 dynes 

1 radian == 5r IT 46^' - 206,265 " 

1 mean solar day = 86,400 mean solar seconds 
= 86,164 sidereal seconds 

1 micron (/*) = lO”^ millimetre = 10~® metro 

1 fjLjUL = lO”* millimetre = 10^* metre 

1 tenth-metre ^ 10“ metre =» A MM 

1 horse power - 746 waits 

1 atmosphere 14*7 pds.-wt. per sq. in. 

= 1 *014 X 10® dynes per sq. cm. 


(2) Density. 

The litre is dehned as the volume of 1 kilogram of water at 4°C. 
The volume of 1 gram of water at 4® 0. is 1 cubic centimetre (very 
nearly), really I *(XK)028cc. 

1 cubic foot of water at 62° F. weighs 62 ‘32 pounds 
1 gallon of water at 62° F. weighs 10 pounds 


Solids, gm. per c.o. 

Aluminium 2*6 
Brass 8*4 

Cork -24) 

Glass (crown) 2*6 
„ (flint) 3*1 
Gold 19*3 

India-rubber *96 

Iron (cast) 7 *2 
„ (wrought) 7*8 
Lead 11*4 

Quartz 2*6 


Liquids. gm. per 0 . 0 . 
Alcohol ‘8 

Glycerine 1 *3 

Mercury (at 0° C.) 13*596 
Petroleum Oil *8 

Sulphuric Acid 1 *8 


gra. per litre at 
Qosss, 760 mm. in lat 45° 
Air(atO^C. 1'293 
Hydrogen (at 0X\) *08987 
Steam (at 100® 0.) *581 
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(3) Elasticity Moduli. 


Substance. 

Young's 
Modulus. 
Dynes per sq. cm. 

Rigidity 
Modulus. 
Dynes per sq.cm. 

Bulk Modulus. 
Dynes per sq.cm. 

Brass (drawn) 
Iron (oast) 

Steel 

Glasi| 

India-rubber 

Water 

Mercury 

1 X 10" 
1-2 X 10" 

2 X 10" 

•7 X 10" 

50 X 10» 

•4 X 10'» 

•4 X 10" 

•8 X 10" 

•3 X 10" 

1 X 101* 

1 X 101* 
IS X 101* 

•5 X IQi* 

•02 X 101* 

•25 X 101* 


(4) Bbbaktno RTRESa 


Load in kilograms per sq. millimetre necessary to break wire of 
the substances named. 


Lead 2 
Silver 29 
Copper 40 


Brass 40 

Quartz fibre 100 

Steel (pianoforte) 200 


( 5 ) COKFFICIMNT OF RESTITUTION. 


Clay -2 
Cork *7 
Ivory *8 


Cast-iron balls *7 
Glass — Brass *8 
Glass— Cast-iron ‘9 


(6) Coefficient of Viscosity, 
Dynes per sq. cm. per unit velocity gradient. 


Liqiiuh (at 20® C. ). Qaaes (at 15“ C. ). 


Ether 

•0023 

Hydrogen 

•000089 

Water 

•010 

Air 

•000181 

Alcohol 

•012 

Carbonio aoid 

•000146 

Mercury 

•016 

Carbonic oxide 

•000179 

Machine oil 

10 

Oxygen 

•000195 

Glycerine 

8-5 

Argon 

•000-221 
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(7) CoKirrciENTS of 1)ii?titsion from Gas to Gas. 
At 0® C. and 700 min. 


Carbonic acid to air '14 cm 

„ „ hydrogen 55 

Oxygen to hydrogen '7*2 

Hydrogen to oxygen '6S 

Air to oxygen *18 

Air to hydrogen '66 


'/aeo. 

It 
> » 

» > 

it 


(8) CoEFFlt'lKNT OF I)llTi:SION OF DISSOLVED SaTTS. 

The table gives miinbers proportional to the coeiKcient of diflu- 
siou of acjueous Solutions of salts and acids of equal molecular 
strengths. 


Magnesium sulphate 3 

8(x]iuiu nitrate 5 

PoUssiiim bromide S 

Hydrochloric acid 11 


Magnesium chloride 4 
Sodium chloride 6 

Potassium chloride S 
Sulphuric acid 6 


The ditlusibility of nitric acid is nearly the siime as that of hydro- 
chloric acid, and the absolute value for a dilute solution at 90' C. is 
about 2 X 10"'’ cm. sec. 


(9) Lowerino of Freeztno-Point. 

Per gram -molecule of salt dissolved in one lilic of solvent. 


Solvent. 


Dfi»ressioii for Oig.inic l)»*[)K'ssi*>n for Strong 
Salts and Weak Acids. Acids and Dasee. 


^^’^ate^ 

1*9 

Acetic Acid 

3*9 

Benzene 

4*9 


37 


(10) Constants of Gas Particf.es. 
(At normal pressure.) 


i 

Velocity of 
Mean S4|uare 
cins. per sec. 
at 0- 0, 

Mean Free 
Path of 
Molecules. 

cm. 

Fie<iuency of 
Molecular 
Colliaions. 
per sec. 

Diameter of 
Molecules. 

cm. 

Hydrogen 

Oxygen 

Nitrogen 

Carbonic Acid... 
Carbonic Oxide 

18 4 X 10* 
4-6 X 10* 

4 !» X 10* 

3 0 X 10* 

4 -9 X 10* 

1 

18-3 X 10-' 
100 X 10* 
9 -4 X 10-' 
6-3 X 10 « 
9-3 X 10 • 

1 

10 1 X W 
4 -6 X 10» 
5*2 X 10» 
6 *2 X W 
5*2 X 10® 

2*4 X lO-** 
3*1 X 10 « 

3 *3 X 10 

4 X 10 « 

3 *5 X 10 8 
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Number of molecules in 1 c.c. of any gas at 0® C. and 760 mm. 

= 2*75 X 10*9. 

Number of atoms in 1 gm. of hydrogen = 6*1 x 

Mass of an atom of hydrogen =1*64 x 10—^^ gm. 

(11) Coefficient of Fuictton. 

Iron on iron, *16. 

Metal on oak (fibres parallel to the motion), *5 
Oak on oak ( „ „ „ ,, ), *5 

( ,, perpendicular to the motion), ‘.S 

„ „ „ ( „ endwise „ „ ), 2 


Surface TKN.sif)N (in dyim per cm). 





In contact with 

Angle of 

Sulwtancc. 

A 

Temi>. 


— 


contact with 




Air. 

Water. 

Meromy. 

glaas ami air. 

Water 

1 

15-^ 

74 

0 

430 

0 

Mercury 

1 :!•;■) 

17 

550 

450 

0 

52° 40' 

Klhyl Alcohol 

•SO 

20 

22 

0 

400 

0 

(.-arbon Disulphide 

1 -27 

19 

;o 

— 

... 

— 

! (Chloroform 

1 1-49| 

If) 

27 

30 

4(MJ 

0 

'riirpentiue 

•89 1 

15 

27 

— 

— 

1 

Olive Oil I 

•91 

20 

:i2 

21 

— 

1 — 

Parafliii Oil 


25 

26 

48 

— 

26° 



Solution of Sodium 

1 -lo 

iTo 1 

! 78 




Carbonate ; 

j 

i 








ANSWERS. 


CHAPI'KR I. 


5. 99*6 ft. poundals. 

7. M. L. T. 

Power 1 2 -3 

Surface density .. 1 -2 0 

Specific gravity . . 0 0 0 

Angular velocity. , 0 0—1 


6. 14*2 pounds per sq. in. 


9. 981 cm. 


CriAPTKR ri. 

1. a. 1 X, 2 i. 6. 1-4 in. 

Chapter III. 

8. 8000, 9000 poundals. 6. *066 giamme. 

8. 3-2ft.scc.-2; 518,400ft. pounds; 1920, 3840, 6760 ft. pounds 

per sec. 

9. 16*9 cm. sec.- ‘ ; l’63xl0^ 


Chapter IY. 

2. 250 c.c. 3. 1 : 10*4, Lead ; *825 of wt. of lead. 

4. 1 1*02. 6. 2*975; 4*76 grammes, 

6. Tension decreases, thrust increases by 66| grams, wt. 8. GO c.o. 

Chapter V. 

2. 4400 ft. lb. sec.-* ; 1| H.P. 8. pv log;> 2. 

9. Efficiency x velocity ratio = mechanical advantage. 

Chapter VI. 

3. 13 ft. pounds. 4. 13*8 pound-wts. ; 7*23 sec. 

5. (1) ?^radiansporsec. ; (2)3*07x 10*^ ft. poundals; (3)89000 lb. ft.* 

7. 6 X 10® ergs. 11. 2007r7(9Xy-200jr*). 

272 
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Chapter VII. 


2. 28*8 cm. from middle. 3. 42 min. 5. 100*025 (see Art. 142). 

6. On the square of the amplitude if the arc is small. 

11. 24*6 sec. gain. 

Chapter VIII. 


2. 1 : 1*002738. 


Chapter IX. 


2. 532 cm. sec.-» ; 60000 ergs. 4. 5*6". 6. I*2xl0»* 

7. 78*5 kg. 8. 11 cm. 

9. *004 tonnes wt. ; *002 cm. tonnes. 10. 1*6". 

12. 9*1 X 10^ gram. cm.“2. • 13. 5 m. 16. 6 tons, 1/720. 


18. M 




, where M is the difference in mass between a solid and 


a hollow cylinder. 


Chapter X. 

4. 2Qplh, 6. 2TrpG. 

8. Difference « *04 tons wt. 10. 6*7 X 10~* X w cm. 


Chapter XT. 


1. Take one gramme molecule measure P in gram. wt. per. sq. em. 

and rinc.c. ; then Ji = 8*46 xlO^ 5. 1*6 mm. 

9. A fall of I in. 10. h(l . 000160- 12. 30". 14. 3*2 cm. 

Chapter XII. 

1. 69*3. 2. 100 kg. wt. ; 325 kg. wt. 3. 4*33 cm, 

4. 21*4 kg. wt. 6. 8*4 kg. wt. ; 4*8 kg. wt. 

6. Ajj > l-GAi (B^ig. 106). 8. 2*r)62cub. ft. 

9. 8 : 1 by weight. 10. 12*6 kg. wt. ; 4*2 kg. wt. 


Chapter XIV. 

8 . j tan 20°. 8. 210 lbs. 4. 1 log 3, lOr*'*"’. 6. 1 in 12. 

T ® 

Chapter XV. 

12. 2: 1. 14. 900 ergs. 16. 2*6x10® ergs. 18. 1*47 cm. 

19. 32 dynes per sq. cm. above atmospheric. 

20. 36000 lbs. wt. per ft., 72000 Ibfl. wt. per ft. 

21. 400 lbs. per sq. in. 

BH 
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ANSWERS TO THE MISCELLANEOUS 
EXAMPLES. 


ClIArTER 1. 

1. 11,500 dynes. 2. TUi. 

3. 9'18 X 10’ cm., 1*05 x gm., x 10’ seo. 

CUAlTHfi If. 

1. 140 mm. 2. 50 divisions of liml» divided iiitx) 60 equal parts. 
3. 30*27. 3S anfl 38*8 sq. cm. 

ClIArTER III. 

1. 1 : 10. 2. 7*05 x 10" dyacs. 

3. 31 *3 pniindal-socs., 15,600 poundals. 

Oil \ITER IV. 

3. . 4. -0705. 5. !)C-8 gm. No. 

9-:ss ^ 

Chapter V. 

2. 3830 kilogm.-wt. 4. ILP. = 28*6, 3400 lbs. 5. Pound-feet. 
6. l^lcctrieal energy is 37 times as dear as coal energy. 

Chapter VI. 

1. fin. 2. 67. 3. 0,900, 10*20 poundals. 

4. 2040. 6, Amj;-, 000 

sec.-^ 

Chapter VII. 

1. « = 2t ‘ 4. « = 2,rVj- 

V mg -h 

8. < = 2ir 6- = 5s ''Jr + 

2’,2’j ■ 
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CiiArmi VIIL 

3. - 10', morning 20' lunger. 

CHArTKH IX. 

2. r02 X W cm. 4. 5. From I to 5 t 

8. 9*6 X 10’* dynos/cm.'^ 10. *055". 11. 48dyne-oms. 

12. 5*27 cm. 13. 70 crns. j)er sec. 14. *7. 

Ojtapter X. 

1. 988 cma./seo.*. 4. Lose 144. 6. 17 times. 

6. 5051 sec. 

Chapter XL 

1. lOVTrdyues/om.’*. 4. 8*5 X 10’® cm. 7. 7 X 10^ ergs. 

9. *9925 A.r., 1*03, 9(M % Hydrogen 3*9 X Oxygen. 

10. 91 hours (approx.). 11. 75 cm.; 74cm. 12. 30*5 in. 

Chapter XII. 

1, 175 gm.-wt. per sq. cm. 

Chapter XTII. 

3. ‘0122 dyne per sq, cm. per unit velocity gradient. 

5. *000108 0.0.8. unit. 10. I srC. 

Chapter XIV. 

1. 11*2 pds.-wt., 385. 2. 9*7 x 10’® ergs. 

8. 4. 3-55gm., 1014gm. 

Chapter XV. 

8. 69 dynes/cm. 

4. A = 4 ± a/4- - 5 . T must bo > 5. *6 cm. 

2 ^4 rag 2 

OA rn 

6 , 1590 dyncs/om.^. 9 . - -- dynes. 

t 



INDEX, 


A bsolute units, 7 . 

Air, effects of the, 134. 
Amagat, 161. 

Angle of contact, 245. 

„ „ „ method of find- 

ing, 246. 

Archimedes’ principle, 41, 194. 
Areas, 18. 

Atomic Hypothc.si.s, 22. 
Attraction between parallel 
plates, 249. 

Attwood, 128. 

Avogadro’s law, 159. 

B alance. 31. 

„ , sensitiveness of a, 

32. 

Balance, stability of, 33. 
Balances, faults in, 34. 

Ballistic balance, 30. 

Barometer, Fortin’s, 180. 

„ , siphon, 178. 

Barometric reading, correction 
of, 181. 

Berthelot, 202. 

Boiling point, lowering of the, 
218. * 

Bourdon gauge, 183. 

Boyle, 160. 

Boyle’s law, 164, 

Boys, 147, 243. 

Bunsen, 171. 

Buoyancy, 195. 

C ANTON, 205. 

Capillarity, Chap, XV. 
Cathetometer, 16. 

Cavendish, 145. 


Celestial sphere, 89. 

Centre of pressure, 196, 
Centrifugal force, 59. 

Circle, motion in a, 58. 

Circular Motion, Chap. VJ. 

„ „ .projection of, 74. 

Coincidences, method of, 135. 
Collisions, frequency of, 166. 
Compressibility, elasticity and, 
203. 

Compressibility of water, 205, 
Concentration, methods of esti- 
mating, 211. 

Copernicus, 137. 

Curvature of surfaces, 240. 

D ensity, cimp. iv. 

Despretz, ICO, 

De Vries, 216. 

Diagonal scale, 10. 

Dialysis, 214. 

Diffusion, 175, 210. 

Diffusivity, 212. 

Dimensions, Chap. 1. 
Dimensional equations, 4. 

Disc, motion of a, 71. 

Drops, 232. 

Du Buat, 134, 

Dust, 262. 

E arth, density of 

the, 148. 

Earth, shape of the, 142. 

EtBux, velocity of, 198. 

Effusion, J71. 

Elastic fatigue, 99. 

„ string, oscillation of a 
body on an, 84, 
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filastioity, 21, 94. 

„ of gases, 203. 

Electron theory, 26. 

Energy, available, 61, 

„ , Chap. V. 

„ , conservation of, 60. 

„ , dissipation of, 60. 

„ , loss of, 114. 

„ , measures of kinetic, 46. 

„ , sources of, 61. 

„ of a system, kinetic, 70. 

„ -of rotation, 60. 

Equation of time, 91. 

Erg, 46. 

Etlier, 24. 

Evaporation at curved surfaces,' 
251. 

Extensometer, 07. 

F alling plate, i31. 

Fick, 211. 

Floating bodies, 194. 

Flotation, Plane of, 195. 

Fluid friction, 227. 

Formation of clouds, 261. 

Free path, 165, 171, 

Freezing point, lowering of the, 
219. 

Friction, Chap. XI V. 

„ , angle of, 223. 

„ , and velocity, 226, 

G at depths, varia- 

tions in, 142. 

g due to altitude, variations in, 
142. 

g due to rotation, variation in, 
140. 

g methods of finding, 128. 
Galileo, 92, 127. 

Gases, Chap. XI. 

„ , through solids, passage of, 
177. 

Gauges, pressure, 182. 

Graham, 171, 210, 214. 

Granular hypothesis, 26. 

Grassi, 206 

Gravitation, constant, 143. 
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Gravitation, the law of, 139. 
Gravity, Chap. X. 

H ARE’S APPARATUS, 40. 
Harmonic motion, Chap. 
VII., 76. 

Harmonic motions, combinations 
of two, 86. 

Height, pressure and, 184. 

Henry, 176. 

Hodograph, 65. 

„ , velocity in the, 66. 

Hooke’s law, 96. 

Hydrometers, 41. 

Hydrostatics, Chap. XII. 

I MPACT, 111. 

Inclined body, rolling down 
an, 71. 

Inclined plane, 47. 

„ „ .rough, 224. 

Inertia, 21. 

Isochronous motion, 74. 

Isotonic solutions, 216. 

J ETS, LIQUID, 244. 

Jolly’s balance, 110. 

K ATER, 98, 133. 

Kelvin, 26. 

Kepler, 137. 

Kinetic theory, 164. 

L aplace, 264. 

Lengths and areas, Chap. 

11 . 

Limiting friction, 222. 

Liquids, Chap. XIIL 

M achines, 47 . 

Mariotte’s law, 164, 
Maskelyne, 144. 

Mass, Chap. III. 

Masses, comparison of, 29, 

Matter, Chap. Ill* 

Maxwell, 170. 

McLeod vacuum gauge, 188, 

Mean solar day, 93. 

Mean sun, 92. 
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INDEX. 


Mechanical equivalent of heat, -10. 
Metacentre, 195. 

Microscope, travelling, 17. 
Modulus of bulk, 101. 

„ of rigidity, 101. 
Moment of inertia, definition of, 
G4. 

Moment of inertia, particular 
values of, 64, 67. 

Moment of inertia of a rod, 62. 
Momentum, conservation of, 112, 
Moon, motion of the, 138. 
Motion, laws of, 137. 

Mountain, 144. 


N ATTERER, 161. 

Newton, 137. 
Nollet, 214. 


O scillation, centre 

of 82, 

Osmose, 214. 

Osmotic pressure, 214. 


AUALLELOGRAM OE 
vectors, 8. 

Paschal, 197. 

Pendulum, Rorda’s, 132. 

„ , compound, 80. 

„ , conical, 60. 

,, , cycloidal, 79. 

„ , errors in, 134. 

„ , Kater’s, 83. 

„ , period of, 82. 

„ , Repsold’s, 134. 

„ , reversible, 133. 

„ , simple, 78. 

Perpetual motion, 46. 

Pfefler, 210. 

Piezometer, 206. 

Planimeter, 20, 

Plateau, 230. 

Poiseuille, 207. 

Poisson’s ratio, 99. 

Powder, volume of a, 37. 
Pressure, 188. 

^ , centre of, 196. 


Pressure, internal of a liquid, 202, 
„ ,sam6 in all directions, 
189. 


R KGNAULT, 161, 206. 

Resilience, 113. 
Restitution, 113. 

Reynolds, 25. 

Rigidity, method of finding, 109, 

122 . 

Ripples, 263. 

Rise of a li(iuid between two 
parallel plates, 248. 

Rise of a liquid in a narrow tube, 

247. 

Rods, bending of, 116. 

Rolling friction, 227. 

Rope brake, 226. 

Rubber cord, extension of a, 95. 

S CALAR AND VECTOR 
quantities, 8. 

Screw gauge, 13. 

Sbiehallien experiment, 144. 
Sidereal day, 90. 

Simpson’s rules, 19. 

Siphon, 197. 

Smoke rings, 26. 

Solids, Chap. IX. 

„ , soluble in water, volumes 
of,. 37. 

Solution of gases in liquids, 175. 
Specific gravity, 38. 

Speed, molecular, 158. 

Sphere, attraction due to a, 139. 
Spherometer, 14. 

Spring, no. 

„ , balance, 84. 

Stability of cylinder, 243. 
Strained wire, 98. 

String on a rough surface, 225. 
Sun, apparent motion of the, 89. 
Surface energy, 236. 

„ tension and curvature, 283. 

„ „ , definition of, 236. 

„ „ , table of, 256. 

„ „ * to find the, 260. 




INDEX, 


279 


T eaks in wine, 234 . 

Temperature, 166. 160. 
Temperature and elasticity, 114. 

„ „ , surface tension, | 

254. 

„ „ , viscosity, 171, 

245. 

Thermodynamics, the first law of, 
50. 

Thomson, J. J., 26. 

Thrust, 103. 

Tidal method, 143. 

Time, Chap Vlil. 

Torricelli’s theorem, 198. 

Torsion balance, 106. 

„ pendulum, 107. 

„ wire, 106. 

Transmissibility of a fluid pres- 
sure, 107. 

Transpiration, 173. 

Twisting of a cylinder, 104. 

-TUBE, 40. 

Unit of length, 6. 

Unit of mass, 0. 

„ „ time, 6. 

Units, (Uiap. I. 

Upthrust, 194. 


V AN BEK WAAL, 164. 

Vapour pressures, 217. 
Vapours, 29. 

Vectors, parallelogram of, 8. 
Velocity, change of, 54. 

„ of sound, 206. 

Vena contracta, 199. 

Vernier, 11. 

Viscosity, 166, 207. 

„ , co-efficient of, 167. 

., , pressure and, 202. 

„ , to find, 209. 

Volumenometer, 41. 

Volumes, Chap. IV. 

Vortex theory of matter, 25. 


W EIGHING, METHOD 
of, 33. 

Weight, 30. 

Wheel and axle, motion of, 72. 
Work, 44. 

„ , units of, 45. 


Y ield point, io6 . 

Young’s modulus, 96, 97, 
104, 121, 122. 
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LL.1)., M.A., B.So., and G. H. Bryan, So.D., F.R.S. 6s. 6<1. 
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By C. H. French, M.A,, and G. Osborn, M.A., Mathematical 
Masters of the I^eys School, Cambridge. Second Edition, Is. 6d, 
“ Tlie descriptive matter is clearly expressed and the diagrams are veiy well drawn. 
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to give a clear and systematised knowledge of the subject.”— ScAco/mosier. 

Mechanics, The Matriculation. By Dr. Wm. Briggs and Dr. G. H. 
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By F. Cavers, D.8c., F.L.8. 3s. 6d. 

“ The freshness of treatment, the provision of exact instruction for practical work 
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witli his books it supplied at £1 5s. net. 

t Two sets of microscopic slides are specially designed for use with this book— 
Set A, Angiosperms ; Set B, Gymnosperms and Oryptogams. 80i. each net. 



UNIVERSITY TUTORIAL PRESS. 4 


PMsiCB, 

The Tutorial Physics. By R. Wallace Stewart, D.So., 
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(Goggin.) 

Richard 11. (Watt.) 

The Tempest. ( W eekes. ) 
Twelfth Night. (Duffin.) 

In 40 volumes. 


By Prof. W. J. Rolfe, D.Litt, 


Shelley.— Adonais. By A. R. Weekes, M.A. Is. 6d. 

Spenser. — ^Faerie Queene, Book I. By W. H. Hill, M.A. 2s. 6d. 
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Education. 


Principles and Methods of Teaching. By J. Welton, M.A., Pro^ 
fessor of Education in the University of Leeds. Second Edition, 
Sensed and Enlarged, 5s. 6d. 

' “A well-writt«n and full presentation of the best educational methods of the 
time, Xot only to college student, but to skilled and experienced practitioner, we 
commend this suggeatiTe and rery helpful volume.”— 

Principles and Methods of Moral Training with special refarence 
to School Discipline. By Professor James WELTon, M.A., 
and F, 0. BlaNDFOPJ), M.A., Ixcturer in Education at the 
Cambridge University Training College. 3s. 6il. 

“ A succinct and well-reiusoned exposition, both theoretical and practical, of the 
ethics of school discipline.'' — Scots man. 

Principles and Methods of Physical Education and Hygiene. By 

\\^ P. Welpton, B.Sc., Master of Method in the University 
of Leeds. With a JSketch of the History of Physical Education 
by Professor ^V^ELT0N. 4s. 5d. 

“A coniprehensive iNcientific text*book .” — Tht Times, 

“A comprehensive and well-balanced treatise on this important subject. ’’ 

Oxford Magazine. 

School Hygiene. By R. A. Lystek, M.D., B.Sc., D.P.H., Chief 
Medical Officer to the Education Committee of the Hampshire 
County Council. Second Edition, 3.s. Gd. 

This hook provides a thorough course of practical school hygiene 
and does not assume any previous knowledge of the subject. 

“The boat book of its kind .” — British Medical Journal, 

School Organisation. By S. E. Bkay, M.A., Inspector of Sch(X)ls 
to the London County Council. Second Edition^ with an Intro- 
duction on “ The Place of the Elementary School in a National 
System of Education ” by Sir J. H. YOXALL. 3s. 

*‘We can heartily recommend the treatise. Facts are clearly stated and the 
arlvice given to the young teacher is sound and sensible.” — Journal qf Education, 

The Aims and Methods of Nature Study. ,A Guide for Teachers. 
By John Rennie, D.So., F.R.S.E., Lecturer in Natural 
History in the University of Aberdeen ; and Lecturer in . 
Nature Study at the Aberdeen Provincial Training Centre. 
With *an Introfluction by Professor J. ARTHUK THOMSON. 
3s. 6d. 

“ We have nothing but praise for this oomprehensiye and practical volume. 

It is just the book for the teacher who wishes to make his teaching really objective 
and practical.”— 
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JCDUCHtiOn — continued. 

The Teaching of Drawtog ; Ita Aims and Methods. By S. POLAK 
and H. C. Quilter. 2a. 0d. 

*'The book as a whole is excellent, and the clear diagrams, in line and colour, 
add greatly to its practical usefulness.'* — Quordian, 

The Teaching of Needlework : Its Aims and Methods. By Miss 
H.M. Bradley, B. A. Is. 6d. 

“ iWss Bradley has given us an exceedingly interesting treatise on the teaching ol 
needlework from the point of view of ‘Hand and Eye* training, and we venture 
to say that, for ita size, no book treats needlework so broadly."— iWucationo^ 
Jlandwork. 

Voice Training in Speech and Song. By H. H. Hulbert, M.A., 
M.R.C.8., L.R.C.P., Lecturer on Voice Production to the 
London County Council, Guildhall School of Music, etc. Is. 6d. 

" I)r. Hnlbert speaks with authority on this subject of vital importance to 
teachers, i’ho work before us is exhaustive but quite interesting and readable, 
it will pay any teacher to get this book and read it carefully."— Sc/ioofinoslcr. 

The Science of Speech. An Elementary Manual of English 
Phonetics for Teachers. By B. DuMViLLK, M.A. 2s. 6d. 

‘‘ A concise, accuraU*. and interesting little maanal written by one who is evi- 
dently a master of tlie Kubject of phonetics, ami knows how to communicate 
infoiinatiou," — Nature. 


IReliGioua Inowlchge. 

Gospel of St. Matthew. Edited by Rev. T. WALKER, M.A., Late 

Sub- Warden and Lecturer at St. Augustine^s College, Cantor- 
buiy, and J. W, M. Shuker, M.A., Headmaster of Newport 
Grammar School, Salop. Is. Gd. 

Gospel of St. Mark. By Rev. T. Walker, M.A. Js. Gd. 

[Beady April 19121 

Acts of the Apostles, Part I., Ch. 1-16, By Rev. W. H. Flecker, 
M.A., D.C.L., Headmaster of Dean Close School, Cheltenham. 
Is. Od. [Beady April 1912. 

Acts of the Apostles, Part II., Ch. 18-28. By Rev. W. H. 
Elkckeu, M.A., D.C.L. Is. Gd. 

The two parts in one volume. 2s. Gd. 

These editions are provided with Introduction and Notes, and 
are intended for the use of school pupils studying for public 
examinations such as the Senior and Junior Locals. 
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pbilo0opb^. 

Ethics, Manual of. By J. S. Mackenzik, Litfc.l)., M.A., formerly 
Fellow of Trinity College, Cambridge. Fourth Edition, Cs. Od. 

“ In writing this book Mr. Mackenzie luis produced an earnest and striking con- 
tribution to the ethical literature of the time.”--3/im/. 

Logic, A Manual of. By J. Weltox, M. A., Professor of l^ducation, 
University of Leeds. 2 vols. Vol. I., 83 . Gd. ; Vol. IL, Gs. 6 d, 
“ A clear and coiuijendioussuiuiuary of the views of various thinkers on important 
and doubtful points."— yourua/ oj Education, ^ 

Logic, Intermediate. By Professor James Weltox, M.A., and 
A. J. Moxahax, M.A. 7s. 6d. 

“Clearly gtatt‘«l, as .a treatise dealing with the laws of thought ought to Ixj, this 
book may be commended as a practical and workmanlike guide to its subject." — 
Scotsman, 

Psychology, The Groundwork of. By Professor G. F. STOUT, 
M. A. , LL. L). , Fellow of the British Academy. 4.s. Gd. 

“All students of [ihilo.suphy, both beginners and those who w'oiild describe them- 
selves as ‘advanced,’ will do well to ‘read, mark, learn, and inwardly digest’ this 
book."— Oj^/bni Magazint, 

Psychology, A Manual of. By G. F. Stout, M.A., LL.l). 8s. Gd. 

“There is a refre-shing absence of sketchiness about the book, and a clear desire 
manifested to help the student in the subject."— Saturday Review, 


(Beoarapbi?. 

A Text-Book of Geography. By G C. Fkv, M.Sc., Secotui Edition, 
Revised and Enlarged, 4s. Gd. 

This book is intended for use in the upper forms of schools and by 
candidates for London University Matriculation and other Exami- 
nations of similar standard. 

There are numerous diagrams, illustrating chiefly the general 
chapters on Physical Geography ; two weather cJiarts, and a 
number of railway and ooloured maps. 

“The compilation is by no means one of mere geographical facts ; the ‘ why ' and 
the ‘wherefore’ are everywhere in evidence— the subject is, indeed, presented 
scientifically.” — Schoolmaster. 

“ It is one of the most scientific and rational text-books yet published."- 
BducaXional News. 

A Preliminary Geography of England and Wales. By Ernest 
Young, B.So. Is. 

This book is designed for use in conjunction with an atlas, and is 
generally suitable iov the lower forms of schools. 

“ A capital book, weitten in simple language, and containing abundant sketch 
maps of the right kind.’*— Zondon Teacher, 

“ The oouFM of study sketched out is an excellent one,** ^Teachers' Timet, 
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fll^o^el*n Ibistori? anb Conetltution. 

Earlier History of England. (To 1485.) By C. S. Feaeexside, 
M.A. :J8. (id. 

“ All excellent text-book for the upper forma of a school.”— yoitmai of Education, 

Matriculation Modern History . Being the History of England 
1 185 -1901, with some reference to the Contemporary History of 
Eurojie and Colonial Developments. With Biographies, Maps, 
fiWftd Plans. By C. S. Fkarenside, M.A. 4s. bd. 

Also in Two Parts, viz. Modern History of England, Part L, 
1485-1714, 2s. 6(1. ; Modern History of England, Part XL, 
1688-1901, with a concise Introduction down to 1714. 2s. 6d. 

“An excellent manual. The int* -national history, especially in the eighteenth 
century, where most text-books fail, is very carefully treated,”— AVAooi irtn7(/. 

“A w'ork that gives evidence of scholarship and clever adaptability to a special 
purp( Kso. "—Guardian. 

Groundwork of English History. By M. E. Carter. 2s. 

“ It. presouts the salient facts of English History in a readable but definite form, 
uneuouiubered witli irrelevant detail.” — Schoolinatter. 

School History of England. By M. E. Carter. 3s. 6d. 

Tho in Three Parts :‘~(lT To 1603. (2) 1485 to 1714. (3) 1660 to 
1910. Is. 6d. each part. 

“ The author’a previous book {Groundwork of English History) sliowed that he 
knew how to write an elementary school history, and the same merits, the winie 
accurate knowledge, the same ju.st perspective, and the same common sense again 
maik this further tiffort."~~'JiookselUr. 

Government of the United Kingdom. By A. E. Hogan, LL.D. 2s. 6d. 

Contents.— Introduction — Legislature — Executive — Judicial 
System— Local Government— Imperial Government. 

“ The account of the present-day institutions of the British Empire is good and 
clear.”— World. 


TRotiian anb (5recfi Ibistorp. 

The Tutorial History of Rome, (To 37 A.D.) By A. H. Allcroft, 
M.A., and Wi F. Masom, M.A. With Maps. Fourth Edition, 
Revised and in part Retorilten. 3s. 6d. Or in Two Vols., 2s. 
each : Vol. L, to 133 B.C. ; Vol. II., 133 B.C.— 37 A.D. 

“ It is well and clearly written.”— Satarday Review. 

“ A distinctly good book, full, clear, and accurate.”— (ywardtan. 

The Tutorial History of Greece. (To 323 B.C.) By Prof. W. J. 
WooDHOUSE, M.A. 48. 6d. 

“Prof. Woodhouse is exceptionally well qualified to write a histoiy of Greece 
and he has done it well.” — School World, 
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£t)itioii6 ot Xattn anD (Breeft Claaaica. 


The Text ie in cdl cases accompanied hy Jnirodnction and Notes; books 
vuxrked (*) contain also an alphabetical Lexicon, 

The Vocabulanes are in order of the text and are preceded by Test Papers, 


Acts of Apostles. 

Text 

Voe. 

1/0 

Aeschylus— 

Eumenides. 

36 

1/0 

Persae. 

3/6 


Prometheus Vinctus. 

2/6 

i/0 

Septem contra Thebas. 

3/6 

1/0 

Aristophanes— 

Ranae. 

3/6 

... 

Caesar— 

Civil War, Book 1. 

1/6 

... 

Civil War, B(Kjk 3. 

2/6 

1/0 

Gallic War, Books 1*7. 

(each) 16 

1/0 


Gallic War, Book 1, 

Ch. 1 to 29. _ 1/0 ... 

Gallic War, Books 4, 5, 
with Lexicon. 2/6 ... 

The Invasion of Britain. 1/6 1/0 
Gallic War, Book 7, Ch. 

1 to 68. i;o ... 


Cicero— 


Ad Attioum, Book 4. 

3/6 

*•* 

De Amioitia. 

•1/6 

1/0 

I)e Finibus, Book 1. 

2/6 


De Finibus, Book 2. 

3/6 

... 

De Officiis, Book 3. 

3/6 

1/0 

De Senectute. 

•1/6 

1/0 

In Catilinam l.-IV. 

2/6 


I., ir. 

16 

i/b 

„ I.. III. (each) 1/6 

1/0 

„ L and IV. 

1/6 

... 

Philippic 11. 

2/6 


Pro Archia. 

1/6 

1/0 

Pro Cluentia 

3/6 

1/0 

Pi;o Lege Manilla. 

2/6 

1/0 

Pro Marcello. 

1/6 

1/0 

Pro Milone* 

^3/6 

1/0 

Pro Plancia 

3/6 

1/0 

Pro Roscio Amerina 

2/6 

1/0 



Ttxi. 

Voo. 

CUBTIUS— 



Book 9, Ch. 6*end. 

1/6 

... 

Demosthenes— 



Androtion. 

4/6 

... 

Ecripidks— 



Alcestis. 

1/6 

1/0 

Andromache. 

3/6 

Bacehae. 

3/6 

i/b 

Hecuba. 

3/6 

Hippolytiis. 

3/6 

i/b 

Iphigenia in Tauria 
Medea. 

3/6 

2/0 

1/0 

Herodotus— 



Book 3. 

4/6 

1/0 

Book4, Ch. 1-144. 

4/6 

1/0 

Book 6. 

2/6 

1/0 

Book 8. 

3/6 

Homer— 



Iliad, Book 6. 

Iliad, Book 24. 

3/6 

1/0 

Odyssey, Books 9, 10. 

2/6 

... 

Odyssey, Books 11, 12. 

2/6 

... 

Odyssey, Books 13, 14. 
Odyssey, Book 17. 

2/6 

... 

1/6 

1/0 

Horace— 



Epistles (including Ars 

4/6 


Poetka), 

... 

Epistles (excluding A,P,) ... 

1/0 

Epodes. 

Odes, Books 1-4. 

1/6 

•3/6 

... 

Separately, each Book 

•1/6 

i/b 

Satires. 

3/6 

1/0 

Isocrates— 



De Bigia. 

2/6 
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iBMtione of Xatln anO 6reei! Claosico-con^tnued. 


Text. Voc. 

Juvenal— 

Satires 1, 3, 10, 11. 3/6 ... 

Satires 1, 3, 4. 3/6 ... 

Satires 8, 10, 13. 2/6 ... 

Satires 11, 13, 14 3/6 ... 

(Livy— 

Books J, *6. (each) 2/6 1/0 

Book 2, Ch. 1-50. 2/6 1/0 

Books .3, 6, 9. (each) 3/6 1/0 | 
Book 9, Ch. 1-19. 1/6 ;.. ' 

Book 21, Ch. 1-30. 1/6 .. 

Books 21, 22. (each) 2/6 1/6 

Lysias— 

Eratosthenes. 2/6 ... 

Eratosth. and Agoratus. ... 1/0 



Text. 

Voc. 

Sallust— 

Catiline. 

1/6 

1/0 

Sophocles— 

Ajax. 

3/6 

1/0 

Antigone. 

2/6 

1/0 

Electra. 

3/6 

LO 

Tacitus— 

Agricola. 

2/6 

1/0 

Annals, Book 1. 

2/6 

1/0 

Annals, Book 2. 

26 

Germania. 

2/6 

i/0 

Histories, Books 1, 3. 

1 (each) 

3/6 

1/0 

1 Terence— - 

j Adelphi. 

3/6 

... 


Nepos— I Thucydides— 

Hannibal, Cato, Atticus. 1/0 ... | Book 7. 3/6 

Ovid- Vergil— 

Fasti, Books 3, 4. 2/6 1/0 Aeneid, Books 1-8. (each)*I/6 1/0 

Fasti, Books 6, 6. 3/6 1/0 Books 7-10. 3/6 ... 

Heroides, 1-10. 3 6 1/0 Book 9. *1/6 ... 

Heroides,I,5,12,l/6; 12, 1/0 ... Books 9, 10. ... 1/0 

Metamorphoses, Book 1, Book 10. *1/6 ... 

lines 1-150; Book 3, Book 11. *L6 i/O 

lines 1-250, 611-733; Book 12. *16 ... 

Book 6, lines 385-550. Eclogues 2/6 1/0 

(each) 1/6 ... Georgies. 4/6 ... 

Book 11. ... 1/0 Georgies, Books 1 and 2. ... 1/0 

Book 11, lines 4 10-748, 1/6 ... Georgies, Books 1 and 4. ... 1/0 

Books 13, 14. (each) 1/6 1/0 Georgies, Book 4. 1,6 ... 

Tristia, Books 1,3. (each) 1/6 1/0 

Xenophon— 

'Plato— Anabasis, Book 1. 1/6 1/0 

Apology. 3/6 1/0 Anabasis, Book 4. 1/6 ... 

Crito. 2/6 1,0 Cyropaedeia, Book 1. 1/6 1/0 

Crito and Euthyphro. 2/6 ... (>ropaedeia, Book 6. ... 1/0 

Euthyphro and Mene- Hellenioa, Books 3, 4. 

xenus. 4/6 ... (each) 1/6 ... 

Ion, Laches. leach) 3/6 1/0 Memorabilia, Book 1. 3/6 1/0 

Phaedo. 3/6 ... Oeoonomieus. 4/6 1/0 


A delailed catalogue of the above can he obtained on application^ 
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latin an5 6ceeh, 

Grammars and Readers. 

Junior Latin Coune. By B. J. Hayes, M. A. 2b. 6d. 

good prat tical guide. The pimciplea are eoa&d, and the riilee are tleailjr 
stat^ —hducational Tims, 

Bonior Latin Conrae. By A. J. F. Collins, M.A., Und A. 
Robinson, B.A. 3s. 6d. 

“Thus should prove uaeful for general tla»<» work in schools, althon^^h it is 
pnmanij intendeti for pupils taking the Oambudge Senioi Local Examination ~ 
jcumal of Hit Assistant Masters* Association, 

The Tutorial Latin Grammar. By B. J. Hayes, M. A. , and W. F. 
Masom, M.A. Fourth IJdttton, 3s. (M 

** Accurate and full vritliout being overloaded with detail ^'-^Schoolnaster, 

Latin Ckimposition. With copious Exeicises and easy continuous 
Passages By A, H. Allcroft, M A , and J. H. Haydon, 
M.A. Sixth Edition, Enlarged, 2s. 6d. 

"Simplicity of statement and arrangement, apt examples illustrating each lule, 
exceptions to tiicee adioitly stated |ust at the prupoi pU( e ind time, aie among some 
of the sinking cliaractenstios of this excellent book -^Schoolmaster, 

Higher Latin Composition. By A. H. Allcroft, M.A , and 

A. J. F. Collins, M.A. Ss. 6d. 

"Most attractive , an excellent presentation of differing idioms,”— ffi^aidtaw 

Junior Latin Reader. By E. J. G. Forse, M. A. Is. 6d. 

Matriculation Selections from Latin Authors. WiUi Inttoduction 
(History and Antiquities), Notes, and Vocabulary. By A. F, 
Watt, M.A., and B J. Hayes, M.A. 28. (5d. 

" It 18 quite an interesting selection, and well done.”— Woild. 

Matriculation Latin Construing Book. By A. F. Watt, M. A., and 

B. J. Hayes, M.A. A guide to th© construing of the Latin 
period and its translation into English. 28. 

" One of the most useful text-books of this practical tenu,**— School Quaidian, 

The Tutorial Latin Reader. With Vocabulary. 28. 6d. 

" A soundly practical work.” — Guardian, 

Adyanced Latin Unseens. Edited by H. J. Maidment, M. A. , and i 
T. R. Mills, M.A. Second Edition, Enlarged, 3s. 6d. 

"Contains some good nassiiges, which have been selected from a wider held than 
that previously explored«y eimilar manuals.”— McpUwb 








